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Maximum Cut Problem
Input: G = (V,E),

Output: a partition (S CV,T:=V \ S) of V so as to
maximize |E(S, T,

where E(S,T) = {w € E: |[{u,v}NS| =1}

4

@ Min-Uncut: remove minimum
number of edges to make
graph bipartite

3/23



@ Max-Cut = Min-Uncut for exact algorithms, but not the same
for approximation algorithms

@ Recap: 1/2-approximation algorithms for Max-Cut:

Randomized Algorithm | Greedy Algorithms
1: S« 0 1: S 0,7« 0
2: for every u € V do 2: for every u € V do
3: with probability 3: if |[E(u,S)| > |E(u,T)| then
1/2, add u to S 4: T+ TU{u}
4: return (S,V '\ S) 5. else
6: S+ SU{u}
7: return (S, 7))

@ Local Search: while we can improve the solution by switching
the side of one vertex, perform the operation, stop if no

swapping can improve the solution
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Linear Programming Relaxation

First Attempt @ Ty < |Yu — Yol is not linear
ey, veV:ifvesS e feasible region is not convex:
@ Xy, uv € E: if uv is cut Yu | Yo | Tuww | Y/N
1 0 |05 Y
max Z - 0 1 105] Y
weE 05105105 N
Ty = ’yu — yU’ Yuv € E o Xy =~ |yu - yy| can be
> —
Yo € [0,1] Vo eV replaced by zy, > yu — Yo

and T, > Yy — Yu
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Second Attempt

@ Ty, UV E (‘2/) whether uv is cut

Tuw + Tow + Tuw < 2 V distinct u,v,w € V

Tuy € [0,1] V{u,v} € (Z)

@ The ratio Ip/opt can approach 2: triangle-free graphs can have
opt =~ |E|/2, while x,,, = 1 on edges and 0 elsewhere gives
lp = |E].
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Quadratic Program Semi-Definite Program

{1 foes ey, cR"YveV
Yo = .
-1 ifvegs 1
1 max 5 EE:E(l - <yuayv>>
max B ZEE(l — Yulv) ly)| =1 Yw eV
Yy, € {£1} Y eV

® (YurYo) = YaYv = > _ Yusi - Yo inner product of y, and y,
=1
@ requiring v, € R™ is the same as requiring v, € R™ for any
n'>n
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SDP for Max-Cut

Yu

max % Z (1 — (Yu, Yu))

wek

lyo| =1 Yo eV

unit sphere

Yo

@ SDP is a relaxation:

(10,00, ,0)  ifves
7T (21,0,0,0,---,0) ifveT

@ sdp: the value of the SDP, sdp > opt

Q: Can we solve the SDP? | A: Yes )
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Def. A symmetric matrix X € R"*" is Positive Semi-Definite
(PSD) if Yy € R", we have yT Xy > 0. Use X = 0 to denote X
is PSD.

@ X = X'means X — X' = 0.

Lemma The following statements are equivalent for a symmetric
matrix X € R™":

e X >0
o All the n eigenvalues of X are non-negative
@ X =VTV for some V € R™" m <n

o X =>"_ Aw,w, for some reals Aj, g, -+, A, > 0 and
orthonormal basis {wy }uep]
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Semi-definite Programming (SDP)

@ matrices of size n x n = flattened vectors of length n?:

e Use - as multiplication for flattened matrices,
e X > 0: view X as a matrix.

o AecR™" pheR™ ceRY
@ Assume Ay's and ¢ are symmetric matrices of size n X n

Semi-Definite Program | An equivalent formulation
min ¢t X min Z Cuw * {Yus Yo)
A.X > b u,vE[n]
X =0 > k(Y o) = b Vk € [m)]
Yy, € R® Yo € [n]

@ requiring y, € R" is the same as requiring y, € R" for any

/
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Semi-Definite Program Example

min ¢t X min 5y + 6y2 + Tys
A-X>b Y1+ 3y2 +4ys > 5
X =0 2y1 + 3y2 +y3 > 10

3y1 + 2y +2y3 > 7
<yl ?J2> =0
Y2 Y3

o X = 0= X,, =X, Yu,v € [n];(yy") - X >0,Vy € R".
@ SDP = LP with infinite number of linear constraints
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Separation Oracle O

@ Given a symmetric X € R™", we need to either claim X = 0
or return a y € R" such that yT Xy < 0.

