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Graphical Model

instance of graphical model: 7 = (V, E, [¢], ®)

® |/ :variables

e [ C 2V:constraints
® [¢q]=1{0,1, ..., g-1}: domain
o O =(¢h)erU (¢e)eck: factors

® Gibbs distribution u over all o&€[g]":

u(o) « [ | 4.0 | | 400,

veV eck




Graphical Model

instance of graphical model: 7 = (V, E, [¢], ®)

e Each v&V is a variable with domain [¢]
and has a distribution ¢, over [¢g]

¢, : lq]l = [0,1]

® Each e€F is a set of variables and
corresponds to a constraint (factor)

¢, : 1q]° = [0,1]

® Gibbs distribution u over all o&€[g]":

u(o) « [ | 4.0 | | 400,

veV eck




Graphical Model

e Gibbs distribution i over all o&|g]”:

u(o) < | [ (0] | 40

veV eck

¢, is a distribution over [¢]

¢, : [q]° — [0,1]

® cach v € V' independently samples X,E[¢q] according to ¢,;

® cach e € £ is passed independently with probability ¢.(X.);

® X is accepted if all constraints e € E are passed.




Graphical Model

e Gibbs distribution i over all o&|g]”:

u) « [[0) [] ¢u0.0) G(V.E)

vevV e=(u,v)eE

® hardcore morel:
[q] = 10,1}

0 ifo,=0,=1

o=

1 otherwise

1.
— ifo, =0
1+4, 4
¢,(0,) = P M > 0 is (local) fugacity
— ifo, =1

1+ 2,



Graphical Model

e Gibbs distribution i over all o&|g]”:

u) « [[0) [] ¢u0.0) G(V.E)

veV e=(u,v)eE

® |sing/Potts model:

(ferromagnetic)
if o, =0,

or P01, 0,) = {ﬁe € [0,1] otherwise

(anti-ferromagnetic)

¢e(6w Gv) = {'Be < [091] if 0, = O,

1 otherwise

¢, is a distribution over [g] (arbitrary local fields)




Dynamic Sampling
e Gibbs distribution i over all o&|g]”:

u(o) « [ | 40 | | #e(0.)

veV eckE

current sample: X ~ u

dynamic update:

® adding/deleting a constraint e

. new distribution
e changing a factor ¢, or ¢. » 0

® adding/deleting an independent variable v

Question:

Obtain X’ ~ '’ from X ~ u with small incremental cost.
17 17




Dynamic Sampling
instance of graphical model: 7 = (V, E, [¢], ®)

® Gibbs distribution u over all o&€[g]":

u(o) « [ | 40| | #e(0.)

veV eck

current sample: X ~ u

® |/ :variables

® [ C 2V:constraints

® [¢q] =1{0,1, ..., g-1}:domain
@ O = (¢h)erU (¢e)eck: factors



Dynamic Sampling
instance of graphical model: 7 = (V, E, [¢], ®)

update: (D, ¢p)
D c VU 2V is the set of changed variables and constraints

Oy =(P,)evap Y (@,.).covap specifies the new factors

(V,E, [q],®) 222 (v, E', [q], @)

E=Eu'nD)
D" = (@) scvur

where each ¢ is as specified in {CDD ifa € D

® otherwise



Dynamic Sampling
instance of graphical model: 7 = (V, E, [¢], ®)

update: (D, ¢p)
D c VU 2V is the set of changed variables and constraints

Oy =(P,)evap Y (@,.).covap specifies the new factors

(V,E, [q],®) 222 (v, E', [q], @)

Input: a graphical model with Gibbs distribution p
a sample X ~ u, and an update (D, ¢p)

Output: X’ ~ " where u’is the new Gibbs distribution

(D, ¢p) is fixed by an offline adversary independently of X ~ u




Dynamic Sampling

Input: a graphical model with Gibbs distribution u
a sample X ~ u, and an update (D, ¢p)

Output: X’ ~ i’ where u’is the new Gibbs distribution

® inference/learning tasks where the graphical model is
changing dynamically
® video de-noising

® online learning with dynamic or streaming data

® sampling/inference/learning algorithms which
adaptively and locally change the joint distribution

® stochastic gradient descent
® |SV algorithm for perfect matching



Dynamic Sampling

Input: a graphical model with Gibbs distribution u
a sample X ~ u, and an update (D, ¢p)

Output: X’ ~ i’ where u’is the new Gibbs distribution

Goal:

transforma X~utoa X’ ~u’
by local changes

Current sampling techniques are not powerful enough:
® ;. may be changed significantly by dynamic updates;
® Monte Carlo sampling does not know when to stop;
® notions such as mixing time give worst-case estimation.




