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Measure Concentration

* Flip a coin for many times:

flips =1 flips =5 flips =50 flips = 500 flips = 500000




Chernoff-Hoeffding
Bounds




Chernoff Bound

(Bernstein Inequalities)
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Chernoff Bound

Chernoff Bound:
For independent X, ..., X, € {0,1} with

X = ZXiand/A — [E[X]
i=1
For any 6 > O,

U
65
Pr[ X > (1 +0)u] < <(1 n 5)(1+5)>

Forany 0 < 6 < 1,

e~ ;
PriX < (1 —o)ul < <(1 _ 5)(15>>




Chernoff Bound

Chernoff Bound:
For independent X, ..., X, € {0,1} with
X=) X;andy = E[X]

i=1
Forany 0 < 0 < 1,

Pr[X > (1 +0)u] < exp 3

Pr[X < (1 —do)ul L exp ;

Fort > 2eu:
Pr[X >1¢] <277




Balls into Bins

m balls are thrown into » bins.
X. : number of balls in the i-th bin

l

1  with prob —

X; = ZX whereX
i=1 0 with prob. 1—;

X ~ Bin(m,1/n) pu=E[X] =
n

Chernoff Bound: For o > O,

65 .
Pr|X;> (1+6)pu| < ((1 +5)(1+5>)




m balls are thrown into n bins. -[X] B ﬂ
X. : number of balls in the i-th bin ’ n

l

Chernoff Bound: For¢d > 0O,
e? g
. > <
Pr|X; > (1+6)u| < 13507

c Whenm=n: u=1

el 1 elnn
Pr[X>L]<_ <—  forL =
el L n2 Inlnn
 union bound:
1
Pr[maXX>L <nPr[X>L]<—
1<i<n n

Max load is 0( log ) w.h.p.

loglogn



m balls are thrown into n bins. -[X] B ﬂ
X. : number of balls in the i-th bin ’ n

l

Chernoff Bound: For L > 2eu,
PriX,>L| <27

c Whenm >nlnn: u>Inn

1

2em
Pr Xi > —l — Pr [Xi > 26/4] < 2—2e,u < 2—Zelnn < —

n )

e union bound:
2em

2em
PrlmaXXiz <nPr|X >

|
S _—
1<i<n n n

n

Max load is O (ﬁ) w.h.p.

n



Balls into Bins

* m balls are thrown into » bins uniformly and independently:

Theorem: With high probability, the maximum load is

I
0( oer ) when m = n

loglogn
m
0(—) whenm > nlnn
n
balls =100, bins =100 balls =2000, bins =100
5 y v . . 40 v v v .
0 0
20 40 60 80 100 20 40 60 80 100

balls =600, bins =100 balls =5000, bins =100

20 " - : : 100 . . . '
o 20 40 60 80 100 ° 20 40 60 80 100
| — — | — —




Chernoff Bound

Chernoff Bound:
For independent X, ..., X, € {0,1} with

X = ZXiand/A — [E[X]
i=1
For any 6 > O,

U
65
Pr[ X > (1 +0)u] < <(1 n 5)(1+5)>

Forany 0 < 6 < 1,

e~ ;
PriX < (1 —o)ul < <(1 _ 5)(15>>




Markov’s Inequality

Markov’s Inequality

For nonnegative random variable X, for any ¢ > 0,
E[X]

PriX > 1] <

Corollary

For random variable X and nonnegative-valued
function f, for any t > 0,

Prf(X) 2 1] <

E[/(X)]
{




Moment Generating Function

Moment generating function (MGF):

The MGF of a random variable X is defined as

M) = E [e*].

