Advanced Algorithms / Fall 2026

Linear Programming and Optimization

Semidefinite Programming

Matrix relaxations and Goemans—Williamson rounding

Lecture 9: 100 minutes

These notes cover only the linear-programming strand taught by Shi Li. This module
comprises nine 100-minute lectures, numbered consistently with the slides. Parts I and II are
reading divisions within this lecture; optional appendices are for further study.

Instructor: Shi Li
Nanjing University

Prepared from the instructor’s course slides, with Al-assisted expansion of explanations, proofs, and
independent-study exercises. The English and Chinese editions have matching mathematical content.
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Learning goals and reading route

The final lecture enlarges the class of relaxations from linear programs to semidefinite programs.
Part I develops the matrix language and the Max-Cut relaxation. Part II rounds its vectors with a
random hyperplane and proves the approximation guarantee. SDP duality is provided as optional
reading.

e Recognize equivalent quadratic, spectral, and Gram-matrix descriptions of positive semidefinite-
ness.

o Formulate Max-Cut as an SDP and separate an indefinite matrix using a negative-eigenvalue
direction.

e Derive the angle-over-m cutting probability and the constant agw.

Prerequisites are elementary linear algebra, the spectral theorem for real symmetric matrices,
expectation, and the separation-oracle viewpoint from Lecture 4. All edge weights below are
nonnegative; the unweighted slides are the special case in which every edge has weight one.
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1 Part I: From cuts to positive semidefinite matrices

1.1 Max-Cut and the one-half baseline

Given an undirected loopless graph G = (V, E) with weights w, > 0, Max-Cut asks for a partition
(S, V'\ S) maximizing the total weight of crossing edges. Write W = >~_ w,.. The complementary
problem Min-Uncut minimizes the weight of edges whose endpoints lie on the same side. It is also
the minimum weight of edges to remove to make the graph bipartite. Their exact optimum values
sum to W, but a multiplicative approximation guarantee for one does not transfer with the same
factor to the other.

Proposition 1.1. There is a simple randomized 1/2-approzimation, and a greedy deterministic
algorithm with the same guarantee.

Proof. Independently place every vertex on each side with probability 1/2. Each edge crosses with
probability 1/2, so the expected cut weight is W/2 > OPT /2. For a greedy alternative, process
vertices in any order and put the next vertex on the side that cuts at least half the total weight of
its edges to previously processed vertices. Charge each edge when its second endpoint is placed; at
least half the total weight is cut. O

Another proof uses local search: at a partition where moving any single vertex cannot improve the
cut, each vertex has at least as much incident weight crossing as staying on its side. Summing over
vertices yields cut weight at least W/2. For unweighted graphs, every improving move increases
the integer cut size, so at most |F| moves occur. This particular iteration bound does not extend
to arbitrary binary-encoded weights.

1.2 Why the naive linear relaxations are weak

One tempting encoding uses side variables y,, € [0, 1] and cut variables x,, requiring Ty, < |yu — Yo|-
This is not a linear constraint or even a convex constraint: (yu, Yv, Tuv) = (1,0,1/2) and (0,1,1/2)
are feasible, while their midpoint (1/2,1/2,1/2) is not. Replacing it by Xy, > |y — Y| would be
linearizable, but it reverses the required relation. A valid LP uses x,, € [0,1] for every pair of
vertices and the inequalities

Ty + Tow + Tyw < 2 (U, v, w diStiHCt).

A cut crosses at most two edges of any triangle, so every cut is feasible. However, on a triangle-free
graph, assigning one to graph edges and zero to nonedges satisfies all these inequalities and has
objective W. In the unweighted case there are triangle-free graphs whose maximum cut is arbitrarily
close to |E|/2, so the relaxation’s integrality gap approaches two. The existence statement can be
proved by taking a sufficiently sparse random graph and deleting triangles; it is not true that every
triangle-free graph has such a small maximum cut (bipartite graphs cut every edge).

