Advanced Algorithms



LP-based Algorithms

® | P rounding:
® Relax the integer program to LP;

® round the optimal LP solution to a nearby
feasible integral solution.

® The primal-dual schema:

® Find a pair of solutions to the primal and dual
programs which are close to each other.



Vertex Cover

Instance: An undirected graph G(V,E)

Find the smallest C € V that every edge has at least
one endpoint in C.

V)

> o
incidence 3
graph

instance of set cover
with frequency =2




Instance: An undirected graph G(V,E)

one endpoint in C.

Find the smallest C C V that every edge has at least

Find a maximal matching M,

return the set C ={v: uv&M} of matched vertices;

maximality |::> C is vertex cover

matching  =>>  |Ml < OPTvc
(weak duality)

ICl < 2IMI < 20PT
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vertex cover: constraints  variables
2vee Xy = 1 x&{0,1}

matching: variables constraints
y.£{0,1}  Yesvye=<1



Duality

Instance: graph G(V.E)

primal: minimize E Lo
veV

Veec E

YVveV

YVveV
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vertex
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matchings



Duality for LP-Relaxation

Instance: graph G(V.E)

minimize g T

veV

primal:

Veec E

YVveV

YVveV

Veec E



Estimate the Optima

minimize
subject to > 10
+
> 0
1
Ty, T2, 3 =0 16

16 < OPT < any feasible solution



Estimate the Optima

) > 6y

forany y, + 5y < 7
o 2y2 < 1 Y1, Y2 >0
Y1 — Y2 <9



Prlmal Dual

Primal
Dual max 10y1 + 6ys vdual feasible
St s+ Byy < T <primal OPT
-1+ 2y <1
3y, — 4y < 5 LP & NPMcoNP



Surviving Problem
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minimize the total price while keeping healthy



Surviving Problem

min clx
s.t. Ax>
x=>0
price C1 I cn | healthy
vitan:lin 1 ail aA12 | *c*c° Aln > b
vitamin m Aml Ao | 2o Amn > b,
solution:  xj Xy  eeeess X5

minimize the total price while keeping healthy



LP Duality

Primal: Dual:
min c¢Tx max bly
s.t. Ax=b s.t. ylA<c?
x=0 y=0
dual
solution: price Ci @y | eocosc cn | healthy

V1 vitanjin 1 ail aipy | s A1n b1
y°m vitamin m Al Ao | ***°*" Amn b

m types of vitamin pills, design a pricing system
competitive to n natural foods, max the total price



LP Duality

Primal: Dual:
min cTx > max bty
s.t. Ax=b s.t. ylA<c¢!
x=0 y=0

Monogamy: dual(dual(LP)) = LP
Weak Duality:

Vv feasible primal solution x and dual solution y

yib < yTAx < clx



LP Duality

Primal: Dual:
min cTx > max bty
s.t. Ax=b s.t. ylA<c¢!
x=0 y=0
Weak Duality Theorem:

Vv feasible primal solution x and dual solution y

ylb < clx



LP Duality

Primal: Dual:
min cTx max bty
s.t. Ax=b s.t. ylA<c¢!
x=0 y=0

Strong Duality Theorem:

Primal LP has finite optimal solution x*
iff dual LP has finite optimal solution y*.

yTb = ctx”



Primal: min c¢Tx Dual: max bTy
s.t. Ax=b s.t. ylA<c!

x=0 y=0
Vv feasible primal solution x and dual solution y
yib<ylAx=<clx

.Strong Duality :> x and y are both optimal iff
Theorem yTb = yTA x = ¢Tx

Vi: either A;. x=b; or y;=0 i—1 :
Vj. either yTA.i=cjor x;=0 DT =) (f: aij%) L



Complementary Slackness

Primal: min c¢Tx Dual: max bTy
s.t. Ax=b s.t. ylA<c?
x=0 y=0

Complementary Slackness Conditions:

Vv feasible primal solution x and dual solution y
x and y are both optimal iff

Vi: either A;. x=b; oryi=0
Vj. either yTA.i=cjor x;=0
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22" Complementary Slackness