* Taylor’s expansion:

- | 30| - 3 e

k=0




 Independent X, ...,

X = iXiand,u =
=1

X, € {0,1} with

=[X ]

» Markov for MGF: (for any A > 0)

Pr [X > (1 + 5)/4] < Pr [e/IX > eﬂ(1+5)ﬂ]

* Bound MGF:

(Markov's inequality)

Ondependence)

[E[/lX]

- [e,lx] — He’lXi _ H [eiX < He(e ~1)p, _ ol
. i1

E[e™] =p-etT+ (1 —p)e*? =1+ (= Dp;, <€D,
(where p; = Pr[ X, = 1])



Independent X, ..., X, € {0,1} with

X = iXiand,u =
i=1

=[X ]

» Markov for MGF: (for any A > 0)

5 2
_1-2(1+6) )y — ©
< (e =1-A1+0))u ((1 +5)(1+5))

0.2+

0.1

— [e/IX]

Priy >t o5ul <

010
_02L

~0.3 -

| / DU

0.2 0.4
n

=H[E

=1

e Optimization:
(e’1 —1-A(1+ 5)) achieves Min at stationary point A = In(1 + o)

(when 4 = In(1 + 9))

[e/IXi] < e(eﬂ—l),u



* Independent X, ..

X = iXiand,u =
i=1

X, € 10,1} with

=[X ]

» Markov for MGF: (for any A > 0)

— e/IX ]

U
A_1_ _ e’
PriX>(1+0u| < o = ol -l = ((”5)(”5))

* Bound MGF:

E [e’IX] =

e Optimization:

(when A = In(1 + o))

(e’1 —1-A(1+ 5)) achieves Min at stationary point A = In(1 + o)



Chernoff Bound

Chernoff Bound:
For independent X, ..., X, € {0,1} with

X= ) X;andy = E[X]
=1
For any 0 > O,

U
e5
Pr[ X > (1 +0)u] < <(1 n 5)(1+5)>




Chernoff Bound

Chernoff Bound:
For independent X, ..., X, € {0,1} with

X=) X,andu=E[X]
=1
Forany 0 < o < 1,

J7;
6—5
Pr[X < (I —o)u] < ((1 — 5)(1_5)>

(for any A < 0)

— | AX
Pr{X < (1 —6u|<Pr[e>ell-9#] < ez<[1e_5>,],t < e@=1-1-d)

(fOI" A= ln(l — 5)) - ((1 _65)(15))




Chernoff Bound:
For independent or negatively associated X, ..., X, € {0,1}

with X = ZXi and 1 = E[X]
i=1
Forany 0 > O,

U
65
Pr[X > (1 +d)u] < ((1 +5)(1+5)>

Forany 0 < 0 < 1,

U
6_5
Pr[X < (1 = 6)u] < <(1 — 5)(1_@)

For negatively associated X, ..., X, € {0,1}:

i) - | [T | < [Tele

=1




Chernoff-Hoeffding Bound

Chernoff Bound:

n
For X = Z X, where X, ..., X, € {0,1} are independent
i=1

(or negatively associated),

forany t > O:
2t*
Pr|X>E[X]+7| <exp| —
n
2t*
Pr|X <E[X]-1|<exp| ——
n

A party of O(y/nlogn) can manipulate a vote w.h.p. against n voters
who neither care (uniform) nor communicate (independent).



Chernoff-Hoeffding Bound

Hoeffding Bound:

n
For X = Z X, where X: € |a, b.|, | <1 < n, areindependent

i=1
(or negatively associated),

forany t > O:
2t?
Pr|X > E[X]+¢]| <exp

(=)
Pr|X <E[X]-1| <exp




n
X = Z X, where X; € [a;,b;] forevery ] <i<n

=1

Y =X —[E|X]

! Y; =X, — E[X]]

E[Y)] =0

{ [ Y] =

— n

y=>)Y,
=1

(for A > 0)

(neg. assoc.)y,

Pr[X — E[X] > 1] = Pr[Y > 1] < e E [e"'] < e[ [ E [¢"]

=1

5 [e/IY]