1.3 Replace signs by unit vectors

Represent the side of vertex v by s, € {—1,1}. Then (1 — s,5,)/2 is exactly the indicator that edge
uv is cut. Hence

1
OPT = — 1-— .

Relax each sign to a unit vector y, € R", where n = |V|:

1
max o D w1 = (Yus ) st lgollz=1 (veV). (1.1)
uwweFE
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Every cut embeds by choosing ¥, = sye1, so the optimum of this relaxation is at least OPT. The
displayed vector formulation has quadratic expressions. Its convexity becomes visible after changing
variables to the Gram matrix.

1.4 Positive semidefinite matrices

Definition 1.2. A real symmetric matrix X is positive semidefinite (PSD), written X > 0, if
27Xz >0 for every real vector z. Write X > Y when X —Y > 0. Positive definiteness, written
X > 0, requires strict positivity for every nonzero z.

Theorem 1.3. For a real symmetric n X n matriz X, the following are equivalent:
1. X > 0.

2. Bvery eigenvalue of X is nonnegative.

3. X =VTV for some real matriz V with at most n rows.

4. X =301 /\quq,;r, where A\, > 0 and the g form an orthonormal basis.

Proof. The spectral theorem writes X = QAQT. Evaluating the quadratic form at each eigenvector
shows that PSD implies A\, > 0. Conversely, nonnegative eigenvalues give z' Xz = >, )\k(qzz)2 > 0.
Taking V = AY2QT gives the Gram factorization; zero rows can be omitted. Finally, X = VTV
implies 2" Xz = ||V2||2 > 0. The spectral sum is the same decomposition written term by term. [J

The columns of V' are vectors y, with X, = (yu,¥ys). Thus any collection of n vectors in a
higher-dimensional space has the same pairwise inner products as some vectors in R™. Positive
semidefiniteness is not entrywise nonnegativity: (_11 _11> is PSD. Nor do nonnegative entries imply

PSD: (1?) has eigenvalue —1.

1.5 The matrix formulation and separation

For symmetric matrices use Ae X = tr(ATX) = > uv AuvXup. The off-diagonal entries are counted
twice in this full-matrix inner product. A general SDP has a linear matrix objective, linear scalar
constraints, and a PSD constraint, for example

minCeX st. Ay eX >b, (kem]), X >0.

The numerical example in the slides uses X = (%! 32 ), objective 521 + 629 + 7z3, and constraints

21+ 320 +423 > 5, 221 + 320 + 23 > 10, and 321 + 229 + 223 > 7. For example, its objective matrix
is C = (3%), not a matrix with off-diagonal entries six.

The Max-Cut SDP

1
SDP = max 7 > wuw(l— Xu) st Xyy=1(weV), X:=0. (1.2)
wek

The PSD cone is convex because every inequality z' Xz > 0 is linear in X for fixed z. The
feasible set in (1.2) is compact: its entries satisfy |Xyp| < v XuyuXow = 1.

To separate a symmetric matrix X from the PSD cone, find an eigenvector z with negative eigenvalue.
Then 2T Xz < 0, whereas every PSD matrix Y satisfies (227) @ Y > 0. This is a separating linear
inequality in the matrix entries. Check the other linear constraints directly. This explains the
ellipsoid connection, but numerical precision and conditioning still matter. General SDPs do not
inherit all exact feasibility and attainment properties of rational LPs. For Max-Cut, [ is a strictly
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feasible matrix relative to the diagonal equalities, and the feasible set is bounded. Standard SDP
algorithms compute an approximately optimal feasible solution to prescribed accuracy. In the
analysis below we first use an ideal optimum and then state the effect of objective error.

2 Part II: Goemans—Williamson random-hyperplane rounding

2.1 The rounding algorithm

Factor a feasible SDP solution into unit vectors y,, and use one common random direction for every
vertex. Sharing the direction preserves information about pairwise angles. Independently choosing
a random side for each vertex would discard that information.

Random-hyperplane rounding

1. Sample g € R"™ with independent coordinates g ~ N(0,1).
2. Set S ={v:{(g,yy) > 0} and return (S,V \ 5).

The boundary event has probability zero for any fixed unit vector, so the tie convention
does not affect the analysis. Normalizing g is unnecessary because only the signs of its inner
products are used.

