
Advanced Algorithms
(Martingales and the Method of Bounded Differences)
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After 𝑖𝑖 steps, use 𝑋𝑋𝑖𝑖 to denote

# of hops to origin (Manhattan distance)
How large is 𝑋𝑋𝑛𝑛?

We know 𝑋𝑋0 = 0, and 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 1

Within Ο( 𝑛𝑛 log 𝑛𝑛) w.h.p.
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Azuma’s Inequality

For a sequence of r.v., if in each step:
* on average make no change to current value (martingale)
* no big jump (bounded difference)

Then final value does not deviate far from the initial.
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Proving Azuma’s Inequality

Use similar strategy as in proving Chernoff bound:
(a)   Apply generalized Markov’s inequality to MGF
(b)* Bound the value of MGF (use Hoeffding’s lemma)
(c)   Optimize the value of MGF
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Proving Azuma’s Inequality





for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0

𝔼𝔼 𝑌𝑌 = 𝔼𝔼 𝔼𝔼 𝑌𝑌 | 𝑋𝑋



for 𝜆𝜆 > 0

𝔼𝔼 𝔼𝔼 𝑓𝑓 𝑋𝑋 𝑔𝑔 𝑋𝑋, 𝑌𝑌 | 𝑋𝑋 = 𝔼𝔼 𝑓𝑓 𝑋𝑋 𝔼𝔼 𝑔𝑔 𝑋𝑋, 𝑌𝑌 | 𝑋𝑋



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0



for 𝜆𝜆 > 0

minimized when 𝜆𝜆 = 𝑡𝑡
∑𝑘𝑘=1

𝑛𝑛 𝑐𝑐𝑘𝑘
2
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Generalized Martingales

betting on a fair game

𝑋𝑋𝑖𝑖: gain/loss of the ith bet

𝑌𝑌𝑖𝑖: wealth after the ith bet ← martingale (since game is fair)



Generalized Azuma’s Inequality



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

generalization
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𝑓𝑓( ), ,

𝔼𝔼 𝑓𝑓
no information

𝔼𝔼 𝑓𝑓|𝑿𝑿1

,
average over

1

randomized by

𝔼𝔼 𝑓𝑓|𝑿𝑿2

0



Doob Sequence

𝑓𝑓( ), ,

𝔼𝔼 𝑓𝑓
no information

𝔼𝔼 𝑓𝑓|𝑿𝑿1

,
average over

1

randomized by

𝔼𝔼 𝑓𝑓|𝑿𝑿2

0 0

𝔼𝔼 𝑓𝑓|𝑿𝑿3



Doob Sequence

𝑓𝑓( ), ,

𝔼𝔼 𝑓𝑓
no information

𝔼𝔼 𝑓𝑓|𝑿𝑿1

,1

randomized by

𝔼𝔼 𝑓𝑓|𝑿𝑿2

0 0

𝔼𝔼 𝑓𝑓|𝑿𝑿3

1

𝔼𝔼 𝑓𝑓|𝑿𝑿4 = 𝑓𝑓(𝑿𝑿4)
full information
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Doob Martingale



Doob Martingale

𝔼𝔼 𝑌𝑌 | 𝒁𝒁 = 𝔼𝔼 𝔼𝔼 𝑌𝑌 | 𝑿𝑿, 𝒁𝒁 | 𝒁𝒁



Doob Martingale



𝐺𝐺𝑛𝑛,𝑝𝑝



𝐺𝐺𝑛𝑛,𝑝𝑝

Graph parameter: 𝑓𝑓(𝐺𝐺)
Example: components number,

chromatic number,
diameter



𝐺𝐺𝑛𝑛,𝑝𝑝

Graph parameter: 𝑓𝑓(𝐺𝐺)
Example: components number,

chromatic number,
diameter

numbering all vertex pairs: 1,2,3, ⋯ , 𝑛𝑛
2
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Example: components number,

chromatic number,
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numbering all vertex pairs: 1,2,3, ⋯ , 𝑛𝑛
2

