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Polynomial Identity Testing
(PIT)

Input : two polynomialsf,g ! F[x] of degreed
Qutput : ! g7

d

f € [F[x] of degreed : f(x) = Zaixi for a; ! F
i=0

Input : apolynomia f < F[x] of degreed
Output : f 1 07

fIs given as black-box




Input : apolynomia f < F[x] of degreed
Output : f 1 07

simple deterministic algorithm:
check whetherf(x)=0 for all x! {1,2,...,d

Fundamental Theorem of Algebra:
A degreed polynomial has at most roots.

pick auniformrandomr s;
check whetherf(r) = 0: B




pick auniformrandomr s;
check whetherf(r) = 0; SCF
S| =2d

if £ 1"0C

Pr[f (r) :O] | % —

NI

Fundamental Theorem of Algebra:
A degreed polynomial has at most roots.



Checking Identity

113

databasd [

Are they

' identical?
On

=~ database




Communication Complexit

(Yao 1979)
f(a,b
t # of bits
& communicated
d / > \ J b
B =&
Han Meimel Li Lel

EQ:{0,1}"! {0,1}"" {0, 1)

Theorem (Yao, 1979

There Is no deterministic communication protocol
solving EQ with less thambits in the worst-case.



Communication Complexit

n! 1 n! 1
o g ©F07 g— by
i =0 t i =0

-, r, o(r)
a! {0,1}" | < =:=) b!'{0,1}"
oy B
Han Meimel Li Lel
_ pick uniform
oy PIT: 1 randomr ! [2n]

one-sided error ! 5

# of bit communicated: too large!



Communication Complexit

"l e mLo
= ax 0707 01— bx
1=0 T | =0
) {071}n @ ) r, o(r) b! {071}n

XX O(logn) bits 2~
Han Meimel Li Lel

pick uniform

randomr ! [p]
= 1log,(2n)"

choose a prime p! [2¢,2¢*] let f,g! Zp[z]



Polynomial Identity Testing
(PIT)

Input :  f,9! F[xi,xz,..., Xn] of degreed

FXx1,X2,..., Xn] : ring ofn-variate polynomials over peF
f I F[X1,Xo,..., Xn |
f(X1,X2,...,Xn) = Qiy iy in XTI XF o X
i1)i2,in! O

degreeof f : maximumiy + i> + aa#é ip with &,,i,,..,i, £0




Input : 1,9 ! F[x1,xz,..., Xn] of degreed
Output : f ! d7?

equivalently:

Input : ! Flxi,X2,..., Xn] of degreed
Output : f 1 07

_ ‘ i1 i 2 £in
f(X1,X2,...,Xn) = ai, i, X X5 A&k,

..... -

1.0 2,..., I n! O
l1+io+a@d& ipn" d




Input : f,9! F[X1,Xz2,...,%n] of degreed
Output : f ! d7?

equivalently:

Input :  f ! F[x1,X2,...,%xn] Of degreed
Output : f 1 07

f is given a®lock-box given anyk = (X1,X2,...,Xn)
returns f (k)
or asproduct form:  e€.g. Vandermonde determinant

1 xg x% ... oxPY
" 2 n!' 10 )
M = #1 S % r(k)=det(M)= (xi! Xxj)

' 2 a1 J<I
1 Xp X5 ... X



PIT:Polynomialldentity Testing

Input :  f ! F[xq,Xxz,..., Xn] Of degreed
Output : f 1 07

fIs given a®lock-boxor product form

If I apoly-timedeterministicalgorithm for PIT:

either: NEXP ! P/poly
> or: #P! FP




Input : f ! F[x1,Xz,...,X,] of degreed
Output : f 1 07

pPx an arbitraryS! F

pick randomry, rp, ... , ! S
uniformhandindependentt random;
check whetherf(ry, r2, ... , i) =0

f ' O |:> ]_,r2,... n) :O

| Schwartz-Zippel Theorem ;
" Pr(f (r{,ro,...,r,) =0]! —

f 0 _> I‘[ (r1 I 9 I ) O] ‘S‘

# of roots for anyf" 0in any cubes'is! dal|gn-1




| Schwartz-Zippel Theorem

f1"0 => Prlf(r,ro,...,r,) =0/ =

_ | 102 4 Ain
f (X1,X2,...,Xp) = Qi i, i X{X? Add

i1 92,.,0 n! O
i1+io+ad& ipn" d

f can be treated as a single-variate polynomiahof
| d
f(X1,X2,...,X,) = X, fi(X1,X2,...,Xpn1 1)

Pr(f (ri,ro,...,ry)=0]=Pr[ G,r, ..r. ,(rn)=0]

gl’l,rg ..... 'n -1 !" O? done?



