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Min-Cut

® Partition Vinto two parts:
Sand T

® Minimize the cut E(S,T)

® deterministic algorithm:

® max-flow min-cut

® best known upper bound:
O(mn + n2log n)

EST)={uv e E|lucS,veT?}



Contraction

e multigraph G(V, E)

e multigraph: allow parallel edges

e for an edge e, contract(e)
merges the two endpoints.
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Karger’s min-cut Algorithm

MinCut ( multigraph G(V.E) )

while |VI>2 do

choose a uniform e €F ;
contract(e);

return remaining edges;
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Karger’s min-cut Algorithm

MinCut ( multigraph G(V.E) )

while |VI>2 do

choose a uniform ¢ €F ;

contract(e);

return remaining edges;

edges returned



MinCut ( multigraph G(V.E)) | ' Theorem (Karger 1993):

while [VI>2 do Pr[ a min-cut is returned | > 2

choose a uniform e €F ; n(n—1)

contract(e); repeat independently

for n(n-1)/2 times
and return the smallest cut

return remaining edges;

Pr| fail to finally return a min-cut |

Pr[ fail to construct a min-cut in one trial ]""~ 1’2

9 n(n—1)/2 1
| < —
nn—1) e

IA




MinCut ( multigraph G(V.E) ) Suppose. ©1: €2+ fn =2

while [V>2 do are contracted edges
choose a uniform ¢ €F ; initially: Gy =G
contract(e); ith round:

return remaining edges; G, = Contract(Gi_l, 67;—1)

(' is a min-cut in G;_1
I:I| > (U is a min-cut in G;
ei—1 €C } 7’

(: a min-cut of G

Pr[C is returned] > Prley, e, ...,€, » & C]

n—2
chain rule: = || Prle & Clee....ei ) & C]
=1



suppose €1,€2,...,€6,_2 are contracted edges

initially: G{ =G i-th round: G; = contract(G;_1,¢€;_1)

(' is a min-cut in G;_1
|:|| > ('is a min-cut in G
e;—1 & C } 7’

C: a min-cut of G
n—2

Pr[C is returned) > [ [ Prle; & C |ejes e @Cl
i=1

(' is a min-cut in G
C' is a min-cut in G(V, E) n—2 9
| > 1] (1 ,

1=1
, n—2 : )
Proof: n—i—1 2

min-degree of G = |C] n—i-+1 n(n — 1)

1=1




MinCut ( multigraph G(V.E) )
while [VI>2 do

choose a uniform e €E ;

contract(e);

return remaining edges;

Theorem (Karger 1993):

For any min-cut C,

Pr|C is returned| >

2
n(n—1)

running time: O(n?)
repeat independently for O(n? log n) times
returns a min-cut with probability 1-O(1/n)
total running time: O(n* log n)



Number of Min-Cuts

Theorem (Karger 1993):

For any min-cut C,

Pr|C is returned| > n(nz_l)

Corollary

The number of distinct min-cuts
in a graph of n vertices is at most n(n-1)/2.



An Observation

MinCut ( multigraph G(V.E) )
while |VI> 7 do

choose a uniform e €F ;

contract(e);

return remaining edges;

(C: a min-cut of G

n—t
Pr[el,...,en_t QC] — HPT[G@ QC | €l1,...,€6;-1 €C]

>Hn—z’—’_ _ t(t—1)

n—i+1 n(n—1)

only getting bad when t is small



Fast Min-Cut

Contract ( G, t)
while [VI> 7 do

choose a uniform e €F ;

contract(e);

return remaining edges;

FastCut ( G)

if |VI<6 then return a min-cut by brute force;
else: (7 to be fixed later)

G1= Contract(G,t);
Go= Contract(G,t);
return min{FastCut(G1), FastCut(G2)};

(independently)




FastCut ( G)

if IVI<6 then return a min-cut by brute force;
else: (¢ to be fixed later)

G1= Contract(G,t);
Go= Contract(G,t);
return min{FastCut(G1), FastCut(G2)};