2.2 The angle lemma

Lemma 2.1. If unit vectors y,,y, have angle 6 € [0, 7], then

Pluv is cul] = b w.
7r T
Proof. First assume the vectors are linearly independent and project ¢ onto their two-dimensional
span. The signs of the two inner products depend only on this projection. Rotational symmetry
of the Gaussian makes its direction uniform on the circle. The directions with nonnegative inner
product with each vector form a semicircle. The symmetric difference of these two semicircles has
total angular measure 20, giving probability 20/(27). If the vectors agree, the probability is zero; if
they are opposite, it is one. These are the remaining cases. ]

=0 = p=0
%0:%/2 = p:1/2
\ - f=7 = p=1

2.3 The approximation constant

For one edge, write t = (yu, y») = cos . Its SDP contribution, before multiplying by its weight, is
(1 —t)/2. Its expected rounded contribution is arccos(t)/m. Define
2arccost 26

= in ———— = min ———— ~ 0.878567.
aew = T m(1—1) 029<n (1 — cos0)
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The ratio diverges as 8§ — 0 and equals one at 6 = 7. Its derivative has the sign of
h(f) =1—cosf — Osin, h'(0) = —0 cosb.

Thus h decreases from zero to a negative value on (0, 7/2) and then increases strictly to 2 on (7 /2, 7).
It has exactly one zero in the latter interval, which gives the unique minimum. Equivalently, the
minimizing angle satisfies tan(6/2) = 6; it is approximately 2.33112 radians. The definition by a
minimum is exact, while the displayed decimal is a numerical evaluation.

Theorem 2.2 (Goemans-Williamson guarantee). Random-hyperplane rounding of an optimal
Maz-Cut SDP solution produces a cut C' satisfying

E[w(C)] > agw SDP > agw OPT.

Proof. For each edge with ¢ < 1, the definition of agw gives arccos(t)/m > agw (1 —1t)/2. If t =1,
both sides are zero. Multiply by w,, > 0 and sum. Linearity of expectation does not require the
edge-cut events to be independent:

Elw(C)] = Z Wy Pluv is cut]
wel

1
> OéGW§ Z wuv(l - <yuayv>)
wekl

= agw SDP > agw OPT.

2.4 A complete triangle example

For an unweighted triangle, every nontrivial cut has value two. Place its three unit vectors at angles
0, 27/3, and 47 /3. Every pair has inner product —1/2, so the SDP objective is 3 - (3/4) = 9/4.
This is optimal, because for any three unit vectors

1 9—lly1+y2+wysll3 9
Y (g = Sty 8

u<v

Rounding cuts each edge with probability 2/3, so the expected cut value is exactly two. In fact,
almost every hyperplane produces a nontrivial cut. This instance has ratio 2/(9/4) = 8/9 between
rounded value and SDP value, slightly above the universal constant.

2.5 Precision, probability, and hardness

The theorem is an expectation guarantee, not a claim that every sampled hyperplane attains the
factor. Repeating independently and keeping the best cut cannot decrease expected quality. More
quantitatively, for OPT > 0 and 0 < € < agw, the bound 0 < w(C)/ OPT < 1 implies

€

Plw(C) > (agw —¢) OPT] > [REp——
To see this, if the success probability is p, the expectation of the normalized value is at most
p+ (1 — p)(agw — €). Rearranging gives the stated bound. Repetition amplifies the success
probability. If OPT = 0, every cut is optimal. If the computed feasible SDP solution has objective
at least SDP — 0, the same proof gives E[w(C)] > agw(OPT —4§). For W > 0, the baseline
OPT > W/2 permits choosing an accuracy proportional to W to obtain any desired additional
relative error. The feasible Gram matrix and its normalization must be handled consistently when
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implementing a numerical solver. The original algorithm is due to Goemans and Williamson (1995).
The slides also mention a conditional optimality result: assuming the Unique Games Conjecture,
achieving any fixed factor above agw is NP-hard, as established by Khot, Kindler, Mossel, and
O’Donnell. The resulting exclusion of polynomial-time algorithms also uses the usual P # NP
assumption; this is not an unconditional optimality theorem.

2.6 Independent-study exercises

1. Give numerical values of W, Max-Cut optimum, and a cut value showing why a constant
Max-Cut ratio gives no constant Min-Uncut ratio.