Hoeffding’s Lemma: For any Y € [a, b] with E[Y] = O,

< exlz(b—a)z/ 3

17
< exp (—/lt + ry Z (b; — a;)°

=1

> < eXP( 2?21 b

when 4 =




n
X = Z X, where X; € |a;,b;] foreveryl <i<n
i=1

Y = X - E[X] c[Y]=EY]=0
et — n

Y, = X; — ELX]] Y=ZY,-
=1

(for A < 0) (neg.assoc.),

PrX—E[X] < —1]=PrY < — 1] <e“E [e]<e*[]E [
=1

Hoeffding’s Lemma: For any Y € [a, b] with E[Y] = O,
2 2
m [e/IY] < e/l (b—a)“/8

<exp( i+ (bima) | <exp S (b — a)?
i=1 i=1 Ui T Y

4
Z?zl (bl o ai)z

when 4 =




Chernoff-Hoeffding Bound

Hoeffding Bound:

n
For X = Z X, where X: € |a, b.|, | <1 < n, areindependent

i=1
(or negatively associated),

forany t > O:
2t?
Pr|X > E[X]+¢]| <exp

(=)
Pr|X <E[X]-1| <exp




Sub-Gaussian Random Variables

A centered (E[Y] = O) random variable Y is said to be
sub-Gaussian with variance factor v (denoted Y € & (v)) if

2
E [e/lY] < exp (%)

Hoeffding’s Lemma:

Any centered bounded random variable Y € [a, b] is
sub-Gaussian with variance factor (b — a)*/4.




Sub-Gaussian Random Variables

e 0.7 1 1 1 1 1 1 1 T

————— super-Gaussian

N v~
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Sub-Gaussian Random Variables

Chernoff-Hoeffding:

n

For Y = Z Y,where Y, € Z(v,), 1 <1 < n, areindependent
i=1

(or negatively associated) and centered (i.e. E[Y;] = 0)

£2
Pr[YZt]Sexp( - )
zzizlyi

/2
Pr[YS—t]Sexp( —~ )
221‘:1”1'

forany t > O:




The Method of
Bounded Differences




The Method of Bounded Differences

McDiarmid’s Inequality:

For independent X, X,..., X , if n-variate function f satisfies

the Lipschitz condition: for every 1 <1i < n,
‘f(xl, s X)) = J (XL e X s Vis X 15 o5 X))

for any possible x;, ..., x, and y,,
then for any ¢ > O:

Pr[ ‘f(Xl,...,Xn)—[E[f(Xl,..-,Xn)]‘ Zf] §2exp< 2222 c2>
i=1"1

< c;

— 1

* Chernoff. sum of Boolean variables, 1-Lipschitz

e Hoeffding: sum of [a;, b;]-bounded variables, (b, — a;)-Lipschitz

l



Balls into Bins

m balls are thrown into n bins |, _ {1 bin i Is empty
Y : number of empty bins " |0 otherwise

n 1 m
Y=ZY,- (Y] = Pr[biniis empty ] = (1——)
=1

n

linearity of expectation:

n 1 m
(Y] = ) ElY]=n (1 ——)
=1 &

Pr [ Y —E[Y]| > t] <? Y;'s are dependent



Balls into Bins

m balls are thrown into » bins ‘v =n(1- l "
Y : number of empty bins B

n

Xj . the index of the bin into which the j-th ball is thrown

Xi,...,X, € [n] are uniform and independent
V=X X) =n— [{X,, ... X, }| s 1-Lipschitz

Pr[ Y — E[Y]| Zt] :Pr[ Xy s X,) = ELKy, - X, zz]

o 2
(Mcblarmlds < 2exp I
inequality) 2m



Pattern Matching

uniform random string X € 2" with alphabet size |2 | = m
fixed pattern 7 € X*

Y : number of substrings of X matching the pattern «

: n—k+1
Y, — {1 T XXX = 7 Y — Z Y.
"~ L0 otherwise =
1
ELY;] =Prl X, X, Xy = 7] = —
m

linearity of expectation:
n—k+1

=1




Pattern Matching

uniform random string X € 2" with alphabet size |2 | = m
fixed pattern 7 € X*

Y : number of substrings of X matching the pattern «

n—k+1 _
Y] = - X, ...,X, € 2 areindependent
m

n—k+1

Y=f(X,....X) = Z I[ i1 X = ﬂ] is k-Lipschitz

Pr“Y—[E[Y]\ zr] :Pr[

o X,) — ELL(X), o X)) zz]

(McDiarmid's < 5 exp [ -
inequality) 2nk?