Graphical Model

instance of graphical model: 7 = (V, E, [¢], ®)

® |/ :variables

e [ C 2V:constraints
® [¢q]=1{0,1, ..., g-1}: domain
o O =(¢h)erU (¢e)eck: factors

® Gibbs distribution u over all o&€[g]":

u(o) « [ | 4.0 | | 400,

veV eck




Notations

instance of graphical model: 7 = (V, E, [¢], ®)

for DCcVu2Y
A : .
vbl(D) = (VN D)uU <UeeDnEe> (involved variables)

for RCV
ER)2{e€E|eCR) (internal constraints)
S(R) 2 {e € E\E(R) | eNR # @)} (boundary constraints)
Ef(R)2{ec€E|enR+ Q) (incident constraints)

= E(R) U 0(R)



Dynamic Sampler

Input: a graphical model with Gibbs distribution u
a sample X ~ u, and an update (D, ¢p)

Output: X’ ~ i’ where u’is the new Gibbs distribution

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;
¢ R—vbiD)2vnD)u (|
e while R+ O :

e (X,R) « Resample(X,R);

e);
eeDNE




Dynamic Sampler

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;
e RewiD)2 VDU (|
e while R+ D :

e (X,R) « Resample(X, R);

e);
eeDNE

Resample(X,R) :
® each e € E(R) computes K, = min ¢, (x,)/¢,(X,)

xe: xenRZXenR

® ecach v € R resamples X, €|¢g] independently according to ¢;
® cach e € E*(R) is passed independently with prob. xe:e(Xe);

R (otherwise e is violated)
e B U ot ©
ecE: violated ¢




Resampling

Resample(X,R) :
® cach e € E*(R) computes K, = min ¢, (x,)/¢,(X,)

xe: xenRZXenR

® cach v € R resamples X, €[¢] independently according to ¢;
® each e € Ef(R) is passed independently with prob. x.:¢e(Xe);

P (otherwise e is violated)
e R Uy viomeed.©
ecE: violated ¢

® each boundary constraint e € o(R) is violated
ind. with prob.1 -  min  ¢,(x,)/¢,X,) ;

ae ® each v € R resamples X, ind. from ¢,;

® each non-violated incident constraint e € E(R)
is violated ind. with prob. 1-¢.(Xe);

® 3|l violating variables form the new R;




Resampling

Resample(X,R) :
® each ¢ € E(R) computes K, = min ¢, (x,)/¢,(X,)

xe: xenRZXenR

® cach v € R resamples X, €[¢] independently according to ¢;

® cach e € E*(R) is passed independently with prob. ke ge(Xe);

P (otherwise e is violated)
e U omed
ecE: violated ¢

“‘d"."d. PI .h' i . e #e@e§'¢ a ’ '

X, X0 g=X,nR
® each v € R resamples X, ind. from ¢,; g

® cachmensvielated incident canst 66‘\
is violated ind. with prob. 1- qbek@"b\‘

® all violating variables foné.\n% new R;

A more "natural” algorithm?



Dynamic Sampler

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;
e RewiD)2 VDU (|
e while R+ D :

e (X,R) « Resample(X, R);

e);
eeDNE

Resample(X,R) :
® each e € E(R) computes K, = min ¢, (x,)/¢,(X,)

xe: xenRZXenR

® ecach v € R resamples X, €|¢g] independently according to ¢;
® cach e € E*(R) is passed independently with prob. xe:e(Xe);

R (otherwise e is violated)
e B U ot ©
ecE: violated ¢




Correctness of Sampling

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;

® R « VbI(D) — (VnD) U (UeEDﬂEe>; Resample(X R) ‘

e while R+ _
® each ¢ € E*(R) computes kK, = min ¢, (x,)/ ¢, (X,)
® (X,R) « Resample(X, R); Xg: Xerk=Xenr

® each v € R resamples X, €[¢] independently according to ¢,;
® each ¢ € E*(R) is passed independently with prob. ke ¢e(Xe);

(otherwise e is violated)
o R « U , e;
ecE: violated e

Correctness:

Assuming input sample X ~ u, upon termination, the dynamic
sampler returns a sample from the updated distribution x .