2. Show that a symmetric 2 x 2 matrix (¢°) is PSD exactly when a,c > 0 and ac — b* > 0.

ab
bc
3. Find a separating inequality for X = (1 ?) using its negative eigenvalue.

4. Write the three constraint matrices for the numerical SDP example. Check the factors of two on
their off-diagonal entries.

5. Verify the cutting probabilities for identical, orthogonal, and opposite vectors. Explain why
edge-cut events need not be independent.

6. Derive the triangle SDP optimum using the Gram matrix instead of the vector identity. Then
find a matching dual upper-bound certificate.

7. Using the probability bound above, how many independent rounds suffice for failure probability
at most 8 € (0,1) at target ratio agw — €7

A Optional: semidefinite programming duality

A.1 The dual cone and weak duality

Lemma A.1. For symmetric matrices X,Z = 0, X ¢ Z > 0. Conversely, if a symmetric Z has
nonnegative inner product with every PSD matriz, then Z > 0.

Proof. By cyclicity of trace, tr(X Z) = tr(Z'/2X Z'/?) > 0, because the matrix inside the final trace
is PSD. For the converse, test against X = zz' for every vector z, obtaining z' Zz > 0. 0

Consider the following primal and dual programs:

Primal: minC e X
Ao X >br (ke [m]), X =0

Dual: max b’y
yZO, Z::C—ZkykAkto.

For feasible X, y, their objective gap is

CoeX-by=ZeX+> yp(ApeX —0b)>0.
k

This proves weak duality directly. It also gives complementary slackness when equality of objectives
is achieved: Z @ X = 0 and yy(Ay ¢ X — bg) = 0 for every k.


https://math.mit.edu/~goemans/PAPERS/maxcut-jacm.pdf
https://doi.org/10.1137/S0097539705447372
https://doi.org/10.1137/S0097539705447372
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A.2 Derivation and relation to LP
The Lagrangian for the inequalities is

LX,y)=CeX+> ylby—ApeX)=by+ZeX, y=>0.
P

Its infimum over X > 0 equals bTy if Z = 0. If Z has a negative direction z, taking X = tzz'
and ¢ — oo makes the infimum —oo. Maximizing this lower bound gives the displayed dual. This
finite-dimensional derivation avoids treating an infinite list of PSD inequalities as an ordinary finite
LP. The slides give the same dual through the representation of a PSD matrix as a nonnegative sum
of rank-one matrices zz'. Such a representation needs at most n terms by the spectral theorem; no
genuinely infinite sum is required. If all data are diagonal, X > 0 implies nonnegative diagonal
entries, and replacing X by its diagonal preserves all objectives and constraints. The primal and
dual then reduce to the familiar LP pair min{c"x : Az > b,z > 0} and max{bTy: ATy < c,y > 0}.

Remark A.2 (Strong duality needs a condition). Unlike finite LP, general SDP can have a duality
gap or nonattainment without regularity assumptions. A sufficient Slater condition for the displayed
inequality-form primal is the existence of X > 0 with every Ay e X > bg. If its optimal value is finite,
this condition gives zero duality gap and attainment of the dual optimum. Equality constraints are
kept as equalities and require the corresponding relative-interior version; their dual multipliers are
unrestricted.

For Max-Cut, let L be the weighted graph Laplacian. The objective equals L e X/4, so its dual is

min Z zy s.t. Diag(z) — L/4 =0, z € R".
v

The primal matrix [ is strictly feasible relative to the diagonal equalities, and sufficiently large
equal z, are strictly dual feasible. Thus this particular SDP has the strong duality properties
needed for matching numerical upper and lower certificates. On the unweighted triangle, z, = 3/4
for all v gives dual value 9/4, matching the vector construction.

Source and reading notes

Primary source: the instructor’s slide folder

9.5DP
Topics.tex and Optional.tex.

Optional sections follow the optional slides where present. Explanatory examples and exercises are
added to support independent reading; they do not change the lecture allocation.

Course website. The early-course notes linked there were used as examples of organization and
level of detail, not as the source of this module’s subject matter.


https://tcs.nju.edu.cn/wiki/index.php?title=%E9%AB%98%E7%BA%A7%E7%AE%97%E6%B3%95_(Fall_2026)
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