Primal: min c¢Tx Dual: max bTy
s.t. Ax=b s.t. ylA<c?
x=0 y=0

V feasible primal solution x and dual solution y

fora,p=1: Vi either A;. x < a b or y;=0
Vj. either yTA.;= ¢i/p or xj=0

::> cTx <apf by <ap OPTLp




Primal-Dual Schema

Dual
Primal IP: min clx LP-relax: max bly
s.t. Ax=b s.t. ylA=<ct!
X € 70 y=0

Find a primal integral solution x and a dual solution y

fora,p=1: Vi either A;. x < a b; or y;=0
Vj:. either yTA.;= ¢i/s or xij=0

:|'> c™x < afl bTy < af$ OPTrp < af OPTp



ey primal:| min » "z,
v
) V VE
R~ st. » x,>1, Ve€eE
é3 vEe
"@ r, € {0,1}, Yo eV
@ ' N y
S
€s V4 dual-relax:| min ) e
@ ecE
S.t. Ve <1, YVvoeV
vertex cover: @Z,U
constraints variables Yo >0, Vee E
Dvee Xy = 1 XVE{O,l} - -
, feasible (x, y) such that;
matching: " (x,y) such that:
variables constraints Ve: v.>0 = Y eccxy =

y.£{0,1} S oy Ve < 1 Vv xy,=1= Y esvye=1



primal
4 )
min Z T
veV
s.t. va >1, Vee L&
vee
r, € {0,1}, YvoeV
\§ J

dual-relax:

(" )
min Z Ye
ec b
st. Y ye<1l, YweV
eV
Yy >0, Vee E
\ J

event: “vis tight (saturated)” <}Z:> 2esvYe= 1

Initially x =0, y = 0;
while E #

set x, = 1 for those sislatnay

vee

and delete all esv from E;

pick an ¢ € F and raise Ve HREHEORAS A EOR G

every deleted ¢ is incident to a v that x, = 1

all edges are eventually deleted

relaxed V@I elther 2\266 Xy < 2 or ye — ()
complementary .
slackness: Vv: either X .5, Ve = l orx,=0

|

Ve - E: EVEeva 1

x is feasible

—>va§2.01@

veV



Initially x =0, y = 0;
while E # to 1
pick an e € E and raise y, uhtiksomergoestishs;

set x, = | for those=isht+ and delete all esv from E;
vee

Find a maximal matching;
return the set of matched vertices;

the returned set is a vertex cover
SOL <2 OPT




The Primal-Dual Schema

® Write down an LP-relaxation and its dual.

N R r D
min clx max bly
s.t. Ax=b s.t. yTA=<cT
_ X € 20 _ y=0 )

® Start with a primal infeasible solution x and a
dual feasible solution y (usually x=0, y=0).

® Raise x and y until x is feasible:
® raise y until some dual constraints gets tight yTA.;= ¢;;

® raise x; (integrally) corresponding to the tight dual
constraints.

® Show the complementary slackness conditions:

Vi: either A;. x<a bjory=0 > c'x<of by
Vj: either yTA.;= ¢j/p or xj=0 < af OPT




Integrality Gap

LP relaxation of
vertex cover : given G(V.E),

minimize Y.,evXy

subjectto Y . x, =1, e €EFE

veV

xv € [0, 1],

| r OPT(I)
= su
ntegrality gap IP OPTyp(I)

For the LP relaxation of vertex cover: integrality gap = 2



Facility Location
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Facility Location

facilities: - /[I]f’\ )R

Instance: set F of facilities; set C of clients;
facility opening costs f: F'— [0, «);
connection costs c: F'xC— [0, ),

Find a subset ICF of opening facilities and a way

¢: C—I of connecting all clients to them such that

the total cost ) ¢4y + » fi is minimized.
jeC icl

e uncapacitated facility location;
e NP-hard; AP(Approximation Preserving)-reduction from Set Cover;
* [Dinur, Steuer 2014] no poly-time (1-0(1))In n-approx. algorithm unless NP = P.