Fast Convergence

Resample(X,R) :

Upon receiving update (D, ¢p):
® each e € E*(R) computes kK, = min ¢, (x,)/¢,(X,)

® apply changes (D, ¢p) to the current graphical model; P
e R« vbl(D)Z(VNnD)uU <U e); ® each v € R resamples X, €[q] independently according to ¢;
eeDNE
o whileR+£U: ® cach e € Ef(R) is passed independently with prob. ke @e(Xe);
R - (otherwise e is violated)
e (X,R) < Resample(X, R); * R,z violated .5

Sufficient Condition for Fast Convergence:

If the followings hold for the updated graphical model:

1

Ve€E, ¢,:[q]°- [B,.1] and ﬁe>\/1‘d+1

where d £ max [{e’€ E\{e} | e'ne# @}| is the max-degree
ec

of the dependency graph, then:
e # of iterations is O(log |D]) in expectation;
e total # of resamplings is O(kd |D|) in expectation;

where k £ max |e| is the max-size of constraint.
eck




Fast Convergence

® general graphical model with £k =0O(1) and d = O(1):

VeeE, ¢,:I[q]°—- 18,11 and ﬂe>\/1—;

d+1
® [sing model of max-degree A=0(1): 1 — :
5 5 ( ) Pe > 2221A + 1
(ferro-) 1 , (anti-ferro-)
B ifo,=o0, _ | p.€10,1] ifo,=o0,
Pl ) = {ﬁe € [0,1] otherwise b0 0,) = {1 otherwise

2
uniqueness condition: f>1 X

1

® hardcore model of max-degree A=0O(1): | #< NI

(A — 1H)A-D e
(A—2)A T A-2

uniqueness condition:

- e # of iterations is O(log |D|) in expectation;

e total # of resamplings is O(|D|) in expectation.




Correctness of Sampling

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;

® R « VbI(D) — (VnD) U (UeEDﬂEe>; Resample(X R) ‘

e while R+ _
® each ¢ € E*(R) computes kK, = min ¢, (x,)/ ¢, (X,)
® (X,R) « Resample(X, R); Xg: Xerk=Xenr

® each v € R resamples X, €[¢] independently according to ¢,;
® each ¢ € E*(R) is passed independently with prob. ke ¢e(Xe);

(otherwise e is violated)
o R « U , e;
ecE: violated e

Correctness:

Assuming input sample X ~ u, upon termination, the dynamic
sampler returns a sample from the updated distribution x .




Resampling

Resample(X,R) :
e each e € E*(R) computes Kk, = min ¢, (x,)/¢,(X,)

xe: xenR=XenR

® ecach v € R resamples X, €[¢] independently according to ¢;
® each ¢ € E*(R) is passed independently with prob. k. ¢e(Xe);

(otherwise e is violated)
® R « U , e;
ecE: violated e

.ld' ."d. P' .h' i . e #e@e”#eaé’ '
e YeN = en

X, X, g=X,R
® each v € R resamples X, ind. from ¢,; g

® cach men=vietated incident c F‘@“

is violated ind. with prob. 1- qbek@"“\‘t

® all violating variables foné.\né new R;

A more "natural” algorithm?



Resampling Chain

Resample(X,R) :
® ecach ¢ € E*(R) computes Kk, = min ¢, (x,)/¢p,(X,)

xe: xenR=XenR

® cach v € R resamples X, €[¢] independently according to ¢,;
® cach e € E*(R) is passed independently with prob. ke ¢e(Xe);

(otherwise e is violated)
® R « U , e;
ecE: violated e

resampling chain (X,$)—(X,8”):

S <« V\R;
(X',R’) « Resample(X, R);

A
S = V\R R « V\S"

stops when § =V




Conditional Gibbs Property

Conditional Gibbs Property:

A random (X,S) € [g]"<2" is conditionally Gibbs w.r.t. it if

conditioning on any § C V" and any assignment c&[g]"\ of
Xns, the distribution of Xs is precisely A .

#g * marginal distribution of 12 on S conditioning on ¢




Equilibrium

Markov chain J){ on space [q]V x 2V
problematic (X,5) — (X', 5)

variables

Equilibrium:

If (X,S) is conditionally Gibbs w.r.t. u,
then so is (X,S").