Sprinkling Points on Hypercube

uniform random point X € {0,1}" in hypercube
fixed subset § C {0,1}"

Y : shortest Hamming distance from X to S

Hamming distance: H(x,y) = Z | x; — y:| forx,y € {0,1}"
i=1

Y = mi? H(X,y) =fdX,,...,X,) is1-Lipschitz
ye

Pr| Y= EY]| 21| = Pr| |/, ... X,) = ELAX . X))

L, 2
(McDuarmlds < 2exp -
inequality) 2n

3



Sprinkling Points on Hypercube

uniform random point X € {0,1}" in hypercube
fixed subset § C {0,1}"

Y : shortest Hamming distance from X to S

Hamming distance: H(x,y) = Z | x; — y:| forx,y € {0,1}"
i=1

Pr Y- E[Y]| > V2enInn | < 2n™

the distance to § is pretty much the same from pretty much everywhere
(unless S is very big)



The Method of Bounded Differences

McDiarmid’s Inequality:

For independent X, X,..., X , if n-variate function f satisfies

the Lipschitz condition: for every 1 <1i < n,
‘f(xl, s X)) = J (XL e X s Vis X 15 o5 X))

for any possible x;, ..., x, and y,,
then for any ¢ > O:

Pr[ ‘f(Xl,...,Xn)—[E[f(Xl,..-,Xn)]‘ Zf] gzexp< 2222 c2>
i=1 "1

< c;

— 1

Every Lipschitz function is well approximated by
a constant function under product measures.



Martingale

Martingale:

A sequence of random variables X, X, ... is @ martingale
if for all r > 0,

=X X X X | = X

e For random variable X and event A: (discrete probabiljty)
[X|A]= ) xPr{X=x|A] [

X

SO =E[X|Y=ylis well-defindd
[ X | Y] =f(Y)is arandom variable




Martingale:

A sequence of random variables X, X, ... is a martingale
if forall r > 0,

=X | X Xy - Xy =X

« Fair gambling game: Given the capitals up until time t — 1,
the expected change to the capital after the 7-th bet is O.

A sequence of random variables X, X, ... is:
a super-martingale if for all £ > 0,

=X X Xy e X <X
a sub-martingale if for all £ > O,

=X X Xy X 2 X




Martingale (Generalized)

Martingale (Generalized Version):

A sequence of random variables Y, Y1, ... is a martingale
with respect to X, X, ... if forall > O,

« Y, is a function of X, ..., X,
- [Yt+1 | X0, X5 "”Xt] =¥,

* A fair gambling game:

« X. : outcome (win/loss) of the i-th betting

« Y. : capital after the i-th betting



Martingale (Generalized)

Martingale (Generalized Version):

A sequence of random variables Y, Y1, ... is a martingale
with respect to X, X, ... if forall > O,

« Y, is a function of X, ..., X,
- [Yt+1 | X0, X5 "”Xt] =¥,

* A probability space: (L2, &, Pr)

» A filtration of s-algebras #, C & C --- s.t. forall t > 0:

Y is & -measurable

° [t+1‘ ]_




Azuma’s Inequality

Azuma’s Inequality:

foranyn > 1 and t > O:

t2

Pr Yn—YO‘ >1| <2exp

22:;1 C

2
l

For martingale Y, Y7, ... (with respect to X, X, ...) satisfying:
Vi>0,|Y,-Y_ | <q

* Your capital does not change too fast if:
* the game is fair (martingale
* payoff for each gambling is bounded

40

20

10

o

-10

-20

-30

-40

40



Doob Martingale

A Doob sequence Y, Y, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i<n Y. =E[fX,...X)|X],...X

l

s =E[fX,...X)] ---mme> f(Xp,..nX) =

no information full information

n n




Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i<n, Y,=EL [f(X19°°°’Xn) | X ""Xi]

l

f(@.,0.0.¢.¢. @)

R/_/

1D [ f] _ averaged over
Yo,



Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i<n, Y,=EL [f(Xla'“’Xn) | X ""Xi]

l

randomized by

f(@’/y’(r,(r’ff’/?)