Define i.r.v. 𝐼𝐼𝑗𝑗 = �1 edge 𝑗𝑗 ∈ 𝐺𝐺
0 edge 𝑗𝑗 ∉ 𝐺𝐺



𝐺𝐺𝑛𝑛,𝑝𝑝

Graph parameter: 𝑓𝑓(𝐺𝐺)
Example: components number,

chromatic number,
diameter

numbering all vertex pairs: 1,2,3, ⋯ , 𝑛𝑛
2

Define i.r.v. 𝐼𝐼𝑗𝑗 = �1 edge 𝑗𝑗 ∈ 𝐺𝐺
0 edge 𝑗𝑗 ∉ 𝐺𝐺

𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓 𝐺𝐺 | 𝐼𝐼1, ⋯ , 𝐼𝐼𝑖𝑖



𝐺𝐺𝑛𝑛,𝑝𝑝

Graph parameter: 𝑓𝑓(𝐺𝐺)
Example: components number,

chromatic number,
diameter

numbering all vertex pairs: 1,2,3, ⋯ , 𝑛𝑛
2

Define i.r.v. 𝐼𝐼𝑗𝑗 = �1 edge 𝑗𝑗 ∈ 𝐺𝐺
0 edge 𝑗𝑗 ∉ 𝐺𝐺

𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓 𝐺𝐺 | 𝐼𝐼1, ⋯ , 𝐼𝐼𝑖𝑖

𝑌𝑌0, 𝑌𝑌1, ⋯ , 𝑌𝑌 𝑛𝑛
2

is a Doob sequence, called edge exposure martingale

In particular, 𝑌𝑌0 = 𝔼𝔼(𝑓𝑓(𝐺𝐺)), and 𝑌𝑌 𝑛𝑛
2
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Graph parameter: 𝑓𝑓(𝐺𝐺)
Example: components number,

chromatic number,
diameter

numbering all vertices: 1,2,3, ⋯ , 𝑛𝑛

𝑋𝑋𝑖𝑖: subgraph of 𝐺𝐺 induced by the first 𝑖𝑖 vertices
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𝐺𝐺𝑛𝑛,𝑝𝑝

Graph parameter: 𝑓𝑓(𝐺𝐺)
Example: components number,

chromatic number,
diameter

numbering all vertices: 1,2,3, ⋯ , 𝑛𝑛

𝑋𝑋𝑖𝑖: subgraph of 𝐺𝐺 induced by the first 𝑖𝑖 vertices

𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓 𝐺𝐺 | 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖

𝑌𝑌0, 𝑌𝑌1, ⋯ , 𝑌𝑌𝑛𝑛 is a Doob sequence, called vertex exposure martingale
In particular, 𝑌𝑌0 = 𝔼𝔼(𝑓𝑓(𝐺𝐺)), and 𝑌𝑌𝑛𝑛 = 𝑓𝑓(𝐺𝐺)



𝐺𝐺𝑛𝑛,𝑝𝑝

numbering all vertices: 1,2,3, ⋯ , 𝑛𝑛

𝑋𝑋𝑖𝑖: subgraph of 𝐺𝐺 induced by the first 𝑖𝑖 vertices

𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝜒𝜒 𝐺𝐺 | 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖

𝑌𝑌0, 𝑌𝑌1, ⋯ , 𝑌𝑌𝑛𝑛 is a Doob sequence (vertex exposure martingale)
In particular, 𝑌𝑌0 = 𝔼𝔼(𝜒𝜒(𝐺𝐺)), and 𝑌𝑌𝑛𝑛 = 𝜒𝜒(𝐺𝐺)

chromatic number
𝜒𝜒(𝐺𝐺)

is the smallest number of colors
to properly color 𝐺𝐺
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Generalized Azuma’s Inequality in Action

Concentration of Chromatic Number

chromatic number 𝜒𝜒(𝐺𝐺)

𝑋𝑋𝑖𝑖: subgraph of 𝐺𝐺 induced by the first 𝑖𝑖 vertices
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𝑌𝑌0, 𝑌𝑌1, ⋯ , 𝑌𝑌𝑛𝑛 a Doob martingale: 𝑌𝑌0 = 𝔼𝔼(𝜒𝜒(𝐺𝐺)), and 𝑌𝑌𝑛𝑛 = 𝜒𝜒(𝐺𝐺)

A new vertex can always be given a new color! 𝑌𝑌𝑖𝑖 − 𝑌𝑌𝑖𝑖−1 ≤ 1



Generalized Azuma’s Inequality in Action

Concentration of Chromatic Number

chromatic number 𝜒𝜒(𝐺𝐺)

