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Max-Cut

Instance: An undirected graph G(V, E).

Solution: A bipartition of Vinto § and T that
maximizes the cut E(S,T) = {{u,v} EE|ue SAv ET}.

e NP-hard.

* One of Karp’s 21 NP-complete
problems (reduction from the
Partition problem).

e a typical Max-CSP (Constraint
Satisfaction Problem).

* Greedy is 1/2-approximate.

* Local search is 1/2-approximate.



Max-Cut

Instance: An undirected graph G(V, E).

Solution: A bipartition of Vinto § and T that
maximizes the cut E(S,T) = {{u,v} EE|ue SAv ET}.




Max-Cut

Instance: An undirected graph G(V, E).
Solution: A bipartition of Vinto § and T that
maximizes the cut E(S,T) = {{u,v} EE|ue SAv ET}.

S.t. Yuv < Yuw T Ywor Vu,v,weV

yuv+yuw+ywv §2, \VI’UJ,?},UJEV

” Yuv € {0,1}, Vu,v € V

4
voo=" Yuyw€V: 0or2of {uy, {vw}, {uw}
are “‘crossing pairs”



Max-Cut

Instance: An undirected graph G(V, E).

Solution: A bipartition of Vinto § and T that
maximizes the cut E(S,T) = {{u,v} EE|ue SAv ET}.

max Z Yuv integrality gap = 2

uveklR

S.t. Yuv < Yuw T Ywor Vu,v,weV

yuv+yuw+ywv §2, \VI’UJ,?},UJEV

Yuv € {071}7 Vu,v € V




Quadratic Program for Max-Cut
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St Yuw < 2(1 —zy3,), Vuv € E

Ly C {_171}7 YveV



Quadratic Program for Max-Cut
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strictly quadratic program:

MaxXx Z %(1 _ gjuaj,v)
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S.t. az% =1, YVvoeV

Nonlinear, non-convex!



Relaxation

strictly quadratic program:

MaxXx Z 1 - xuxv

uvel

s.t. 2 =1, Yo €V

(Y

relax to vector program: semidefinite program (SDP)

max = 3 (1 (z,,x,))
2 uveEl iBu ti va CCu
s.t. (xy,xy) =1, YoeV

CB’UERna YveV n=1Vl

inner—productS'




Positive Semidefiniteness (PSD)

Definition (Positive Semidefiniteness):

A symmetric square matrix A € R is said to be positive
semidefinite, denoted A = 0, if Vx € R”, x'Ax > 0.

Theorem:

For symmetric A € R™", the followings are equivalent:
+ A=0
« all eigenvalues A(A) > 0
- A = B'B for some B € R




Semidefinite Programing (SDP)

« Given C, A, ..., A, € R and by, b,,...,b, € R

maximize  tr(C'Y) = Z Z CiiVii
i=1 j=1

subjectto  tr(A'Y) < b, Vi<r<k
Y =0

symmetric Y € R™"



Semidefinite Programing (SDP)

« Given C, A, ..., A, € R and by, b,,...,b, € R

maximize tr(C'Y) = i i CiiYij = i i Cij<vi9 v]-)

i=1 j=1 i=1 j=1

w@lY)<b,,  VI<r<k)

[ | == {Y =V nl/n
| | symmetric Y € R™" VeR

\

subject to

n n
Z Z av.,v) <b V’s column vectors:
ij 7] r
i=1 j=1 Viy.o.,V, € R”



Semidefinite Programing (SDP)

« Given C, A, ..., A, € R and by, b,,...,b, € R

n n
maximize Z Z Cii\Vis V)

i=1 j=1

n n
subject to 2 Z ag.”)(vl-, v;) < b,, Vi<r<k
i=1 j=1

Viy.oor, V, € R”
 SDPs are LPs for inner products and generalize LPs

 SDPs are convex programs:
e poly-time solvable by ellipsoid method



SDP Relaxation

« Quadratic program for max-cut in G(V, E) on n = | V| vertices:

Max Z 1 - ajux,u

uvekl

s.t. 2 =1, Yo €V

(Y

 SDP relaxation:

max = 3 (1 (z,,x,))
2uv€E
S.t. H(L‘UHQ =1, YweV
x, € R", Vo eV




Random Hyperplane Rounding

random
Max Z L(1 — 2yz) hyperplane
uvel
S.t. ;E,% =1, VveV unit sphere
Goemans-Williamson’95:
SDP relaxation: Rounding:
max % > (1= (zu,20)) uniform random unit vector

uvek
s.t. Hx’UHQ — 17 YveV u Rn) ||uH2 — ]_

x, € R", YoeV
Optima SDP solution: x*

A

Ly = SgIl(<"IJ:, ’U,>)




Random Hyperplane Rounding

« max-cutin G(V, E) withn = |V]|:
random
max Z %(1 — T, Ty) hyperplane
uvekl

S.t. :L’,(QJ = 1, VveV unit sphere
Goemans-Williamson’95:
SDP relaxation: Rounding:

max % > (1= (wy, =) random
Wk r=(ry,re,...,r,) € R"

s.t. [|zo]]2 :nl’ o E Y each r; ~ N(0,1) jid.
x, € R", VYoeV normal distribution
Optima SDP solution: x* T, = sgn({x), 7))




random
hyperplane

MaxXx Z quaj,v

uvel

s.t. 2 =1, Yo €V

(Y

Goemans-Williamson’95:

SDP relaxation: Rounding:
max % > (1= (@, =) random
wwek r=(ry,re,...,rn) € R"

s.t. [|zo][2 :nL v EV each r; ~ N(0,1) jid.
x, € R", VYoeV normal distribution
Optima SDP solution: x¥ T, = sgn({x), r))

T
U = il is uniform random unit vector

spherically symmetrlc

PI‘[’I“l,.. H 5

1=1

7712 = ()42~ 77/

T



random

max Z (1 — zywy) hyperplane

uvel

s.t. 2 =1, Yo €V

(Y

Goemans-Williamson’95:

SDP relaxation: Rounding:
max % > (1= (@, =) random
wwel r=(ry,re,...,r,) € R"

st. [Zollz=1 YweV  qaeh oo N(0,1) iid.
x, € R", VYoeV normal distribution
Optima SDP solution: x¥ T, = sgn({x), r))

Elcut] = Y Prfssn((a}.r)) # sg((@).r)] = Y

Z arccos{x*, x*) where 0, = Zx; ox,

-
uoeE J2 |- [l - cos uy = (X4, )




random

10} hyperplane
hit sphere
1 1
g(x) = 0.878 - (1 =) > f(x) = — arccos(x)
s oy ..., Tp) € R®
™) N(0,) lid,
-1.0 —-0.5 0.5 1.0 . . .
nal distribution
Optima SDP solution: x:* T, = sgn((x’, r))

*

Efcut] = 3 M@ 5 o $™ 21— (@i.2l) =« OPTspp

T
uveFl uveFlr

2 arccos(x)

where o a:El[El,l] m(1l —x)

=0.87856...



Max-Cut

Instance: An undirected graph G(V, E).

Solution: A bipartition of Vinto § and T that
maximizes the cut E(S,T) = {{u,v} EE|ue SAv ET}.

* A typical Max-CSP.

 Rounding SDP relaxation is
0.878~-approximate.

e Can be derandomized via
conditional expectations.

* Assuming the unique games
conjecture: no poly-time
algorithm has approximation
ratio < 0.878~




Unique Games Conjecture

Unique Label Cover (ULC):

Instance: An undirected graph G(V,E); g colors;
each edge ¢ associated with a bijection ¢.: [g]—=[q].

A coloring 0&€[q]V satisfies the constraint of the edge
e=(u,v) € E if ¢p.(0,)= @(0v).

Unique Games Conjecture:

(Khot 2002) o
*—o Ve, 3g such that it is NP-hard to

‘ distinguish between ULC instances:
* >]-¢ fraction of edges satisfied by a
coloring;
* no more than ¢ fraction of edges
satisfied by any coloring;