H/_/

averaged over

Elf] =Y, 1.



Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i<n, Y,=EL [f(Xla'“’Xn) | X ""Xi]

l

randomized by
—

f(@’@’,“,”,”(’)
——

averaged over
E f] =Y, 1, Y,



Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VOLi<n Y=L [f(Xa'“’Xn) ‘Xl"”’Xi]

l

randomized by

——

f(@’@’@ﬁf”,”(’)
N—

averaged over
E[f] :Y09 Yla Y29 YB’



Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i<n, Y,=EL [f(Xla'“’Xn) | X ""Xi]

l

randomized by

——
f(0,0,0,0,@,@)

averaged over
E[f] :YO, Yla Y29 Y39 Y4’



Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i<n, Y,=EL [f(Xla'“’Xn) | X ""Xi]

l

randomized by

"N
f[(0,0,0,0,©,@)

averaged over

E[f] — Yo, Y1, Yo, Y3, Ya, Ys,



Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i< n, ¥, =1L [f(XD’Xn) ‘Xl’”"Xi]

l

randomized by

N
f(0,0,0,0,0,0)

no information full information
E[f] =Y, 1, Yo, V3, Y4, Y5, Y6 = |



Doob Martingale

A Doob sequence Y, Y, ..., Y, of an n-variate function f
with respect to a random vector (X, ..., X)) is:

YO < l < n, Yl= - [f(X,,Xn) ‘XD"”Xi]

Ed
s




Doob Martingale

A Doob sequence Y, Y;, ..., Y, of an n-variate function f
with respect to a random vector (Xj, ..., X)) is:

VO<i<n, Y,=EL [f(Xla'“’Xn) | X ""Xi]

l

Theorem:
The Doob sequence Y, Y, ..., Y, is a martingale w.r.t. X;, ..., X .

« VO <i < n,Y,isafunction of X, ..., X
c EY 1 Xy X |

_ [ :[E [fXps o X)) | X X |X1,...,Xi_1]

=E [ /X .. X) | X0 X | = v



The Method of Bounded Differences

The Method of Bounded Differences:

For n-variate function f on random vector X = (X, ..., X))

satisfying the Lipschitz condition: forevery 1 <i < n

E [/ | Xy, coe X, — E [fX) | X Xy ]| <
forany t > O:

2
Pr | |/00 - EL/OI| 2 1] sexp( 222 Cz)
i=1"1




The Method of Bounded Differences

The Method of Bounded Differences:

For n-variate function f on random vector X = (X, ..., X))
satisfying the Lipschitz condition: forevery 1 <i <n

Doob martingale: ¥; = E | f(X, ..., X,) | Xj,....X;]




Azuma’s Inequality

Azuma’s Inequality:

For martingale Y, Y, ... (with respect to X, X, ...) satisfying:
Vi>0,|Y,-Y_ | <¢

foranyn > 1and ¢t > O:

t2
V= Yo| 21 SZexp( > 2)
C:
=1 !

g




The Method of Bounded Differences

The Method of Bounded Differences:

For n-variate function f on random vector X = (X, ..., X))

satisfying the Lipschitz condition: forevery | <1< n
for any t > O Y -

(Azumcyer | |50} B7O0T))>
Yn

Doob martingale: ¥; = E | f(X, ..., X,) | Xj,....X;]




The Method of Bounded Differences

The Method of Bounded Differences:

For n-variate function f on random vector X = (X;, ..., X))
. _ .average-case. N ,
satisfying the Lipschitz condition: forevery 1 <i < n

| X)) | X, .0 X | - E [ fX) \Xl,...,Xi_1]| <c
for any 7 > 0 usually difficult to verify

2
Pr | |/00 - EL/OI| 2 1] sexp( 222 Cz)
i=1 "1

worst-case Lipschitz: forevery 1 <i <n,
‘f(xl, s X)) = J (XL e X s Vis i 15 o5 X))

for any possible x;, ..., x, and y;

< ¢

— 1




The Method of Bounded Differences

McDiarmid’s Inequality:

For independent X, X,..., X , if n-variate function f satisfies

the Lipschitz condition: for every 1 <1 < n,
‘f(xl, s X)) = J (XL e X s Vis i 15 o5 X))

for any possible x;, ..., x, and y,,

then for any ¢ > O:

i=1"1

< ¢

worst-case Lipschitz condition
_|_

independent X, ..., X,

average-case
Lipschitz condition



Martingale
Concentration




Azuma’s Inequality:
For martingale Y, Y, ... (with respect to X, X, ...) satisfying:
Vi>0,|Y,-Y_ | <¢

foranyn > 1and ¢t > O:

2
Pr[ ‘ Zt] SZexp( 22;;161-2)
Difference: D; =Y. — Y, S, = i D =Y —-Y,

=1

Martingale difference: D is a function of X, ..., X;

E|D;| Xg, ... X, |

Y=Y | Xos o Xy |

E
EY | Xp s Xy | —E [ Yy | Xoooves Xiy |
=Y ,—-Y_,; =0




* Martingale property:
« D:.is afunction of X, ..., X;and [ [Dl- | X, °°°9Xi—1] =0

. Bounded differences: Vi > 1, Di‘ < ¢;

S,= ). D,
i=1
2
> t] < 2exp —
22,':1 ¢

(for A >0) Pr [Sn > t] = Pr [e’lSn > e’“] < e ME [e’wﬂ]

S

n

Azuma: Pr [

E[eS] = E |E [ ] X X, ] | = E [E[X5420 1 X, X, ]|

= [ —|E [e’lSn—l . e;tD” | XO’ ""Xn—l]] = [ [6/151”_1 - E [ﬁﬂD” | X()a --'9Xn—l]]



* Martingale property:

« D:.is afunction of X, ..., X;and [ [Di | X, °°°9Xi—1] =0

. Bounded differences: Vi > 1,

Sn — iDl
=1

E 5] =E [e -1+ [ [e*Pr |XO,...,Xn_1]] < el E (eS|

Hoeffding’s Lemma: For any Z € [a, b] with
2 2
E [6/12] < e/l (b—a)“/8

-1Z] =0

Z=(D,| Xy X,_,) — E [ | Xy, ..., X,_,| <e¥o”?




* Martingale property:
D, is afunction of X, ..., X;and [Dl- | X5 -+ X;

. Bounded differences: Vi > 1, Di‘ < ¢;
n
Sn — 2 Di
i=1

2
E [eﬂSn] < e,12c,%/2 . [E [eﬂSn—l] < exp (% Z Ci2
=1

(for A > 0) 2 .
Pr [Sn > t] <e™E [eﬂSn] < exp <— ci —/If) < exp (‘ t )

1]20

S
N———

) d

) =1 1
Azuma: Pr [Sn > t] < exp ( t )




* Martingale property:
D, is afunction of X, ..., X;and [Dl- | X5 -+ X;

. Bounded differences: Vi > 1, Di‘ < ¢;

Sn — iDl
=1

1]20

2
Azuma: Pr|S, < —1| <exp .
2., ¢t

(for 1 <0) Pr[S,<—1t] =Pr[e > e < eE [e5]

/12 n t2 —1
< — 2 < — when A =
—eXp( Pk Ht) ‘eXp( 22?_1@2) 2in €7

=1

2 n
E [eﬂSn] < 6,120,3/2 . [E [e/lSn—l] < exXp (% Z Ciz)

=1



