Advanced Algorithms



Polynomial ldentity Testing
(PIT)

Input: two polynomials f,g € F|z| of degree d
Output: =g’

d
f € F[x| of degree d: f(x) = Zaia:i for a; € F
i=0

Input: apolynomial f e F[x] of degree d
Output: (=7

fis given as black-box




Input: apolynomial f e F[x] of degree d
Output: =07

simple deterministic algorithm:

check whether f(x)=0 for all = €{1,2,...,d

Fundamental Theorem of Algebra:

A degree d polynomial has at most d roots.

pick a uniform random rgg;

check whether f(r) =0 ;




pick a uniform random rgg;

check whether f(r) =0 ; SCF
S| = 2d
if f#0
d 1
Prf(r) = 0] SW =3

Fundamental Theorem of Algebra:

A degree d polynomial has at most d roots.



Checking Identity

b

database 1

Are they

identical?
RS

database 2




Communication Complexity

(Yao 1979)
f(a,b)
t # of bits
§ communicated
d : > ‘gd b
AN, < Y
Han Meimei Li Lei

EQ:{0,1}" x {0,1}" — {0,1}

Theorem (Yao, 1979)

There is no deterministic communication protocol
solving EQ with less than n bits in the worst-case.



Communication Complexity

n—1

. = ?
! Z - J(r)=g(r)
._ T
1=0

e , 2(r)
a c{0,1}" i

&

N

Han Meimei

by PIT:

one-sided error <

1
2

# of bit communicated:

n—1
g = Z b, 1"
i=0

=) {0 1"
e{}

Li Lei

pick uniform
random r €[2#]

too large!



Communication Complexity

n—1 | _ 9 n—1 |
fzzaixz f(”)Tg(’") g:szx,z
1=0 =0

- r,g(r) "
acfoy @ - be{o,l}

O(log n) bits
Han Meimei Li Lei

pick uniform
random r €[p]

k= |logy(2n)]

choose a prime p € [2%, 2] let f,g € Z,[7]



Polynomial ldentity Testing
(PIT)

Input: [, 9 €Flz1,29,...,2,] of degree d
Output: [=g"

Flxi,x2,...,2n] : ring of n-variate polynomials over field F

feF|xy,xo,...,2,] :

_ E 11 .12 in
f(ajlaajZ?"'?ajn) — Ay ig,..., inl] Lo " "Ly
i17i27°°°7in20

degree of f: maximum i1 + @2 + - - + ip with @iy iy, i, 7 0




Input: f,9 € Flr1,22,...,2,] of degree d

Output: [ =g"

equivalently:

Input: f < Flxy,22,...,2,] of degree d

Output: (=7

flz1,20,...,2y) = Z




Input: f,9 € Flr1,22,...,2,] of degree d
Output: [ =g"

equivalently:

Input: f < Flxy,22,...,2,] of degree d

Output: =07

fis given as block-box: given any T = (21,%2,...,%Ty)
returns f(T)

or as product form: e.g. Vandermonde determinant

1 oz 22 ... 2]
2 n—1
we | R S@) = des) = [ (i - )
I x, x,,z,b ZEZ._l J <t




PIT: Polynomial Identity [esting

Input: [ cFlz1,22,...,2,] of degree d
Output: (=7

fis given as block-box or product form

if 3 a poly-time deterministic algorithm for PIT:

either: NEXP # P/poly
> or: #P # FP




Input: [ cFlz1,22,...,2,] of degree d
Output: =07

fix an arbitrary S C F

pick random ry, ro, ..., rx €S;
uniformly and independently at random;
check whether f(ri, r2, ..., 7)) =0 ;

fEO ::> f(rlar27°°°7,rn):0

| Schwartz-Zippel Theorem ;

fZ£0 _> Pr{f(ri,re,...,1) =0] < E

# of roots for any f = 0 in any cube S is < d - |S|*!




Schwartz-Zippel Theorem
f#0 ::> Pr|f(ri,ro,...,mn) = 0] < 9]

_ 11 19 7}
flz1,29,...,2,) = E Qiy g in T T+ o T,

i1 400y yip >0
i1+ig+-+in <d

f can be treated as a single-variate polynomial of x,:
flx1,29,...,2,) = Zx%fi(xl,xg, ey T 1)
i=0
— Y9x1,25,.... 201 (ajn)

Pr|f(ri,72,...,7n) =0 =Prlgr, ro....r. (1) = 0]

Gri g 2 07 done?