Metric Facility Location

facilities: - /ﬂf’\ )R

Instance: set F of facilities; set C of clients;
facility opening costs f: F'— [0, «);
connection metric d: FxC— [0, »);

Find a subset ICF of opening facilities and a way

¢: C—I of connecting all clients to them such that

the total cost » "dy;);+ » fi is minimized.
jeC icl

triangle inequality: Vi, is € F,Vj1,52 € C ﬁf"ﬁz‘
diyj, + digjy + digjs = diyjs (R @




Instance: set I of facilities; set C of clients;
facility opening costs f: F— [0, ©©);
connection metric d: FxC— [0, ®);

Find ¢: C—I1 C F to minimize >_dst);+ ) [

e’ x=yi
y; € {0,1} indicates i € [
facilities: c o fl

/- d;; Q;Zj e {0, 1.}“indicates i =)
o C{/ o ]

LP-relaxation: min Z dij$ij+2fiyi

1€F,5eC 1€ F
S.t. yZZxZ]y \V/ZEF,]GO
Z%‘j > 1, VjeC
1€ F

ZCij,yi>O, Vie F.jeC



o cilitias: F\ : /ﬂfl\ : /.\

S.t. &j—ﬂijgdij, Vie F,jeC

dij 5@3
clients: Cg/ ° oo \@/ e \6
7
Primal: Dual-relax:
~ N O
min > diyzi+ Y fus max » o
1€F,je’ 1€F jeC
S.t. yi—xijZO, Vie F.je(C
ZCIZ‘ZJZL V]EC Zﬁzgéfm
1€F 1€l
xij,yiE{O,l}, \V/iEF,jEC aj,ﬁij ZO,
_ J

complimentary

Vi e F

Vie F,je€C

_J

a;: amount of value paid by client j to all facilities
pii= aj- dij: payment to facility i by client j (after deduction)

slackness conditions:

(if ideally held)

xij=1= a;- Bij=dj;
vi=l=YiecPii=Ffi;

aj>0=ierxj=1;
Bii>0=yi=x;;



facilities:
clients: Cg/ o oo
( )
min Z dijT;j + Zfiyi
ieF,jeC icF
S.t. yi—a:ijZO, ViEF,jEC
Z%‘j >1, VjecC
el
zi;, Y € {0,1}, Vie F,j€C
\_ y,

.

&y, 62] > 07

Vie F,jeC
Y,

facility i and stop raising a;;

upon a; = d;;j for a tentatively open facility i: connect client j to facility i and stop

raising o

Initially & = 0, 8 = 0, no facility is open, no client is served;
raise ojfor all client j simultaneously at a uniform continuous rate:

upon ;= d;; for a closed facility i: edge (i) is paid; fix B;j= a,- djj as a; being raised;
upon X jec fBij =fi : tentatively open facility i; connect all clients j with paid (i,j) to




facilities: - /[E]\ ):\
e 623
clients: d/ \Q/ \b

Initially & = 0, B = 0, no facility is open, no client is served;

raise a;for all client j simultaneously at a uniform continuous rate:
e upon a;= d;;for a closed facility i: edge (i) is paid; fix 5;j= a;- dij as a; being raised;
e upon X jec i =fi: tentatively open facility i; connect all clients j with paid (ij) to
facility i and stop raising a;;
* upon a; = d;j for a tentatively open facility i: connect client j to facility i and stop
raising o

* The events that occur at the same time are processed in arbitrary order.
e Fully paid facilities are tentatively open: Y jec Bij = fi
* Fully paid edges to tentatively opening facilities are connected: a;- 5;i= di;

* Eventually all clients connect to tentatively opening facilities.

A client may connect to more than one facilities!



facilities: e " /mfl\ . ):\

dij | By,
clients: Cg/ \@/\6
Phase I:

Initially & = 0, 8 = 0, no facility is open, no client is served;
raise ajfor all client j simultaneously at a uniform continuous rate:
e upon a;= d;;for a closed facility i: edge (i,) is paid; fix 5;j= a;- d;j as a; being raised;
e upon X jec B =fi: tentatively open facility i; connect all clients j with paid (ij) to
facility i and stop raising a;;
* upon ¢; = djj for a tentatively open facility i: connect client j to facility i and stop
raising o
Phase 11:
construct graph G(V.E) where V={tentatively open facilities }
and (i1, i2)EE if facilities i1, i» are connected to same client j in Phase I;
find a maximal independent set I of G and permanently open facilities in 7;
connect facilities in / to the directly connected clients in Phase I;
for every unconnected client (the indirectly connected clients): connect it
to the nearest open facility;




