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Two-State Spin System

graph G=(V,E) 2 states {0,1}
) configuration o:V — {0,1}
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Gibbs measure: Pr(o) = 7(C)
partition function: Z(G) = Z w(o)
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partition function: Z(G) = Z w(o)

Gibbs measure: Pr(o) =

marginal probability:  Pr(c(v) =0 | o)

1/n additive error for I|>

. . FPTAS for Z(G)
marginal in poly(n)-time



Oy > 1

[Jerrum-Sinclair’93]
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FPRAS:

anti-ferromagnetic: By <1

hardcore model:

b=

Ising model:

5=0,v=1

[Goldberg-Jerrum-Paterson’03]

[Weitz’'06]

[Sinclair-Srivastava-Thurley’ | 2]

3 FPTAS for graphs

(B, vV, A) lies in the interior of

oS
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[Li-Lu-Y.’12]:

for arbitrary graphs



anti-ferromagnetic: By <1

bounded A or A=

-

(5,

Y, A) lies in the interiors of uniqueness

regions of d-regular trees for all d < A.

~> 3 FPTAS for graphs of max-degree A

[Sly-Sun’12] [Galanis-Stefankovic-Vigoda’l 2]:

(B, Y, A) lies in the interiors of non-uniqueness

assumin
NP #R

regions of d-regular trees for some d < A.
> A FPRAS for graphs of max-degree A




Uniqueness Condition

marginal _ d+1)-regular tree
at root exp(-1) (0+1)-reg
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anti-ferromagnetic: By <1

Baz—|—1>d

bounded A or A= fa(z) = A ( PR

> 3 FPTAS for graphs of max-degree A

[Sly-Sun’12] [Galanis-Stefankovic-Vigoda’l2]:

Jd < A, [fa(Za)] > 1

?\S]T:u::;:g > A FPRAS for graphs of max-degree A




Correlation Decay

weak spatial mixing (WSM):  Vosg, 798 € {0,1}°7
' Pr(oc(v) =0 | o) — Pr(c(v) =0 | 19)| < exp(—£2(t))

strong spatial mixing (SSM):
' Pr(o(v) =0 |osp,on) — Pr(o(v) =0 | m9B,00)| < exp(—£2(1))

Uniqueness:
WSM in reg. tree




Self-Avoiding Walk Tree

due to Weitz (2006)
G=(V,E) © T = Tsaw(G,v)
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preserve the marginal dist.at v

‘on bounded degree graphs:

SSM = > FPTAS




r’s in level n € [0, co)

v = f(21,...,74)




Potential Analysis




Potential Analysis
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amortized decay rate



Convexity analysis

< agq(x) 2 o(d; z,
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anti-ferromagnetic: By <1

5:13—|—1>d
T+ 7y

fa(x) = A (

Vd < A, |fj(2a)] < 1

I::> SSM in trees of max-degree A
I::> SSM in graphs of max-degree A

IZ{> 3 FPTAS for graphs of max-degree A
bounded A



Computationally Efficient
Correlation Decay

0 < ag(x)- max {0;}

- 1<i<d

0y = \/ d(1— By)e \/ A(1 = B7) ful)
(B +1)(z+7) | (Bfa(z) +1) (fa(x) +7)

a <1
M >1

< ollem (DT e come



Computationally Efficient
Correlation Decay

- max {52}

1<i<d

ag(z) < ollem@HDI forsome a<1 M >1

for small d < M  one-step recursion decays «

for large (¢ > M  one-step recursion decays o 1108 (d+1)]

behaves like [logys(d+1)] steps!



anti-ferromagnetic: By <1

WSM in d-reg. trees for d < A
I:{> 3 FPTAS for graphs of max-degree A

bounded A or A=

[Weitz’06] hardcore model

[Sinclair-Srivastava-Thurley’12]  |sing model
[Li-Lu-Y.’12] unbounded-degree graphs, no external field



Open Problems

® Characterization of SSM in ferromagnetic 2-state spin
systems.

® S5SSM in multi-state spin systems:

e difficulty: no SAW-tree;

® implications:WWSM vs. SSM in reg. trees, monotonicity of
WSM/SSM w.r.t degree.

® Apply potential analysis and computationally efficient
correlation decay to other problems.
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