| Schwartz-Zippel Theorem

f#0

:|'> Pr(f(ri,7m2,...,7n)

induction on n :

basis:

n=1

d
0] < —
5]

single-variate case, proved by

the fundamental Theorem of algebra

l.H.: Schwartz-Zippel Thm is true for all smaller n



| Schwartz-Zippel Theorem
d
f#0 ::> Pr|f(ri,ro,...,mn) = 0] < 9]

induction step:

k: highest power of x,in f = > {fk 7 0

degree of fi. < d—k

k
f(ajlava s 73777/) — Zx%fi(wlax27 e 75671—1)
1=0

:flflfk(ﬂh,il?z,---,ﬂ?n—l) +f(3717513‘27---,£13n)
k—1
where f(z1,22,...,2,) = folfi(xl,xg, ey T 1)
i=0

highest power of x,in f < k



| Schwartz-Zippel Theorem
f#0 ::> Prlf(ri,ro,...,1mn) =0 < —

f(x1,29,...,Tn) = ¥ fu(z, 2, . 1) + f(z1, 22, ..., Tp)

{fk?—() .

hichest power of x;,in
degree of fr, < d —k S P . f <k

law of total probability:
Prf(ri,79,...,7) = 0] .H. ::> Sd;S\k
=Prlf(7) = 0| fu(r1,...,ra—1) = 0] Prlf(rts.. s 1) = 0]
+Prf(r) = 0| felr1, ..., rn—1) # 0] - Pr[fi(r1,...,rn—1) # 0]




| Schwartz-Zippel Theorem
f % 0 ::> Pr[f(,rb’rQ)" -»Tn) —

Pr[f(rlaera"'a’rn):O] < |



Input: [ cFlz1,22,...,2,] of degree d
Output: =07

fix an arbitrary S C F

pick random ry, ro, ..., rx €S;
uniformly and independently at random;
check whether f(ri, r2, ..., 7)) =0 ;

fEO ::> f(rlar27°°°7,rn):0

| Schwartz-Zippel Theorem ;

fZ£0 _> Pr{f(ri,re,...,1) =0] < E

# of roots for any f = 0 in any cube S is < d - |S|*!




Fingerprinting

X = Y 9
l l
FING(X) = FING(Y) ?

® FING() is a function: X=Y = FING(X) = FING(Y)

® if X+ Y, Pr[ FING(X)=FING(Y)]is small.

® Fingerprints are easy to compute and compare.



Polynomial ldentity lesting (PIT)

Input: [ cFlz1,22,...,2,] of degree d
Output: (=7

fix an arbitrary S C F

pick random ry, ro, ..., rx €S;
uniformly and independently at random;
check whether f(ri, r2, ..., 7)) =0 ;

polynomial f:
FING(f) = f(r1, 2, ..., r») for uniform&independent ry, ..., r, €S




Communication Complexity

EQ:{0,1}" x {0,1}" — {0,1}

1 a=05b

w000~ {1 07,



Fingerprinting

FING(a) = FING(b)? |
pick a random
f description FING()

- f FING
« € — &3
FING(b) &

A\

® FING() is a function: a=b = FING(a) = FING(b)

® ifa+ b, Pr[ FING(a) = FING(b) ] is small.

® Fingerprints are easy to compute and compare.



n—1
S a0 fir)y=g(r) ? = b
= 1=0

) r,g(r) b E{O, 1}n
5

pick uniform
random r €[2n]

fy9 € Zp|x]

prime p € [2,2"T1] for k= [logy(2n)]

FING(b) = 2, b; r' for random r



a =b (mod p)? uniform random

t

prime p €[K]

p a
a €[27] < NP b e[27]
b mod p 7

FING(x) = x mod p for uniform random prime p €[]

communication complexity: O(log k)

ifa=>

ifa#b:

— > a=b(mod p)

Prla = b (mod p)] <7

fora z=la-b1#20: Pr[zmodp=0] <"



uniform random prime p €[k]

fora z=la-bl#0: Pr[zmodp=0]<?

E[27]
}IZ:> # of prime divisors of z<n
each prime divisor = 2

# of prime divisors of z =n

# of primes in [k] = 7(k)

Pr[z mod p =0] =

7(N) : # of primes in [ V]

Prime Number Theorem (PNT)

N
nH(N) ~—— as N —x
In N



a = b (mod p)? uniform random
A prime p €[K]

.’ P
a €[27] < *Gv b €[2"]
S b mod p 7

fora z=la-bl#0: Pr[zmodp=0] <7

# of prime divisors of z =n

# of primes in [k] = 7(k)

Pr[zmod p =0] =

nink B 2Inn

choose k=n?2 < _
k n




a =b (mod p)? uniform random
A prime p €[n?]

p a
a €[27] < NP b e[27]
b mod p 7

FING(b) = b mod p for uniform random prime p €[n?]

communication complexity: O(log n)

fa=b = > a=b(modp)
fa#b > Prla=b(modp)|<=2Inn)/n




Checking Distinctness

Input: 7n numbers xi, x2, ..., x, € {1, 2, ..., n}

Determine whether every number appears exactly once.