𝑋𝑋𝑖𝑖: subgraph of 𝐺𝐺 induced by the first 𝑖𝑖 vertices

𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝜒𝜒 𝐺𝐺 | 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖

𝑌𝑌0, 𝑌𝑌1, ⋯ , 𝑌𝑌𝑛𝑛 a Doob martingale: 𝑌𝑌0 = 𝔼𝔼(𝜒𝜒(𝐺𝐺)), and 𝑌𝑌𝑛𝑛 = 𝜒𝜒(𝐺𝐺)

A new vertex can always be given a new color! 𝑌𝑌𝑖𝑖 − 𝑌𝑌𝑖𝑖−1 ≤ 1



Tight Concentration of Chromatic Number



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

generalization



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Doob martingale 𝑌𝑌0, 𝑌𝑌1, ⋯
𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛) 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1)

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

special case

generalization



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Doob martingale 𝑌𝑌0, 𝑌𝑌1, ⋯
𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛) 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1)

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

vertex exposure martingale

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

special case

applied in random graphs

generalization



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Doob martingale 𝑌𝑌0, 𝑌𝑌1, ⋯
𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛) 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1)

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

vertex exposure martingale

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

special case

applied in random graphs

generalization

Sample Application:
Tight Concentration of 

Chromatic number



Doob Martingale + 
Generalized Azuma’s Inequality
• for a function of (potentially dependent) r.v.:

𝑓𝑓(𝑋𝑋1,𝑋𝑋2,⋯ ,𝑋𝑋𝑛𝑛)

• define corresponding Doob martingale:
𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓 𝑋𝑋1,⋯ ,𝑋𝑋𝑛𝑛 | 𝑋𝑋1,⋯ ,𝑋𝑋𝑖𝑖

in particular, 𝑌𝑌0 = 𝔼𝔼 𝑓𝑓(𝑋𝑋1,⋯ ,𝑋𝑋𝑛𝑛) and 𝑌𝑌𝑛𝑛 = 𝑓𝑓(𝑋𝑋1,⋯ ,𝑋𝑋𝑛𝑛)

• as long as the differences 𝑌𝑌𝑖𝑖 − 𝑌𝑌𝑖𝑖−1 are bounded

• generalized Azuma’s inequality implies 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 is bounded

𝑓𝑓(𝑋𝑋1,⋯ ,𝑋𝑋𝑛𝑛) is tightly concentration to its expectation
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Averaged Bounded Differences

𝑌𝑌𝑖𝑖 𝑌𝑌𝑖𝑖−1

𝑌𝑌𝑛𝑛 𝑌𝑌0

Doob Martingale



The Method of
Averaged Bounded Differences

𝑌𝑌𝑖𝑖 𝑌𝑌𝑖𝑖−1

𝑌𝑌𝑛𝑛 𝑌𝑌0

Doob Martingale Generalized Azuma’s Inequality+
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The Method of
Averaged Bounded Differences

May be hard to check!





Lipschitz Condition



Average-case:

Worst-case:
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The Method of Bounded Differences

Lipschitz condition
+

Independence

bounded averaged differences
𝔼𝔼 𝑓𝑓 𝑿𝑿 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖) − 𝔼𝔼 𝑓𝑓 𝑿𝑿 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) ≤ 𝑐𝑐𝑖𝑖



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Doob martingale 𝑌𝑌0, 𝑌𝑌1, ⋯
𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛) 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1)

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

special case

generalization



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Doob martingale 𝑌𝑌0, 𝑌𝑌1, ⋯
𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛) 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1)

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

special case

generalization

The Method of Averaged Bounded Differences
𝑓𝑓 𝑿𝑿 satisfying 𝔼𝔼 𝑓𝑓 𝑿𝑿 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖 − 𝔼𝔼 𝑓𝑓 𝑿𝑿 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1 ≤ 𝑐𝑐𝑖𝑖,

then ℙ 𝑓𝑓(𝑿𝑿) − 𝔼𝔼(𝑓𝑓(𝑿𝑿)) ≥ 𝑡𝑡 ≤ ⋯



martingale 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛
𝔼𝔼 𝑋𝑋𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑋𝑋𝑖𝑖−1

martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯
𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖)

