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Polynomial Identity Testing (PIT)

Input: two polynomials f, g € [F[x] of degree d.
Output: f = g ?

Flx]: polynomial ring in x over field [

d

f € FHx] of degree d:  f(x) = Z ax' where a; € {[\F
— \
(=0

fleld

Input: a polynomial f € [F[x] of degree d.
Output: f =0 ?

fis given as black-box



Input: a polynomial f € [F[x] of degree d.
Output: f =0 ?

* Deterministic algorithm (polynomial interpolation):

pick arbitrary distinct xy, X, ..., x; € [
check if f(x;) = 0 forall 0 <i < d;

Fundamental Theorem of Algebra.

Any non-zero d-degree polynomial f € [F[x] has at most d roots.

 Randomized algorithm (fingerprinting):

pick a uniform random re $; let S C [F be arbitrary
check if f(r) = 0; (whose size to be fixed later)




Input: a polynomial f € [F[x] of degree d.
Output: f =0 ?

pick a uniform random r & ; et S C Fbe arbitrary
check if f(r) = 0; S aE-RiTatadn@fi

Ea) - - . o~ e Dl o)

if f = 0: always correct

if f = O:

Pifin=01< -4 -1

S| 2

Fundamental Theorem of Algebra.

Any non-zero d-degree polynomial f € [F[x] has at most d roots.




Checking ldentity

database 1

Are they

identical?
7 M
mdatabase 2




Communication Complexity

f(a,b)
T # of bits
s Commumcated
a @ b
Han Meimeli LiLel

EQ:{0,1}" x {0,1}" — {0,1}

1 a=05b



Communication Complexity

f(a,b)
T # of bits
] Commumcated
- )
Han Meimei LiLel

EQ:{0,1}" x {0,1}" — {0,1}

Theorem (Yao 1979).

Every deterministic communication protocol solving
EQ communicates n bits in the worst-case.




Communication Complexity

n—1 | _ 9 n—1 |
fzzaixz f(”)Tg(r) g:szwz
1=0 1=0

o r, 2(r
001} MUY = WASTRIE

pick uniform
random r €[2n]

by PIT:

1
one-sided error < 5

# of bit communicated: too large!



Communication Complexity

n—1 n—1

FoS at OO =S b

i=0 t i=0
- , 8(7) n
a 6{071}” P S &aa b E{O,l}
| O(log n) bits

pick uniform
random r €[p]

« choose a prime p € (n%,2n?]

- letf,g € Z [x]

|
. by PIT: one-sided error is Z-o0 (—) (correct w.h.p.)
p n



Public coin

—1

f(r)=g(r)?
f= Z ad;x;
i |

>

« choose a prime p = 2

- letf,g € Z [x]

1
o ONne-sided error iIs E

pick uniform
random r < {0,1}"



Polynomial Identity Testing (PIT)

Input: a polynomial f € [F[x, ..., x, ] of degree d.
Output: f =0 ?

Flx{, ..., x,]: ring of n-variate polynomials in x, ..., x, over field [-

feHx,....,x,]:

I .1 l
f(x19 e xn) — Z ail,iz,...,inx11x22" X

iy i, >0

Degree of f: maximum i} + 1, + -+ + 7, withg; ; ~ ; # 0



Polynomial Identity Testing (PIT)

Input: a polynomial f € [F[x, ..., x, ] of degree d.
Output: f =0 ?

Il l
f(xla cees xn) — Z ail,iz,. : .,inxllxzz. X

il,...,inZO
i1+ +ip<d

f'is given as black-box: given any X € ", return f(x)

or as product form: e.g. Vandermonde determinant

1 x xt .. x{t‘l_
V= 1 x x5 ... x! f()_c)) = det(M) = H(xi — xj)
i xn x> .. x,’f.‘l J<t




Polynomial Identity Testing (PIT)

Input: a polynomial f € [F[x, ..., x, ] of degree d.
Output: f =0 ?

fis given as product form

If 3 a poly-time deterministic algorithm for PIT:

»

either. NEXP = P/poly
or: #P #FP




Input: a polynomial f € [F[x;, ..., x, ] of degree d.
Output: f =0 ?