@ An eigensolver (e.g., the QR algorithm) finds an eigenvector
with negative eigenvalue, if one exists.

1

Recall: Ellipsoid Method

@ maintain an ellipsoid that contains
the feasible region

e query O if the center of ellipsoid is
in the feasible region:
e yes: then the feasible region is not
empty
e no: cut the ellipsoid in half, find P
smaller ellipsoid to enclose the
half-ellipsoid, and repeat
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direction r

SDP for Max-Cut Yu

max 2 3 (1 ()

wekl

ly| =1 Yo eV

unit sphere

Yo
@ let (y,)yev be the vectors obtained from solving SDP

o sdp =3 cp(l—yly,) > opt

[Goemans-Williamson'95] Rounding Algorithm
1: randomly choose a direction r € R™:
@ choose each r, ~ N(0,1) i.i.d
N(0,1): standard normal distribution
20 Gy =5gn((yp, 7)), S={veV:g, >0} return (S,V \ 5)

15
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_ radian angle between g, and v, arccos(Yu, Yu)
Pruv is cut] = - = .

T = <yu7yv> € [_17 1)7
Pr[uv is cut]  2arccos(x) o= 0878 1t D
= . : 2 04

$(1—=x) (1l —z)

f(z)= %a.rccos(x)

® acw = infoe 1) 2 - 2 > 0,878
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]E S T Z Pr uv is cut > acw Z — (Yus Yo))

weE uveE
= agw - sdp > agw - opt > 0.878 - opt.

@ Assuming Unique Games Conjecture (UGC), no
polynomial-time algorithm can give an approximation ratio of
agw + € for any constant € > 0.
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Duality for Semi-Definite Programming

Semi-Definite Program | Semi-Definite Program
min ¢! - X min ¢! - X
A-X>0 D thupXup 2 b VEE M)
X t 0 u,vE[n]
Z TurvXu,v >0 Vr € R"
u,vE[n]

@ replace X > 0 with infinite number of linear constraints:
(rr™) - X > 0,Vr € R,

@ Symmetry can be imposed without loss: replace X by
(X + XT)/2, since Ay and ¢ are symmetric.
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Duality for Semi-Definite Programming

Semi-Definite Program

min ¢l - X
A-X >0
X >0

Semi-Definite Program

Dual :

Zakuv Yk + Z TuTvy -

reR™

max

min ¢ X
Z ak,u,vXu,v > by, Vk € [m]
u,vE[n]
Z TuTvXu,v >0 Vr € R”
u,vE[n]
Z;gn:1 br - Yk
Zr = Cyp Yu,v € [n]
Y > 0 Wk € [m]
zr >0 Vr € R"
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Duality for Semi-Definite Programming

Dual : max Z;Cn:l br - Yk
m
Za’”” ykJrZ Tulv * Zr = Cuw Yu,v € [n]
reR”™
yr =0 Vk € [m]
zp >0 Vr e R"

@ Take z with finite support; each PSD matrix needs at most n terms
in this sum.

@ first red constraint < ATy + 3 g2z -1t =c
@ > cgnzr -1t is PSD
@ moreover, any PSD matrix can be written in this form

@ — red constraints can be replaced by ATy < ¢
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Duality for Semi-Definite Programming

Semi-Definite Program Dual for SDP
min ¢l - X max bly
A-X>D Aty < ¢
X >0 y=>0

@ Linear Program: X > 0
@ In Dual of LP: ATy < ¢
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