(independently)

C: a min-cut in G
A: no edge in C is contracted during Contract(G )

n—t
— HPr[eigC\el,...,ei—l Z C]

>Hn—z’—: Jtt=1) (-1 ’
n—i1+1 “nn—-1) —\n-1




FastCut ( G)

if IVI<6 then return a min-cut by brute force;

else: (¢ to be fixed later)
G1= Contract(G,t);
Go= Contract(G,t);
return min{FastCut(G1), FastCut(G»)};

(independently)

C: a min-cutin G set ¢ = [1+ 2|
A: no edge in C is contracted during Contract(G )

Prid] = (1) > 1

n—1 — 2

— in Pr|FastCut(G) returns a mincut in @

p(n) G | (G) ]
succeeds

> 1— (1 — Pr[A] Pr[FastCut(G1) succeeds | A])?

2

21—<1 (ﬁ‘ﬁ)%(ﬂ) ZP([H%D_iP([H%DQ




FastCut ( G)

if IVI<6 then return a min-cut by brute force;

else: set t = {1 + %W
G1= Contract(G,r);
G>= Contract(G,r);

return min{FastCut(G1), FastCut(G2)};

(independently)

p(n) = min Pr|FastCut(G) returns a mincut in G|

G:|V|=n

([ ) ()Y

1
by induction: p(n) =9 (logn>

running time: T'(n) = 2T ({1 + LD + O(n?)

by induction:



FastCut ( G)
if IVI<6 then return a min-cut by brute force;
else: set ¢t = {1 + %W
G1= Contract(G,r);
G>= Contract(G,r);
return min{FastCut(G1), FastCut(G2)};

(independently)

Theorem (Karger-Stein 1996):

FastCut runs in time O(n? log n) and
returns a min-cut with probability C2(1/log n).

repeat independently for O((log n)?) times
total running time: O(n? log3 n)

returns a min-cut with probability 1-O(1/n)



Max-Cut

® Partition Vinto two parts:
Sand T

® Maximize the cut E(S,T)

® NP-hard

® one of Karp’s 21 NP-
complete problems

® Approximation algorithms!?

m -

EST)={uv e E|lucS,veT?}



Greedy Heuristics

initially, S=7T=0
fori=12,....n

v; joins one of §, T

to maximize current E(S,T)

(O o
o~ »
:

!

TR
g S, :
Y

EST)={uv e E|lucS,veT}

 m" PN



Greedy Heuristics

initially, S=7T=0
fori=12,....n

v; joins one of §, T

to maximize current E(S,T)

EST)={uv e E|lucS,veT}



Approximation Ratio

instance G(V.E) _
algorithm A:

initially, S=T=

fori=12,..,n .
v; joins one of S, T ‘

to maximize current E(S,T) "g

OPTg: value of maximum cut of G

SOLg: value of the cut returned by algorithm A on G

algorithm A has approximation ratio o if

SOLq
' >
V input G, OPT,, = o




Approximation Algorithm

initially, S=7T=0
fori=12,....n

v; joins one of §, T

to maximize current E(S,T)

SOLg _ SOLg
OPT. — |E|

Vvi, =1/2 of |E(S;,vi)l + |E(T;,v;)l
contributes to SOLg

>

1
2

[E|l =) (IES:v) |+ ET,v))
ES, D) ={uv € E | ucsS, veT?} =



Approximation Algorithm

initially, S=7T=0
fori=12,....n

v; joins one of §, T

to maximize current E(S,T)

SOLq < SOLg

> >
OPTq |E‘ -

1
2

approximation ratio: 1/2
running time: O(m)

ES, D) ={uv € E | ucsS, veT?}



Max-Cut

® Partition Vinto two parts:
Sand T

® Maximize the cut E(S,T)

® NP-hard

® one of Karp’s 21 NP-
complete problems

m -

® greedy algorithm:
0.5-approximation E(S,T) ={uv € E|lucsS, vEeT}



Random Cut

for each vertex v eV

Yv:1|::>UES

for each edge uv € E

0 YU — Y’U uvekl
E OPT
BES.T)) = Y PrlY, Y] =0 > 2

uve



Random Cut

for each vertex v eV

for each edge wwv e E

1 Y, #Y,
Yuy = ) U ES7T — Yo

uvekl
O
E[E(S,T)]= ) PrlY,#Y,] = \§| . ];T

uvekl



Definition:

Events &1, &9, ..., &, are mutually independent
if for any subset I C {1,2,...,n},

Pr [Ases &i] = Tlier PrI&il.