Fix an arbitrary § C [

pick 7, ..., r, € § uniformly and independently at random;
check if f(ry,...,r,) =0;

=0 = f(r,....,r,) =0

Schwartz-Zippel Theorem.

f#0 = Pr [f(rl,...,rn)=0] S%

# of roots for any f Z 0 in any cube §"is < d - \S\"_l



Schwartz-Zippel Theorem.
d
f£0 = Prl|f(r,...,r,) =0] SW
f(x1,T2,...,2,) = Z ail,@,...,inx?:v? ajf{b

’Ll,’LQ ..... ’Ln>0
i1+ig+-+in <d

f can be treated as a single-variate polynomial of x;:
d
flx1,29,...,2,) = Zx%fz—(xl,xg, ey T 1)
i=0
— Y9x1,25,.... 201 (ajn>

Prf(ri,r2,...,mp) = 0] = Pr[gﬁ,?“g,---,rn_l(frn) = 0]

g”l“l ro,....T"n—1 % 07 done?



Schwartz-Zippel Theorem.
d
f£0 = Pr|f(r,....,r,) =0] <79
induction on n :
basis: n=1 single-variate case, proved by

the fundamental Theorem of algebra

|.H.: Schwartz-Zippel Thm is true for all smaller n



Schwartz-Zippel Theorem.

F£0 = Pr[f(r.....r,) =0] g%

induction step:

k: highest power of x, in f = > {fk 70

degree of 1. < d—k

k
f(.fl?l,fL'Q, e 737?1) — Zaﬁ%fi(xlax27 e 73771—1)

i=0
:fﬁfk(waza---,fn—l) +f(513‘17513‘2,---,$n)
k—1
where f(z1,22,...,2,) = Za??nfi(xl,xg, e L)
i=0

highest power of x,in f < k



Schwartz-Zippel Theorem.
d
f£0 = Prl|f(r,...,r,) =0] SW
f(x1,T2,...,%n) =28 fulx1, T2y ..o, Tn_1) + f(T1, T2, ..., 20)

{fk?—o .

hishest power of x; in k
degree of fr. < d—k S P . f S

law of total probability:
Prf(ri,79,...,7) = 0] l.H. ::> Sd;S\k
=Pr[f(r) =0 fi(r1,...,rn-1) = 0] - Prlfi(r1,...,rn—1) = 0]
+Prlf(r)=0| fe(r1,...,7n-1) # 0] - Pr[fr(ri,...,7n_1) # O]
= Prigr,..r 1 (rn) = 01 frlre, . ora1) # 0] < 1

Whel"e gazl ..... Ln—1 (3371) — f(xlj * 73777,)




Schwartz-Zippel Theorem.

f£0 = Pr|f(r,....r,)=0] g%
d—Fk k d
Pr|f(ri,ro,...,1) =0] < ST TS :E




Input: a polynomial f € [F[x;, ..., x, ] of degree d.
Output: f =0 ?

Fix an arbitrary § C [

pick 7, ..., r, € § uniformly and independently at random;
check if f(ry,...,r,) =0;

=0 = f(r,....,r,) =0

Schwartz-Zippel Theorem.

f#0 = Pr [f(rl,...,rn)=0] S%

# of roots for any f Z 0 in any cube §"is < d - \S\"_l



Applications of Schwartz-Zippel

* test whether a graph has perfect matching;
* test isomorphism of rooted trees;
 distance property of Reed-Muller codes;

» proof of hardness vs randomness tradeof;

* algebraic construction of probabilistically
checkable proofs (PCP);



Bipartite Perfect Matching

bipartite graph perfect matchings
@, O o ____ 0
0 Zxox
OO Ommm—0

@, O
G([n],[n].E)

« determine whether G has a perfect matching:
« Hall’s theorem: enumerates all subset of |n]
- Hungarian method: O(n°)

« Hopcroft-Karp algorithm: O(m\/Z)



e ____ O
00l = X 2%
2 O O2 Ommmm)) e 0

3 O O 3 _'xll X12 X13_ det(A) — Xl 1x22X33
A= X211 X22 0 +X13XZ1.X32
G(|n].[n].E) |0 X X —X|2X1X33

Edmonds matrix: an n X n matrix A defined as

X i f(la ) €k
vi,j €lnl. AGJ) = {OJ :f (7 j’) ¢ E

Theorem: det(A) #(0 <= 3 a perfect matching in G

d@t(A) = 2 sgn(;z-) HA(i’ Jl'(l)) — Z sgn(n){ Hie[n]xi,ﬂ(i) wisaPM.
0

€S, ic[n] 7Es, otherwise



e ____ O
00l = X 2%
2 O O2 Ommmm)) e 0

3 O O 3 X1p Xy X3 det(A) = X11X22X33
A= [X1 xpn O +X3X71X37
G([n],|n],E) |0 X X —X12%21%33
Edmonds matrix: an n X n matrix A defined as
x.. if(i,j) e E
Vi,j € [n], AQ,J) = { ™ ..
0 if(i,)) € E

Theorem: det(A) #(0 <= 3 a perfect matching in G

« det(A) is an m-variate degree-n polynomial:
» Use Schwartz-Zippel to check whether det(A) Z 0

 Computing determinants is generic and can be done in
parallel (Chistov’s algorithm)



Fingerprinting (checksum)

X = Y 9
! !
FING(X) = FING(Y) ?