| Schwartz-Zippel Theorem

f 1" 0

::> Pr[f (rl,rg,...,rn) :O] I ‘—g‘

Inductiononn:

basis n=1  single-variate case, proved by

the fundamental Theorem of algebra

I.H.. Schwartz-Zippel Thm is true for all smaller



| Schwartz-Zippel Theorem

f 1" 0O ::> Pr[f(rl,rg,...,rn):()]! ‘—g‘

Induction step

e "0

k: highest power ok, inf => degree off, | d" Kk
Kk

!k
f (X1,X2,...,Xp) = X'nfi(X1,X2,---,Xn! 1)
i =0
= ajlrifk(ajlvx27”'7xn! 1)+ ﬂ$17$27---7$n)
k' 1
where X1,X2,...,Xn) = Xpfi(X1,X2,...,Xn1 1)
i =0

highest power ofk,in 2 < k



Schwartz-Zippel Theorem

f1"0 => Prlf(r,ro,...,r,) =0/ =

F(X1, X2, .., Xn) = x5 fi(z1, 22, ... 2 1)+ A21, 32, .., Tn)
B high in @
degree off, | d" k ighest power ofk,in 9 < k

law of total probability

d—k
Pr{f (ry,ro,...,1) = 0] LH.=> 00 5
=Pr[f(r)=0 | fx(ry,..., 1) = 0] &Pr[fi(re,..., i 1) = 0]

+Pr[f (I‘) =0 |fk(r1 ..... Ini 1) E O] é-I:)r[fk(rl ----- ni 1) £ O]

Whel‘e 9z1,..., Tn _1(3377,) — f(xla S 73771)



| Schwartz-Zippel Theorem

f 1" C ::> Pr[f (rl,rg,...,rn)

Prif (r{,r2,...,rn)=0] ! +




Input : f ! F[x1,Xz,...,X,] of degreed
Output : f 1 07

pPx an arbitraryS! F

pick randomry, rp, ... , ! S
uniformhandindependentt random;
check whetherf(ry, r2, ... , i) =0

f ' O |:> ]_,r2,... n) :O

| Schwartz-Zippel Theorem ;
" Pr(f (r{,ro,...,r,) =0]! —

f 0 _> I‘[ (r1 I 9 I ) O] ‘S‘

# of roots for anyf" 0in any cubes'is! dal|gn-1




Fingerprinting

X
1

Y ?

l l

FING(X) = FING(Y) ?

¥ FING() is a functionX=Y" FING(X) = FING(Y)
¥if X" Y ,Pi FING(X)=FING(Y)]is small.

¥ Fingerprints are easy to compute and compare.



Polynomial Identity Testin@IT)

Input : f ! F[x1,Xz,...,X,] of degreed
Output : f 1 07

pPx an arbitraryS! F

pick randomry, ra, ... , h! S
uniformhandindependentt random;
check whetheif(rq, r2, ... , 1) = 0;

polynomialf:
FING(f) =f(ry, ra, ..., 1) for uniform&independents, ..., 1! S



Communication Complexit

EQ:{0,1}"! {0,1}"" {0, 1)

1
EQ(a, b) = 5




FIngerprinting

p— ?
FING(a) = FING ()" ok a random

f description FING()
.’ of FING()
S\ FING(b) .

¥ FING() is a functiona=b" FING@) = FING()
¥ifa" b,PfFING@) = FINGD) ] is small.

¥ Fingerprints are easy to compute and compare.



R 5Ok v
d; X

=0 f =0

_nan b! (0, 1}7
>

pick uniform
randomr ! [2n]

f?gl Zp[x]
prime p! [2¢, 2] for k= !log,(2n)"

FING(b) =" by r' for randomr



a# b (modp)? uniform random
A primep! [K]

- P
at ( bmodp ‘ga bt 121

FING(X) = x modp for uniform random primep ! [K]

communication complexityO(log k)

fa=b —=> a#b (modp)
fal b: Prla#b (modp)] # ?

fora z=|a-b|!0: Prlzmodp=0] # ?



uniform random primep ! [K]
fora z=|a-b|!0: Prlzmodp=0] # ?

|20
o } — > # of prime divisors oz # n
each prime diviso# 2

# of prime divisors oz # n
# of primes Iinfk] =1 (k)

Prizmodp = 0] =

' (N) . # of primes IN[N]

Prime Number Theorem (PNT)

N
l (N) ~—— asN/!
(N) — $



a# b (modp)? uniform random
A primep! [K]

o P
al 2n @ < ) btgon
2 b modp g 2"

fora z=|a-b|!0: Prlzmodp=0] # ?

# of prime divisors oz # n
# of primes Iin[k] =1 (k)

Pr[zmodp = 0] =

choosek=n2 | nlsk :21:”




a# b (modp)? uniform random
A primep! [n?]