N\ A= {X1,X2, ..., Xn}
B={1,2,..,n}

Input: two multisets A={ai, az, ..., a,} and B={b1, ba, ..., by}
where ay, ..., an, b1, ..., b, € {1,2, ..., n}

Output: A =B ? (as multisets)

A=B <}:{> Vx:  # of times x appearing in A
= # of times x appearing in B




Input: two multisets A={ai, az, ..., ar} and B={by1, b, ..., by}
where ai, ...,an, b1, ..., b € {1, 2, ..., n}

Output: A = B ? (as multisets)

* naive algorithm: use O(n) time and O(n) space

e fingerprinting: random fingerprint function FING( )
e check FING(A) = FING(B) ?
* time cost: time to compute and check fingerprints O(n)
* space cost: space to store fingerprints  O( log p )

multisets A={ai, az, ..., a,} > fa(z) = H(az —a;)
1=1

fa € Zy|x| for prime p (to be specified)

FING(A) =fa(r) for uniform random r € Z,



n

multisets A={a1, az, ..., a,} {fA(fB) =]z - a)

B={b1, b2, ..., by} o
where a;, b;E {1,2, ..., n} fB(z) :g($—bi)
fa, fB € Zy|z] for prime p (to be specified)
FING(A) = fu(r)

> for uniform random r € 7,
FING(B) :fB(l") y

A#B => fa # fB on real field R
(but-possibly-fa=fp-on-finite“field Z,)

if A=B: FING(A) = FING(B)
if A% B: FING(A) = FING(B) in fa- fz on R:

( . 3 fficient ¢ #0
e fi=f3 on finite field Z, > COSTIEIEE @

> < cmodp=0
. _ with probability
\ Ja# fg on 7. but fa(r) =fs(r) [ < nip




multisets A={a1, az, ..., a,}
B={b1, b, ..., b,}
where a;, b; € {1,2, ..., n}

w_azz

xr — b;)

o= 11
it

fa, fB € Zy|x| for uniform random prime p €[L, U]

FING(A) = fa(r)
FING(B) :fB(l") y
if A% B: FING(A) = FING(B)

/* fa=fs on finite field 7, >

(L, U to be specified )

> for uniform random r € 7,

in fa- fp on R:
3 coefficient ¢ #0
cmodp=0

# of prime factors of ¢

Prlcmodp=0]=

> < ‘ # of primes in [L, U]

log, n
cl<nn > < 082
a=n = 7 (U) — (L)

\ * fazfpon 7 but fa(r)=[s(r)

nlogs n

- U/InU — L/InL

with probability
<n/p =n/L




B={b1, b, ..., b,}
where a;, b; € {1, 2, ..., n}

fa, fB € Zy|x| for uniform random prime p €[L, U]

FING(A) = fi(r) | with U= 2L = (n log n)y
FING(B) = f(r) . for uniform random r ¢ Z,

if A= B: FING(A) = FING(B)
with probability

— b;)

multisets A={ai, az, ..., an} { H T — aj)
H T

e fa=fp on finite field Z, > nlog, n
> = U/mU-L/mL o)

o — with probability
Ja# fg on 7 but fa(r) =fs(r) 2 <nlp <nll

= 0O(1/n)




Input: two multisets A={ai, az, ..., ar} and B={by1, b, ..., by}
where ai, ...,an, b1, ..., b € {1, 2, ..., n}

Output: A = B ? (as multisets)

Lipton 1939:

FING(A) = H(fr — a;) mod p for uniform random prime
=1 p €[(n log n)%/2, (n log n)?]

FING(B) = H("" — ;) mod p and uniform random r € Z,
1=1

if A # B as multisets:

n n

fa@) =@ —a)modp  fa(z) =]](@—b;) modp

1=1 1=1

Pr[ FING(A) = FING(B) |
<Prl fa=f3]+Pr[fa(r) =fa(r) | fa = f3] = O(1/n)




Input: n numbers xi, x2, ...,

Xn € {1, 2, ..., n}

Determine whether every number appears exactly once.

Lipton 1939:

>

FING(A :HT—CL@ mod p

check |f 7:7,

FING(A) = — d p?
1;[7“ i) mod p* }

for uniform random prime
p €[(n log n)?/2, (n log n)?]

and uniform random 7r &€ Zp

* time cost: O(n)
* space cost: O(log n)

* error probability (false positive): O(1/n)

* data stream: input comes one at a time