* FING() is a function: X =Y =— FING(X) = FING(Y)
e if X £ Y, Pr[ FING(X) = FING(Y) ] is small.

* Fingerprints are easy to compute and compare.



Checking Matrix Multiplication
e three n X n matrices A, B, C:

!
A X —

@




29

2.8

omega

2.6

25

24

Matrix Multiplication Algorithms

22,

11 X 1 matrix

Running time: O(n®)

Year W Authors
1969 |2.8074  |[Strassen
To78 2796 || Pan
1979 |2780 i Bini, Capovani, Romani
T A Fv
T R L —
1981 [2.496 [Coppersmith, Winograd
“Tose [oare [ovmman
1990 [2:3755 [Coppersmith, Winograd
2010 [2.3737  |Stothers
2013 (23729 |Wilams
2014 [2.3728639 |LeGall
2020 |2.3728596 |Alman, Willams
2022 |2.371866 |Duan, Wu,Zhou
2024 [2.371552  |Williams, Xu, Xu, Zhou

S & 5 ﬁ .

.%@“ .§\ S .ég S
I 200I5 2010 | | .20 1I5 2022) |




Checking Matrix Multiplication

 three n X n matrices A, B, C:

!

A X B @
Freivald’s Algorithm:
pick a uniform random r € {0,1}";
check whether A(Br) = Cr ;
time: O(n?) if AB = C: always correct

if AB = C:



Freivald’s Algorithm:

pick a uniform random r € {0,1}";
check whether A(Br) =

fAB#C: leeD=AB-C#0,,,
suppose D;; # 0

n—1
Pt{ABr = Crl = Pr[Dr = 0] < 2 =1
)
\/
(D?‘) — Zlerk

> Z Dy

Dy k#j




Freivald’s Algorithm:

pick a uniform random r € {0,1}";
check whether A(Br) = Cr ;

if AB = C: always correct

Theorem (Feivald 1979).
For n X n matrices A, B, C, if AB # C, for uniform random r € {0,1}",

1
Pr[ABr = Cr] < E

repeat independently for O(log n) times

Total running time: O(n” log n)
Correct with high probability (w.h.p.).




29

2.8

omega

2.6

25

24

Matrix Multiplication Algorithms

22,

11 X 1 matrix

Running time: O(n®)

Year W Authors
1969 |2.8074  |[Strassen
To78 2796 || Pan
1979 |2780 i Bini, Capovani, Romani
T A Fv
T R L —
1981 [2.496 [Coppersmith, Winograd
“Tose [oare [ovmman
1990 [2:3755 [Coppersmith, Winograd
2010 [2.3737  |Stothers
2013 (23729 |Wilams
2014 [2.3728639 |LeGall
2020 |2.3728596 |Alman, Willams
2022 |2.371866 |Duan, Wu,Zhou
2024 [2.371552  |Williams, Xu, Xu, Zhou

S & 5 ﬁ .

.%@“ .§\ S .ég S
I 200I5 2010 | | .20 1I5 2022) |




Checking Matrix Multiplication

 three n X n matrices A, B, C:

7
A X —

@

A

Freivald’s Algorithm:

pick a uniform random r € {0,1}";
check whether A(Br) = Cr ;

For an n X n matrix M:

FING(M) = Mr for uniform random r € {0,1}"



Polynomial Identity Testing (PIT)

Input: a polynomial f € [F[x, ..., x, ] of degree d.
Output: f =0 ?

Fix an arbitrary S C [

pick ry, ..., r, € § uniformly and independently at random;
check if f(ry,...,r,) =0;

For a polynomial f € [Flx;, ..., x,]:

FING(f) = f(ry, ..., I,) for uniform independent r, ..., 7, € S

n



Communication Complexity

a=>b"?