Definition:
Random wvariables X;, Xo,...,X,, are mutually

independent if for any subset I C [n| and any
values x;, where 7 € I,

Pr{A;c;(Xi =2)| = 1e; PrlXi = 2.



k-wise Independence

Definition:
Events &1,&s,...,&, are k-wise independent if
for any subset I C {1,2,...,n}, with |[I| <k

Pr [/\z‘el 57;} = | L;c; Pri&il.

Definition:

Random variables X1, Xo,...,X,, are k-wise in-
dependent if for any subset I C [n] and any val-
ues x;, where i € I, with |I| <k

Pr [/\’LEI(XZ — QZ‘Z)} — HiEI PF[XZ — ZI?Z]

pairwise: 2-wise



2-wise Independent Bits

uniform & independent bits:  (random source)

X1,X9,...,X,, € {0,1}

Goal: 2-wise independent uniform bits:

Yl,YQ,...,YnG{O,l} n =>>m

a & h| nonempty subsets:

0 @#51,52,...,ng_1§{1,2,...,m}

'yj:@xi

O 1ES;

—_|— | O]
_ O = O




uniform & independent bits: X1, Xs,...,X,, € {0,1}
nonempty subsets: S, S,,...,S8m_1 C {1,2,...,m}

'yj:@xi

iESj

2-wise independent uniform bits:
Yi,Yo, ..., Yom_q € {O, 1}

logo n total random bits

:> n-1 pairwise independent bits



Derandomization

for each vertex v eV

uniform & 2-wise independent Y, € {0,1}

Yo=1=>ves
Y, =0 ::> vel
for each edge wv € E
b OPT
BIES. T = 3 Py, #v) = 2 > 2

wEE
V =Avi,v2,...,0,}
Yo, Yoo, ..., Y, constructed from [log,(n + 1)]| bits
try all 2/°s2(n+D1 — §(n?) possibilities!



Max-Cut

Partition V into two parts:
Sand T

Maximize the cut E(S,T)

NP-hard

greedy algorithm: 0.5-approx.

best known approx. ratio for
poly-time algorithms: 0.878~

m -

EST)={uv e E|lucS,veT?}



Mathematical Programming

maximize:
1
5 Z (1 o yuyv)
uveFl

subject to:
Yy € {—1,+1}, YveV

(—1 veS
\ 1 veT

Yy =

ES,T)={uv € E |l ucsS, veT}



Relaxation

. 1
maximize: %:E(l — Yulo)

subject to: y, € {—1,+1}, YveV

semidefinite programming (SDP):

1
maximize: - %:E(l 2w %)

subject to: ||zl =1, Yv eV
Z, € R"

solvable in poly-time OPT5DP > (P Tmax-cut



Rounding

. 1
maximize: - %:E(l—zu.zv)

subject to: ||z,|lo =1, Yv eV
Z, € R"

optimal SDP solution: z, € R" m VvES or vET

B[E(S,T)] > 3 0878 L (-2 =)

uvekl

0.878 OPT>SDP

0.878 OPTmax-cut

IV



Max-Cut

Partition V into two parts:
Sand T

Maximize the cut E(S,T)

NP-hard

greedy algorithm: 0.5-approx.

best known approx. ratio for
poly-time algorithms: 0.878~ =

unique game conjecture: E(S.T) ={uv € E1uES, vET]}

no poly-time algorithm with
approx. ratio >0.878~