- P
at ( bmodp ‘ga bt 121

FING(b) = b modp for uniform random prime ! [n?]

communication complexityO(log n)
fa=b —=> a#b(modp)
fal b > Prlfa#b(modp)]# (2Inn)/n




Checking Distinctness

Input : n numbersxy, X2, ...,.xn ! {1, 2, ...,n}

Determine whether every number appea¥gactly once

2N A={xy, X2, ..., %n}
B={1, 2, ...,n}

Input : two multisetsA={ay, az, ...,an} andB={ba, by, ...,bn}
whereay, ...,an, by, ...,0n! {1, 2, ...,n}

Output : A= B ?(as multisets

A=DB <}::> $X. #of timesx appearing i
= # of timesx appearing iB




Input : two multisetsA={ay, az, ...,an} andB={ba, by, ...,bn}
whereay, ...,an, by, ...,0n! {1, 2, ...,n}

Output : A=B ?(as multisets

¥naive algorithm: us®(n) time andO(n) space

¥bngerprinting random bngerprint function FING()
¥checkFING(A) = FING(B) ?
¥time cost: time to compute and check bPngerprin®yn)
¥space cost: space to store bngerprint®( logp )

multisetsA={a, az, ..., an} > fa(x)=  (x! &)
=1

fal Zp[X] for primep (to be specibed)

FING(A) =fa(r) for uniform randomr ! Z,



multisetsA={as, ay, ..., an}
B={by, b, ...,bn}
wherea, bi! {1, 2, ...,n}

| 11

1=1
!ll

>{fA(X): (x! &)
fg(x)= (x! b)

1=1

fa,fB € Zp[X] for primep (to be specibed)

FING(A) =fa(r)

for uniform randomr ! 7,

FING(B) = fg(r)

A! B—> fa !" fg onreal pelR
(but-possibly-fa#-fg-on-Pnite-beld Z),

f A=B: FING(A) = FING(B)
if Al B: FING(A) = FING(B)

¥ fa# fs on Pnite belcZ,

>

¥ fa" fg on z  but fa(r) = fa(r)

N fa-fg oN R:
| coefbcient !0
cmodp=0

ﬁg‘b;}tz with probability
' #n/p



multisetsA={as, ay, ..., an}
B={by, b, ...,bn}
wherea, bi! {1, 2, ...,n}

| 11

1=1
!ll

>{fA(X): (x! &)
fg(x)= (x! b)

1=1

fa,fB € Zp[X] for uniform randomprimep ! [L, U]

FING(A) =fa(r)
FING(B) = fa(r)
if Al B: FING(A) = FING(B)

for uniform randomr ! 7,

¥ fa# fs on Pnite belcZ,

>

(L, U to be specibed )

INn fa- fg on R:
| coefbcient !0
cmodp=0

# of prime factors ot

Prlcmodp=0]#

>

¥ fa" fg on z  but fa(r) = fa(r)

# of primes Iin [, U]
nlog, n

nlog, n
U/InU —-L/ InL

ﬁmz with probability
#n/p #n/L



1

multisetsA={a, az, ..., an} {fA(X)= (x! &)

1=1

B={Dbi, by, ...,bn} "
wherea, bi! {1, 2, ...,n} fe (X) = izl(X! b)
fa,fB € Zp[X] for uniform randomprimep ! [L, U]
FING(A) = fa(r) with U = 2L = (n log n)?

FING(B) = fa(r) for uniform randomr ! 7,

f Al B: FING(A) = FING(B)

| : Ith babilit
¥ fa# fs on Pnite pPeldZ, WIET probabiiity

nlog, n _
> = U/nu —2L/ nL O(1n)

¥ fa" fg on z  but fa(r) =fg(r) ﬁgﬁzw#hn/plgo%agi/lty
= O(1h)




Input : two multisetsA={ay, az, ...,an} andB={ba, by, ...,bn}
whereay, ...,an, by, ...,0n! {1, 2, ...,n}

Output : A=B ?(as multisets

Lipton 1989:

FING(A) = _' (r! a)modp  for uniform random prime
':11 p! [(nlogn)32, (nlogn)?

FING(B) = (ri b)modp  gnd uniform randonr € Z,

=1

If A! B as multisets:

f4(X) = !n(x! a;) mod p fB(x)z. (x! ) modp

Prl FING(A\Z):: FING(B) ] )
# Prifa# fg ] + Pr[fa(r) =fs(r) |fa" fs ] = O(1h)




Input : n numbersxy, X2, ...,xn ! {1, 2, ...,n}

Determine whether every number appeazsactly once

Lipton 19809:
FING(A) = _' (r! a)modp  for uniform random prime
check if: . p! [(nlogn)?/2, (nlogn)?]

FING(A)=  (r! i) mod p?

. and uniform randonr € Z,
| =

¥time cost: O(n)

¥space costO(logn)

¥error probability false positive O(1/h)
¥data stream input comes one at a time