Conditional Gibbs Property:

conditioning on any S € J and any assignment c&[¢]"S of Xjs:
the distribution of Xs is K.

#g * marginal distribution of 12 on S conditioning on ¢




Correctness of Sampling

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;

® R < vbi(D)=(VNnD)U (UeeDnEe>; Resample(X,R) :
e whileR+J: ® cach e € E*(R) computes Kk, = min ¢,(x,)/¢p,(X,)

xe: xenR:XenR

® (X,R) « Resample(X, R); ® each v € R resamples X, €[¢] independently according to ¢,;

® cach ¢ € E*(R) is passed independently with prob. k. ¢e(Xe);

resampling Chain = . (otherwise e is violated)
()(,S)_)(X’ ,S’): * e UeeE: violated

§ < VAR; Equilibrium:

(X, R') < Resample(X,R); | | |f(X.5) is conditionally Gibbs w.rt. u’,
R < V\S" then so is (X',S").

-

Dynamic correctness: Assuming input sample X ~ x4, upon termination,
the dynamic sampler returns a sample from the updated distribution x’.




Equilibrium

Markov chain J){ on space [q]V x 2V
problematic (X,5) — (X', 5)

variables

Equilibrium:
If (X,S) is conditional Gibbs w.r.t. 4,
then so is (X,S").

Conditional Gibbs Property:

conditioning on any S € J and any assignment c&[¢]"S of Xjs:
the distribution of Xs is K.

#g * marginal distribution of 12 on S conditioning on ¢




Equilibria

Markov chain J){ on space [q]V x 2V
transition kernel P: (X,S5) —» (X', )

problematic
variables

Equilibrium:
If (X,S) is conditional Gibbs w.r.t. 4,
then so is (X,S).

= =

Refined Equilibrium:
Fixany SC V,o € [q]"V, T C V,r € [q]"\].

Vy € [q]" where YWr =T Z pg(xg) - P((x,5), (¥, T)) ﬂ;(yT)

xelq”
Yy\§ =0

Fixed any S € ¥V and any assignment c&[¢g]"S of Xns,
the (X,S") is still conditional Gibbs w.r.t. .



Resample(X,R) :

® each e € E*(R) computes kK, = min  ¢,(x,)/¢,(X,)

® ecach v € R resamples X,

® each e € Ef(R) is passed independently with prob. k. ge(Xe);
(otherwise e is violated)
R <« V\S"

o R « U ) e;
ecE: violated ¢

xe: xenR=XenR

resampling chain (X,8)—(X,8"):
S « V\R;

E€[q] independently according to ¢; transition

(X',R’) « Resample(X,R); )
matrix P

Refined Equilibrium:

Fixany S C V.o € [q]V\S T C V T e [q]V\T

V)’ c [Q]V where yV\T —

3 g - P S) 0. T o 150

:uSO-(xS) ) P((X, S)a (y9 T))

where x € [q]V is constructed as :

[0, vEV\S
i y, VES



resampling chain (X,8)—(X,8"):

Resample(X,R) :

® each e € E7(R) computes K, = ) :xmiilX ¢, (x,) P, (X,)
® cach v € R resamples X, €[¢q] independently according to ¢,; 5« V\R’ tranSitiOn
® each e € Ef(R) is passed independently wri]th prob..zce-‘qble(Xé); (X’a Rl) < Resample(X, R); matrix P
o R < UeEE: o ee; (otherwise e is violated) R < V\S/,
Refined Equilibrium:
Fixany SC V,o € [¢q]"\5, T C V,z € [q]"\].
o, vEV\S
Vy € [q]" where = rand x € [g]" definedas x,={ "
y € lq] YWT [9] X, {yv e
T
pg(xs) - P((x, S), (v, T)) o pp(yr)
IMSO‘-(XS) X H ¢v(xv) H ¢e(xe)
vES ecE™(S)
« [T ] ¢
vesSNT ec€ET(S)NE™(T)
SNT = [[s00 ] o6 ] ¢.00

vesSnT e€S(S)NET(T) ec€ES)NE™(T)



resampling chain (X,8)—(X,8"):

Resample(X,R) :

® each e € E*(R) computes k, = min ¢, (x,)/¢,(X,)
.xe-xenR=XenR . . S «— V\R;
® cach v € R resamples X, €[¢q] independently according to ¢,; tranSitiOn
® each e € Ef(R) is passed independently with prob. k. ge(Xe); (X ’ R ) - Resa'mple(X’ R); .
e . (otherwise e is violated) , . matrix P

* T UeeE: violated ¢’ R« V\S ?