1

.}’
da @ > ‘at‘ b
<€

EQ:{0,1}" x {0,1}" — {0,1}

1 a=05b



Fingerprinting

FING(a) = FING(b)? pick a random
T description FING()

-, f FING

FING(b)

* FING() is a function: a = b = FING(a) = FING(b)
e ifa # b, Pr[ FING(a) = FING(b) ] is small.

* Fingerprints are short.



pick uniform
random r €[p]

f,9 € Zylx] for a prime p € [n°,2n°]

n—1
FING(b) = Z biri for random r
=0



a=b (mod p)? uniform random

¥ prime p €[K]

b P
a e[2n] < ‘st‘ b e[2n]

b mod p

FING(x) = x mod p for uniform random prime p €[k]

communication complexity: O(log k)

ifa=>

ifa#zb:

—> a=b(mod p)

Prla = b (mod p)] < ?

fora z=la-bl1#20: Pr[zmodp=0]<?



uniform random prime p €[k]
fora z=la-bl#0: Pr[zmodp=0]<?

e[27]
}IZ:> # of prime divisors of z<n
each prime divisor = 2

# of prime divisors of z <n

# of primes in [k] = 7(k)

7T(N) : # of primes in [NV]

Prime Number Theorem (PNT):

Pr[z mod p =0] =

n(N) ~ as N - o0

In N




a = b (mod p)? uniform random
' prime p €[k]

a e[2n] , b e[2n]

fora z=la-bl#0: Pr[zmodp=0] <7

bmodp

# of prime divisors of z =n

# of primes in [k] = 7(k)

Pr[z mod p =0] =

nink 3Ilnn 1

choose k=n3 < — =0 <_>

k n? n




a = b (mod p)? uniform random

a e[2n]

y prime p €[k]

’ b e[2n]

bmodp

FING(b) = b mod p for uniform random prime p €[n?]

communication complexity: O(log n)

ifa=0>
ifa#b

—> a=b(mod p)

—> Prla=b (modp)]=0 (l>

n



Public coin

fir)=g(r) ?
f=(a,x)

pick uniform
random r < {0,1}"

FING(b) = (b, r) for random r



Pattern Matching

Input: string x € {0,1}", patterny € {0,1}"™

Check whether y is a substring of x.

* naive algorithm: O(mn) time
« Knuth-Morris-Prat (KMP) algorithm: O(m + n) time
* finite state automaton

* Aho—Corasick algorithm



Pattern Matching via Fingerprinting

. k[l,l-l-m—l]:y?]
y
@ yio|yi|yzlee--: Ym E{O,l}m
1
X . | X1] eeeee Xi | Xi+1| oocc- I R Xn| € ()’1 n
x[i,i+m—1] 1 = lv . :| 10,1}

. e A
xli,i+m—1]=xx,_ X, 4

pick a random FING();
fori=1,2,....n—m+ 1 do:

if FING(x[i,i + m — 1]) = FING(y) then return i;
return “no match”;




Karp-Rabin Algorithm

, k[i,i+m—1]:y?]
y
@ y ylyz .....
t

X . | X1 eoce-
x[i,i+m—1] ﬁaa

Karp-Rabin Algorithm:  FING(a) = a mod p
pick a uniform random prime p € [mn>];
fori=1,2,....n—m+ 1 do:

if x[i,i+m— 1] =y (mod p) then return i;
return “no match”;




yio|yi|yz2f----- ym| €10,1}7
..... Xn e{(),l}n

X o [ X1 eeees

Karp-Rabin Algorithm:  FING(a) = a mod p
pick a uniform random prime p € [mn>];
fori=1,2,....n—m+ 1 do:

if x[i,i+m—1] =y (mod p) then return i;
return “no match’;

Foreach i, if x[i,i+m — 1] # y:
Pr [x[i, i+m—1]=y (mod p)] < mln(mn>)/mn> = o(1/n?

By union bound: when y is not a substring of x

Pr| the algorithm ever makes a mistake |

<Pr|3i xli,i+m—1]=y (mod p)| =o(1/n)



yio|yi|yz2f----- ym| €10,1}7
..... Xn E{O,l}”

x[i,1+m — 1] = AiXir1 " Xigm—1

Karp-Rabin Algorithm:  FING(a) = a mod p
pick a uniform random prime p € [mn3];
forl—12 n—m+1do

i " 1 " p)then return i;
retur o AR Tastable in O(1) time

Observe: x[i+ li+m]=x,, +2 (x[i, 1+ m — 1]—2m_1xi)

FING(x[i + 1,i + m]) = ( Xipm + 2 (FING(xX[i, i +m — 1])=2""" )) mod p



Checking Distinctness

Input: 7 numbers x;, x5, ...,x, € {1,2,...,n}

Determine whether every number appears exactly once.