𝔼𝔼 𝑌𝑌𝑖𝑖 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1) = 𝑌𝑌𝑖𝑖−1

Doob martingale 𝑌𝑌0, 𝑌𝑌1, ⋯
𝑌𝑌𝑖𝑖 = 𝔼𝔼 𝑓𝑓(𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛) 𝑋𝑋0, 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1)

Azuma’s Inequality
martingale 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑋𝑋𝑘𝑘 − 𝑋𝑋𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑋𝑋𝑛𝑛 − 𝑋𝑋0 ≥ 𝑡𝑡 ≤ ⋯

Generalized Azuma’s Inequality
martingale 𝑌𝑌0, 𝑌𝑌1, ⋯ w.r.t. 𝑋𝑋0, 𝑋𝑋1, ⋯

with 𝑌𝑌𝑘𝑘 − 𝑌𝑌𝑘𝑘−1 ≤ 𝑐𝑐𝑘𝑘,
then ℙ 𝑌𝑌𝑛𝑛 − 𝑌𝑌0 ≥ 𝑡𝑡 ≤ ⋯

generalization

special case

generalization

The Method of Averaged Bounded Differences
𝑓𝑓 𝑿𝑿 satisfying 𝔼𝔼 𝑓𝑓 𝑿𝑿 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖 − 𝔼𝔼 𝑓𝑓 𝑿𝑿 𝑋𝑋1, ⋯ , 𝑋𝑋𝑖𝑖−1 ≤ 𝑐𝑐𝑖𝑖,

then ℙ 𝑓𝑓(𝑿𝑿) − 𝔼𝔼(𝑓𝑓(𝑿𝑿)) ≥ 𝑡𝑡 ≤ ⋯

The Method of Bounded Differences
𝑿𝑿 = (𝑋𝑋1, ⋯ , 𝑋𝑋𝑛𝑛) are independent r.v., 𝑓𝑓 𝑿𝑿 satisfying the Lipschitz condition,

then ℙ 𝑓𝑓(𝑿𝑿) − 𝔼𝔼(𝑓𝑓(𝑿𝑿)) ≥ 𝑡𝑡 ≤ ⋯

independence + Lipschitz condition
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Pattern Matching
• a random string of length 𝑛𝑛
• a pattern of length 𝑘𝑘
• # of matched substrings?

an alphabet Σ with Σ = 𝑚𝑚, a fixed pattern 𝜋𝜋 ∈ Σ𝑘𝑘

independently and uniformly generate: 𝑋𝑋1, 𝑋𝑋2, ⋯ , 𝑋𝑋𝑛𝑛 ∈ Σ

let 𝑌𝑌 be number of substrings 𝜋𝜋 in 𝑋𝑋1, 𝑋𝑋2, ⋯ , 𝑋𝑋𝑛𝑛
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Pattern Matching
• a random string of length 𝑛𝑛
• a pattern of length 𝑘𝑘
• # of matched substrings?

an alphabet Σ with Σ = 𝑚𝑚, a fixed pattern 𝜋𝜋 ∈ Σ𝑘𝑘

independently and uniformly generate: 𝑋𝑋1, 𝑋𝑋2, ⋯ , 𝑋𝑋𝑛𝑛 ∈ Σ
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The Method of Bounded Differences in Action:

Pattern Matching
• a random string of length 𝑛𝑛
• a pattern of length 𝑘𝑘
• # of matched substrings?

an alphabet Σ with Σ = 𝑚𝑚, a fixed pattern 𝜋𝜋 ∈ Σ𝑘𝑘

independently and uniformly generate: 𝑋𝑋1, 𝑋𝑋2, ⋯ , 𝑋𝑋𝑛𝑛 ∈ Σ

let 𝑌𝑌 be number of substrings 𝜋𝜋 in 𝑋𝑋1, 𝑋𝑋2, ⋯ , 𝑋𝑋𝑛𝑛

𝔼𝔼 𝑌𝑌 = 𝑛𝑛 − 𝑘𝑘 + 1
1
𝑚𝑚

𝑘𝑘
Deviation?
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The Method of Bounded Differences in Action:

Pattern Matching
• a random string of length 𝑛𝑛
• a pattern of length 𝑘𝑘
• # of matched substrings?
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