Refined Equilibrium:

Fixany S C V,o € [q]V¥, TC V,z € [q]V\.

o, veEV\S

Vy € [g]" wh =z and x € [g]" defined —
y € [q]" where yy\r = 7and x € [g]" defined as x, {)’v e

/’tg(xS) ) P((X, S)a (yv T)) X /’t%(yT)

piog <[ aoo T a0 T1 oo

vesSnT ec€S(SNET(T) ecE(S)NEY(T)
wiop) « [Te00 [ .00

veT e€EX(T)
only need:

SNT P(ye)
P(x.S).0. T ] 200 ] I &0

veT\S e€S(S)NEH(T) ¢e (xe) ec€E(V\S)NE*(T)



Resample(X,R) :

® each e € E*(R) computes kK, = min  ¢,(x,)/¢,(X,)
® cach v € R resamples X, €[¢q] independently according to ¢,;

® each e € E(R) is passed independently with prob. ke ¢e(Xe);

e R « U , e;
ecE: violated ¢

xe: ‘xenR=XenR

(otherwise e is violated)

Fixany SC V,e € [¢q]V\5, T C V,z € [¢q]"\.

resampling chain (X,8)—(X,8"):

S « V\R; o
(X',R’) « Resample(X, R); tran5|.t|c;|)1
R — W\§" matrix

o, vEV\S

Vy € [q]" wh = rand x € [g]" defined =
y € [q]” where yy\r =7and x € [g]" defined as x, {yv e s

only need: P(x.9).0.T) e [] .00 ][] Pl I #00

veT\S

e€b(S)NE™(T) ¢e(xe) eeE(V\S)NE™(T)

(x,85)—(,7) if all these events occur:

Al
A,

SNT
As

the resampled configuration is y

IFCE*Ry st | ] e=R;

eclF
and all eEF are violated

call e € ET(RO\E(R;) are passed

P((x,S), (y,T)) = PrlA; A A, A A;]



resampling chain (X,8)—(X,8"):

Resample(X,R) :

® each e € E*(R) computes k, = min ¢, (x,)/¢,(X,)
.xe.me=XmR . S «— V\R;

® cach v € R resamples X, €[¢q] independently according to ¢,; tranSitiOn
® each e € Ef(R) is passed independently with prob. k. ge(Xe); (X,’ R/) - Resample(X’ R)9 .

B . (otherwise e is violated) R’ V\§" matrix P
° UeeE: violated ¢’ < \ ?

Fixany SC V,e € [¢q]V\5, T C V,z € [¢q]"\.
o, vEV\S

Vy € [g]" wh =7 and x € [g]" defined =
y € [q]” where yy\r =7and x € [g]" defined as x, {yv e s

only need: P((x.$).0.T)  [] 6,00 ] Pl I #00

veT\S e€b(S)NE™(T) ¢e(xe) eeE(V\S)NE™(T)

(x,8)—(y,T) if all these events occur:

A, : the resampled configuration is y Pr[A;] « H ¢,(,)
veT\S

. + —
Ay 3F C ET(Rg) st UeEFe = R PriA; | Aj] 1

and all e&F are violated

A; :all e € ET(RG\E(R;) are passed Prid; Al [] ziy; IT 200

e€S(S)NEH(T) e eeE(V\S)NE™(T)

P((x,5),(y,T)) = Pr[A; A Ay, A Aj]



resampling chain (X,8)—(X,8"):

Resample(X,R) :

® each e € E*(R) computes k, = min ¢, (x,)/¢,(X,)
.xe-xenR=XenR . . S «— V\R;
® cach v € R resamples X, €[¢q] independently according to ¢,; tranSitiOn
® each e € Ef(R) is passed independently with prob. k. ge(Xe); (X ’ R ) - Resa'mple(X’ R); .
e . (otherwise e is violated) , . matrix P

* T UeeE: violated ¢’ R« V\S ?

