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Random walk on graphs
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Random walk on graphs
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Markov chains
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Irreducible Markov chains
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Aperiodic Markov chains
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Irreducible & aperiodic Markov chains
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12759370 (stationary distribution)
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Fundamental Theorem of Markov Chains
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Intuition
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Pagerank
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Pagerank
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Pagerank
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g Perfect Matchings in d-regular Bipartite Graphs (IZ& )

Random walks can also be used to design faster algorithms.

Perfect Matchings in O(n log n) Time in Regular Bipartite Graphs, by
Goel, Kapralov, Khanna

* Traditional: find augmenting paths by e.g. BFS/DFS

* |dea: replace BFS/DFS by a random walk (on a different Eulerian
directed graph, i.e. indegree=outdegree for every vertex)

* Expected time to find an augmenting path => expected return
time of the random walk => stationary distribution value

* Open research problem: Can you extend this to non-regular
bipartite graphs?
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Lazy Random Walks
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IEEIHE (Spectral graph theory) s
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Graph spectrum
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Graph spectrum
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Graph spectrum
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Graph spectrum
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Largest eigenvalue of adjacency matrix

R E AR B A B ey < degmax(G)

UERR:  Bev ] N RAFEE FIFRFE I &, HAv = aqv

Qv = maxv; >0, W(Av); = (q,v);
= “1vj — ZAj’ivi < degmax(G) ) vj

l
= amax S degmax (G)
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Laplacian matrix
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Laplacian matrix
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Connectedness
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Connectedness

EH: 8EEG, ©aEE 3 HANHL(G) R EoR EEUN
1
WEBA(=>): P RFBEGEEFEN . XLy =0, MxTLx =

Sier(xi—x) =0
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A9 GRERE), LAy =x,vijev
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Second eigenvalue

MINIASEIEUERR 7. e dRiEdmay 2 HAN S, = 0, B&E W G
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Robust connectedness
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Perron-FrobeniusTEIE

IRAZAEGRRY, Anlgy HIAER IR (A—EXFR)
1. s NFHEENEREL

2. XMWAIFHEREZER, BNMHEEERZEIEEHIF S
3 Al <AL T2<i<n

WEBABR]ZN1. “Algebraic graph theory” Chapter 8, by
Godsil and Royle
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Graph conductance

Recall that G is disconnected if and only if A, = 0.
”.

Cheeger’s inequality will show that G is “close” to be disconnected if and only if 4, is “smal

We will first define precisely what it means to be close to be disconnected.

The conductance of aset S € V is defined as

16(S)]
P =55y
where vol(S) = Y s deg(v).
When the graph is d-regular, ¢(S) = %.
Note: the expansion of a set S is defined as %; For d-regular graphs, they’re basically the same.

The conductance of a graph G is defined as ¢(G) = s g{l(lsr)l . d(S).
v <

Note that 0 < ¢p(G) < 1.



A graph G with constant ¢(G) (e.g. ¢(G) = 0.1) is called an expander graph.

Expander graphs and sparse cuts

A set S with small ¢(S) is called a sparse cut.

Both concepts are very useful.

Finding a sparse cut is useful in designing divide-and-conquer algorithms, and have

applications in

image segmentation
data clustering
community detection

VLSI-design



Spectral partitioning algorithm

A popular heuristic used in practice.

This is simple and can be implemented in near-linear time.

It performs very well in practice, especially in image segmentation.



Normalized matrices

To state Cheeger’s inequality nicely, we introduce normalized adjacency and Laplacian matrices.

1 1
Let A = D 2AD 2 be the normalized adjacency matrix.

1 1
Let L = D 2LD 2 be the normalized Laplacian matrix.

Notethat L =1 — A.

When the graph is d-regular, A = %A and L = %L.

Claim. Let a; = -+ = a,, be the eigenvalues of A, and 4; < :-- < 1, be the eigenvalues of L.
Then,1=a; =2 2a,=2-1,and0=4; <--- <1, < 2.



Cheeger’s inequality

Cheeger’s Inequality [Cheeger 70, Alon-Milman 85]
A
?2 < 9(G) < V2

The first inequality is called the easy direction, and the second inequality is called the hard direction.
We give some intuition in the case when G is a d-regular graph.

For the easy direction: think of 1, as a “relaxation” of the graph conductance problem.

2 2
. ZijeE(xi - xj) . ZijeE(xi - xj)
o(G) = min_ > and A, = min >
x11:xisbinary ZieV X; x11 d ZieV X;

For the hard direction: given an optimizer x for 1,, we want to produce a set S with ¢(S) < /24,.
The idea is to use the spectral partitioning algorithm: for a “fractional” x, we try to round it to an
integral (binary) solution x. This is known as “rounding”.