Phase I:
Initially & = 0, f# = 0, no facility is open, no client is served;
raise ojfor all client j simultaneously at a uniform continuous rate:
e upon a;=d;for a closed facility i: edge (i,j) is paid; fix B;j= a,- d;j as a; being raised;
e upon X jec i =fi: tentatively open facility ;; connect all clients j with paid (i j) to
facility i and stop raising a;;
* upon a; = d;j for a tentatively open facility i: connect client j to facility i and stop
raising a;;
Phase 11:
construct graph G(V.E) where V={tentatively open facilities }
and (i1, i2)ELE if facilities i1, i> are connected to same client j in Phase I;
find a maximal independent set I of G and permanently open facilities in /;
connect facilities in / to the directly connected clients in Phase I;

for every unconnected client (the indirectly connected clients): connect it
to the nearest open facility;

Iis Every client is connected to

independent : > exact one open facilities.
set (feasible)




o cilitias: F\ : /ﬂfl\ : /.\

S.t. &j—ﬂijgdij, Vie F,jeC

dij 5@3
clients: Cg/ ° oo \@/ e \6
7
Primal: Dual-relax:
~ N O
min > diyzi+ Y fus max » o
1€F,je’ 1€F jeC
S.t. yi—xijZO, Vie F.je(C
ZCIZ‘ZJZL V]EC Zﬁzgéfm
1€F 1€l
xij,yiE{O,l}, \V/iEF,jEC aj,ﬁij ZO,
_ J

complimentary

Vi e F

Vie F,je€C

_J

a;: amount of value paid by client j to all facilities
pii= aj- dij: payment to facility i by client j (after deduction)

slackness conditions:

(if ideally held)

xij=1= a;- Bij=dj;
vi=l=YiecPii=Ffi;

aj>0=ierxj=1;
Bii>0=yi=x;;



Phase I:
Initially & = 0, f# = 0, no facility is open, no client is served;

raise ojfor all client j simultaneously at a uniform continuous rate:
¢ ® upon a,= d;j for a closed facility i: edge (i) is paid; fix 5= a;- d;j as o, being raised;
 © upon > iec Pij=fi : tentatively open facility i; connect all clients j with paid (i,j) to
facility i and stop raising a;;

upon a; = d;j for a tentatively open facility i: connect client j to facility i and stop
raising a;;

Phase 11:

construct graph G(V.E) where V={tentatively open facilities }
and (i1, i2)ELE if facilities i1, i> are connected to same client j in Phase I;

find a maximal independent set I of G and permanently open facilities in /;

connect facilities in I to the directly connected clients in Phase I;

for every unconnected client (the indirectly connected clients): connect it
to the nearest open faC|I|ty,

\ o

Zf@ ' Z dcb(y

O NSl ) Qament ) geC
D < Z Oéj trlangle mequallty <3 Z ;
iidirectly + maximality of / jiindirectly
connected Z that 8;i= ;- d;j if j is directly connected
¢(J) = « L
nearest facility in / if j is indirectly connected

\



Phase I:
Initially & = 0, f# = 0, no facility is open, no client is served;
raise o for all client j simultaneously at a uniform continuous rate:
e upon a;=d;for a closed facility i: edge (i,j) is paid; fix B;j= a,- d;j as a; being raised;
e upon X jec i =fi: tentatively open facility ;; connect all clients j with paid (i j) to
facility i and stop raising a;;
* upon a; = d;j for a tentatively open facility i: connect client j to facility i and stop
raising a;;
Phase 11:
construct graph G(V.E) where V={tentatively open facilities }
and (i1, i2)ELE if facilities i1, i> are connected to same client j in Phase I;
find a maximal independent set I of G and permanently open facilities in /;
connect facilities in / to the directly connected clients in Phase I;

for every unconnected client (the indirectly connected clients): connect it
to the nearest open facility;

SOL <3 OPT

can be implemented discretely: in O(m log m) time, m=IFI|C]
e sort all edges (i,j) € FXC by non-decreasing d;
* dynamically maintain the time of next event by heap



Instance: set I of facilities; set C of clients;
facility opening costs f: F— [0, ©©);
connection metric d: FxC— [0, «);

Find ¢p: C—I1 C F to minimize ) _ds().; + ) [

jel el

facilities: - /[Z]\ )R

min Z di;Tij + Z iy * Integrality gap = 3
ieF,jeC i€l * no poly-time <1.463-approx.
st y, —z;; >0, Vie F,j € C  algorithm unless NP=P

inj >1, VieC * [Li QQ“I] 1.488-approx.
algorithm

1€ F
xij,yié{o,l}, \V/iEF,jGC