Refined Equilibrium:

Fixany S C V,o € [q]V¥, TC V,z € [q]V\.

o, veEV\S

Vy € [g]" wh =z and x € [g]" defined —
y € [q]" where yy\r = 7and x € [g]" defined as x, {)’v e

/’tg(xS) ) P((X, S)a (yv T)) X /’t%(yT)

piog <[ aoo T a0 T1 oo

vesSnT ec€S(SNET(T) ecE(S)NEY(T)
wiop) « [Te00 [ .00
veT e€EX(T)
SAT only need:
4 ¢.(y.)

P(.S). 0. T < [] 200 1 I 200

veT\S e€d(S)NEH(T) ¢e(xe) eeE(V\S)NE™(T)



Equilibria

Markov chain J){ on space [q]V x 2V
transition kernel P: (X,S5) —» (X', )

problematic
variables

Equilibrium:
If (X,S) is conditional Gibbs w.r.t. 4,
then so is (X,S).

= =

Refined Equilibrium:
Fixany SC V,o € [q]"V, T C V,r € [q]"\].

Vy € [q]" where YWr =T Z pg(xg) - P((x,5), (¥, T)) ﬂ;(yT)

xelq”
Yy\§ =0

Fixed any S € ¥V and any assignment c&[¢g]"S of Xns,
the (X,S") is still conditional Gibbs w.r.t. .



Correctness of Sampling

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;

® R < vbi(D)=(VNnD)U (UeeDnEe>; Resample(X,R) :
e whileR+J: ® cach e € E*(R) computes Kk, = min ¢,(x,)/¢p,(X,)

xe: xenR:XenR

® (X,R) « Resample(X, R); ® each v € R resamples X, €[¢] independently according to ¢,;

® cach ¢ € E*(R) is passed independently with prob. k. ¢e(Xe);

resampling Chain = . (otherwise e is violated)
()(,S)_)(X’ ,S’): * T UeeE: violated ¢’

§ < VAR; Equilibrium:

(X', R') < Resample(X, R); If (X,S) is conditional Gibbs w.rt. i,
R <« V\S" then so is (X',S").

-

Dynamic correctness: Assuming input sample X ~ x4, upon termination,
the dynamic sampler returns a sample from the updated distribution x’.




Stronger Adversary

Upon receiving update (D, ¢p): .

® apply changes (D, ¢p) to the current graphical model; (D9 ¢D) can be adaPtlve
e R 2WaD)u(lJ _ e); to X ~ u as long as

o while R# D : (X,V\R) is conditional

® (X,R) « Resample(X, R); Gibbs w.r.t. u ’

resampling chain (what've been “seen” by the
()(,S)_)(X’ ,S’): adversary must be resampled)
S < VAR; Equilibrium:

(X, R') < Resample(X,R); | | |f (x.8)is conditional Gibbs w.rt. i’,

R’ < V\S then so is (X',S").

-

Dynamic correctness: Assuming input sample X ~ x4, upon termination,
the dynamic sampler returns a sample from the updated distribution x’.




Fast Convergence

Resample(X,R) :
® each e € E*(R) computes kK, = min ¢, (x)/¢,(X,)

Xe: xenR=XenR

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;

e R« vbl(D)Z(VNnD)uU <U e); ® each v € R resamples X, €[q] independently according to ¢;
eeDNE
o whileR+£U: ® cach e € Ef(R) is passed independently with prob. ke @e(Xe);
R - (otherwise e is violated)
® (X,R) < Resample(X, R); * N UeeE: violated .’

Sufficient Condition for Fast Convergence:

If the followings hold for the updated graphical model:

1

Ve€E, ¢,:[q]°- [B,.1] and ﬁe>\/1‘d+1

where d £ max [{e’€ E\{e} | e'ne# @}| is the max-degree
ec

of the dependency graph, then:
e # of iterations is O(log |D]) in expectation;
e total # of resamplings is O(kd |D|) in expectation;

where k £ max |e| is the max-size of constraint.
eck




Fast Convergence

® [sing model of max-degree A=0(1): 1 — :
5 S ( ) Pe> 2.221A + 1
(ferro-) 1 f (anti-ferro-)
. I Gu — Gv . ﬁe - [0,1] |f Uu = O'v
P2 ) = {ﬁe € [0,1] otherwise Pl ) = {1 otherwise

2
uniqueness condition: f>1 X

- e # of iterations is O(log |D|) in expectation;

e total # of resamplings is O(|D|) in expectation.