2N A={x1,x2,...,Xn}
B={1,2,..,n}

Input: two multisets A = {4y, ...,a,}and B = {b, ..., b, }
where ay, ...,a,,b,,...,b, € {1,...,n}

Output: A = B (as multisets)?

A=B <}:{> Vx: # of times x appearing in A
= # of times x appearing in B



Input: two multisets A = {4y, ...,aq,}and B = {by, ..., b, }
where a;, ...,a,,b,....,b, € {1,...,n}

Output: A = B (as multisets)?

* naive algorithm: use O(n) time and O(n) space

e fingerprinting: random fingerprint function FING( )
* check FING(A) = FING(B) ?
* time cost: time to compute and check fingerprints O(n)
* space cost: space to store fingerprints O( log p )

multisets A={ai, az, ..., a,} > falz) = H(a: —a;)
1=1

fa € Zy|z] for prime p (to be specified)

FING(A) =fa(r) for uniform random r € 7,



n

multisets A={a1, a2, ..., a,} {fA(CE) =] [(z — as)

B={bi.bs. .... by} S

where a;, b; € {1,2, ..., n}

fe(x) =1[(=-b)

1=1

fa, fB € Z,|x| for prime p (to be specified)

FING(A) = fa(r)

> for uniform random r Loy,
FING(B) =fB(7°) y

A#B — f, #fponreals R

(but possibly fa= jp on finite field 7Z,,)
if A=B: FING(A) = FING(B)
if A= B: FING(A) = FING(B) in fa- fp on R:

( , 3 coefficient ¢ 20
e fa=fp on finite field Z, >

> < cmodp=0
. _ with probability
\ Ja# fg on 7, but fa(r) = fs(r) [7Z < nlp




B={b1, b, ..., by}

where a;, b; € {1,2, ..., n}

multisets A={a1, a2, ..., a,} {fA(CB) =] [(z — as)

fa, fB € Zy|z| for uniform random prime p €[L, U]

FING(A) = fa(r)
FING(B) =fB(7°) y

Prime Number Theorem (PNT):

() ~ as N - o0

In N

(L, U to be specified )

> for uniform random r & Loy,

in fa- fg on R:
3 coefficient ¢ #0
cmodp=0

# of prime factors of ¢

Prlcmodp=0]=<

> < # of primes in [L, U]

nlog, n
< nn <
s 52> <

\ ® faz fp oOn Zp but fa(r) = f(r)

nlog, n

- U/InU —L/InL

with probability
<n/p =n/L




multisets A={a1, a2, ..., a,} fa(@) =@ - a)
B={b1, b, ..., by}
where a;, b; € {1,2, ..., n}

fa, fB € Zp|x| for uniform random prime p €[L, U]
FING(A) = fa(r) \> with U = 2L = (n log n)?
FING(B) = fa(r) . for uniform random r € Z,

if A#B: FING(A) = FING(B)

> with probability

P f4 — fB on ﬁnite ﬁeld Zp 10g —
> : U/InU — L/In L = O

o — with probability
fa=fs on 7, but fa(r) =fs(r) [Z <nlp 2l

= O(1/n)




Input: two multisets A = {4y, ...,aq,}and B = {by, ..., b, }
where a;, ...,a,,b,....,b, € {1,...,n}

Output: A = B (as multisets)?

Lipton’s Algorithm (1989):

n

FING(A) = H(?”‘ —a;) mod p ) for uniform random prime
” p €l(nlog n)2/2, (n log n)?]

FING(B H r—b;) mod p | and uniform random r € Loy

If A #B as multisets:

n mn

fa@) =]z —a)modp  fe(x) =]](z—b:) modp

1=1 1=1

Pr[ FING(A) = FING(B) ]
< Pr[ fa =5 | + Prl fa(r) = f6(r) | fa = fp | = O(1/n)




Input: 7 numbers x, x,, ...,x, € {1,2,...,n}

Determine whether every number appears exactly once.

Lipton’s Algorithm (1989):

n

FING(A) = H(?“ —a;) mod p ) for uniform random prime
1=1

check if: -

FING(A) = | [(r — @) mod p? ) and uniform random r & Loy
1=1

p €l(nlog n)?/2, (n log n)?]

 time cost: O(n)

e space cost: O(log n)

 error probabillity (false positive): O(1/n)
e data stream: Input comes one at a time