Ising Model

e Gibbs distribution i over all o&|g]”:

u) « [[0) [] ¢u0.0) G(V.E)

veV e=(u,v)eE

® |[sing model: [g]=1{0,1}

(ferromagnetic)
1 if o, =0,

or P01, 0,) = {ﬁe € [0,1] otherwise

(anti-ferromagnetic)

p. €10,1] ifo,=o0,
1 otherwise update (D, ¢p)
¢, is the uniform distribution over {0,1} D C <V>
o\ 2

(zero field)



Dynamic Ising Sampler

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;

® R <« vbl(D) = U e;

eeE

e whileR+J:

® R« U . . . . e
ecE: violated in the current iteration

(ferromagnetic) (anti-ferromagnetic)

¢€(6u’ Gv) — { ! ' ou O ¢e(0'u, Gv) = {ﬁe e [0,1] if 0, = O,

p. € [0,1] otherwise 1 otherwise



Dynamic Ising Sampler

Upon receiving update (D, ¢p):

® apply changes (D, ¢p) to the current graphical model;
® R « vbl(D) = UeeEe;

e whileR+J:

® R« U . . . . e
ecE: violated in the current iteration

in each iteration: (X,R)—(X’,R’)
VRCV:
E[H(R') | R] £ (1 = 6)H(R)

for some potential function A




Upon receiving update (D, ¢p): . . . . )
® apply changes (D, ¢p) to the current graphical model; In eaCh Iteration: ()CR)_)(X’ 9R )
® R < vbl(D) 2 UeeEe; VRCV:
o whileR+£J: T )
® each e=(u,v) € 6(R) is violated independently with prob. 1-f./ ¢e(Xu, Xv); /
® each v € R resamples X, €{0,1} uniformly and independently; [E [H(R ) | R] S ( 1 - 5)H(R)
® each non-violated e=(u,y) € E*(R) is violated ind. with prob. 1-g(X.,,X));
*R< UeeE: violated in the current iteration for some POtentIa‘I fu nCtlon H

H(R)=min{|C||CgE/\RQ | Ce}
ec

size of minimum edge cover of R

F[H(R) | R] < 2 Pre is violated]
ecET(R)

1 —
Ve € E(R): Pr[eis violated] = Pe

Ve = (u,v) € 6(R) whereu € R,v & R: (X, V\R) is conditional Gibbs

Prle is violated | X, X'] = 1 — B,¢.(X., X.)/¢p.(X,. X,)



Upon receiving update (D, ¢p): . . . . )
® apply changes (D, ¢p) to the current graphical model; In eaCh Iteration: ()CR)_)(X’ 9R )
® R < vbl(D) 2 UeeEe; VRCV:
o whileR+£J: T )
® each e=(u,v) € 6(R) is violated independently with prob. 1-f./ ¢e(Xu, Xv); /
® each v € R resamples X, €{0,1} uniformly and independently; [E [H(R ) | R] S ( 1 - 5)H(R)
® each non-violated e=(u,y) € E*(R) is violated ind. with prob. 1-g(X.,,X));
*R< UeeE: violated in the current iteration for some POtentIa‘I fu nCtlon H

H(R)=min{|C||CgE/\RQ | Ce}
ec

size of minimum edge cover of R

F[H(R) | R] < 2 Pre is violated]
ecET(R)

1 —
Ve € E(R): Pr|e is violated] = 2'66

) e e viotated) < 128 (14 1P
Ve = (u,v) € 6(R) : Prleis violated] < 5 <1+1+ﬂA>

where = max j3,
eck



Upon receiving update (D, ¢p):

® apply changes (D, ¢p) to the current graphical model;

in each iteration: (X,R)—(X’,R’)

o RewD 2] e VRCYV:
o whileR+#J: _ .
® each e=(u,v) € J(R) is violated independently with prob. 1-£./ ¢e(X., X0);
® each v € R resamples X, €{0,1} uniformly and independently; [E [H(R /) | R] S ( 1 _ 5)H(R)

® each non-violated e=(u,y) € E*(R) is violated ind. with prob. 1-g(X.,,X));

® R« U . . : L€
ecE: violated in the current iteration

for some potential function A

H(R)=min{|C||CgE/\RQ | Ce}
ec

size of minimum edge cover of R

F[H(R) | R] < 2 Pr[e is violated]

ecET(R)
where = max j3, < L=/ <1+ 1_l_'B>|E+(R)|
ecr 2 1_|_'BA
2A — 1)(1 — 1
when|f > 1 — : S( X1-5) <1+ +ﬂ>|H(R)|
al + 1 2 1+ p4
where a ~ 2.22 is the root of a = 1 + - < (1 -0)H(R)

1 4+ el



Upon receiving update (D, ¢p): . . . . )
® apply changes (D, ¢p) to the current graphical model; In ea’Ch Iteration: ()(DR)_)(X’ 9R )

o R=wWD)2|] e VRCV:

o whileR+#J:
® each e=(u,v) € o(R) is violated independently with prob. 1-f¢/ ¢e(Xu, X0);

® each v € R resamples X, €{0,1} uniformly and independently; | [E [H(R /) | R] S ( 1 - 5)H(R)

® each non-violated e=(u,y) € E*(R) is violated ind. with prob. 1-g(X.,,X));

® R« U . . ; L€
ecE: violated in the current iteration

H(R):min{|C||CgEARg | Ce}
ec

size of minimum edge cover of R

1
when > 1 — where 8 = max f3,
al + 1 ecE
2
where a ~ 2.22 istherootof a =1 +
1 4e-la

A=0(1)
- e # of iterations is O(log |D|) in expectation;
e total # of resamplings is O(|D|) in expectation.




Fast Convergence

® [sing model of max-degree A=0(1): 1 — :
5 S ( ) Pe> 2.221A + 1
(ferro-) 1 f (anti-ferro-)
. I Gu — Gv . ﬁe - [0,1] |f Uu = O'v
P2 ) = {ﬁe € [0,1] otherwise Pl ) = {1 otherwise

2
uniqueness condition: f>1 X

- e # of iterations is O(log |D|) in expectation;

e total # of resamplings is O(|D|) in expectation.



Fast Convergence

® hardcore model of max-degree A=0O(1): | #< NI

(A — 1H)A-D e
(A—2)A T A-2

- e # of iterations is O(log |D|) in expectation;

e total # of resamplings is O(|D|) in expectation.

uniqueness condition:




Dynamic Hardcore Sampler

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;

e RevbiD)2wnD)u (|
e while R+ :
e cach v € R with X,=1 adds all neighbors to R;

e);
eeDNE

® each v € R resamples X, €{0,1} ind. with prob.
Pr[Xo=1]=MA1+N);

® R« U e;
e=(u,v)eE: X=X =1

in each iteration: (X,R)—(X’,R’)
VRCV: [E[HR)|R]<L(-0HR)
potential function H(R) £ | E(R)|




Fast Convergence

® general graphical model with £k =0O(1) and d = O(1):

VeeE, ¢,:I[q]°—- 18,11 and ﬂe>\/1—;

d+1
® [sing model of max-degree A=0(1): 1 — :
5 5 ( ) Pe > 2221A + 1
(ferro-) 1 , (anti-ferro-)
B ifo,=o0, _ | p.€10,1] ifo,=o0,
Pl ) = {ﬁe € [0,1] otherwise b0 0,) = {1 otherwise

2
uniqueness condition: f>1 X

1

® hardcore model of max-degree A=0O(1): | #< NI

(A — 1H)A-D e
(A—2)A T A-2

uniqueness condition:

- e # of iterations is O(log |D|) in expectation;

e total # of resamplings is O(|D|) in expectation.




Dynamic Sampling

Input: a graphical model with Gibbs distribution u
a sample X ~ u, and an update (D, ¢p)

Output: X’ ~ i’ where u’is the new Gibbs distribution

Upon receiving update (D, ¢p):
® apply changes (D, ¢p) to the current graphical model;
¢ RewiD)2WnDU (|
o while R+ :

® (X,R) « Resample(X, R);

e);
eeDNE

Resample(X,R) :
® cach e € E*(R) computes K, = min  ¢,(x,)/ P, (X,)

'xe: xenR=XenR

® each v € R resamples X, €[¢] independently according to ¢,;
® each e € E*(R) is passed independently with prob. ke ¢e(Xe);

(otherwise e is violated)
® R « U , e;
ecE: violated ¢




Summary

A dynamic sampler for graphical models.

The algorithm

® is LasVegas: good for simulation;
® s parallel & distributed: good for systems;
® can handle each local update in constant time.

Equilibrium conditions for resampling.
Open problems:

® Dynamic sampler for colorings.
® Better convergence regimes.

® Extend to continuous variables & global constraints.






