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Complexity of Linear algebra

All the following can be solved in O(n®) arithmetic operations:
e Matrix multiplication

* Matrix inverse

* Determinant

* Characteristic polynomial

* Solving linear equations Ax = b

* Singular value decomposition

* Eigen-decomposition of symmetric matrices

In fact, almost linear time (in theory) for matrices that we will care
about..



Graph spectrum
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Largest eigenvalue of adjacency matrix
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Graph spectrum
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Graph spectrum
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Laplacian matrix
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Connectedness
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Connectedness
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Second eigenvalue
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HEI ™ 1l: Robust connectedness
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Graph conductance

Recall that G is disconnected if and only if A, = 0.

IH

Cheeger’s inequality will show that G is “close” to be disconnected if and only if A, is “small”.

We will first define precisely what it means to be close to be disconnected.

The conductance of aset S € V is defined as

18(S)]
$(S) = vol(S)”
where vol(S) = Y, csdeg(v).

When the graph is d-regular, ¢(S) = %.

Note: the expansion of a set S is defined as %; For d-regular graphs, they’re basically the same.

The conductance of a graph G isdefined as ¢(G) := min ¢(S).
S:wvol(S)sm

Note that 0 < ¢(G) < 1.



Expander graphs and sparse cuts

A graph G with constant ¢(G) (e.g. ¢(G) = 0.1) is called an expander graph.

A set S with small ¢(S) is called a sparse cut.

Both concepts are very useful.

Finding a sparse cut is useful in designing divide-and-conquer algorithms, and have

applications in

image segmentation
data clustering
community detection

VLSI-design



Spectral partitioning algorithm

A popular heuristic used in practice.

This is simple and can be implemented in near-linear time.

It performs very well in practice, especially in image segmentation.



Normalized matrices

To state Cheeger’s inequality nicely, we introduce normalized adjacency and Laplacian matrices.

1 1
Llet A = D 2AD 2 be the normalized adjacency matrix.

1 1
Llet L = D 2LD 2 be the normalized Laplacian matrix.

Notethat L =1 — A.

When the graph is d-regular, A = %A and £ = %L.

Claim. Let a; = -+ = a,, be the eigenvalues of A, and 1; < --- < A,, be the eigenvalues of L.

Then,1=a;=22ap,=-1,and0 =4, <-- <1, < 2



Cheeger’s inequality

Cheeger’s Inequality [Cheeger 70, Alon-Milman 85]

2 < 4(6) < VP

The first inequality is called the easy direction, and the second inequality is called the hard direction.
We give some intuition in the case when G is a d-regular graph.

For the easy direction: think of 1, as a “relaxation” of the graph conductance problem.

2 2
. ZijEE(xi - xj) . ZijEE(xi — xj)
¢ (G) = min_ > and A, = min >
x11:xisbinary d ZieV X; x11 d ZiEV X;

For the hard direction: given an optimizer x for A,, we want to produce a set S with ¢(S) </ 21,.
The idea is to use the spectral partitioning algorithm: for a “fractional” x, we try to round it to an
integral (binary) solution x. This is known as “rounding”.
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d-regular graphs (d-1ENI &)
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Lazy Random Walks
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;B & BY8] (Mixing time)
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Mixing time (for d-regular graphs)
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Mixing time and spectral gap
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Cheeger’s inequality
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Cheeger’s Inequality in Markov chains

It is interesting to see how Cheeger’s inequality can be used.

When we want to bound ¢ (&), say in constructing expander graphs,

we can come up with algebraic constructions and bound A, instead

When we want to bound A,, say in bounding the mixing time,

we can analyze combinatorial problems and bound ¢ (G) instead

An alternative perspective like this is exactly what makes it so powerful



	Slide 1: 计算方法
	Slide 3: 谱图理论 (Spectral graph theory)
	Slide 4: 矩阵的幂
	Slide 5: Complexity of Linear algebra
	Slide 6: Graph spectrum
	Slide 7: Largest eigenvalue of adjacency matrix
	Slide 8: Graph spectrum
	Slide 9: Graph spectrum
	Slide 10: Graph spectrum
	Slide 11: Laplacian matrix
	Slide 12: Laplacian matrix
	Slide 13: Connectedness
	Slide 14: Connectedness
	Slide 15: Second eigenvalue
	Slide 16: 推广 I：Perron-Frobenius定理
	Slide 17: 推广 II： Robust connectedness
	Slide 18: Graph conductance
	Slide 19: Expander graphs and sparse cuts
	Slide 20: Spectral partitioning algorithm
	Slide 21: Normalized matrices
	Slide 22: Cheeger’s inequality
	Slide 23: 回顾：无向图上的马尔可夫链基本定理
	Slide 24
	Slide 25
	Slide 26
	Slide 28: 混合时间 (Mixing time)
	Slide 29: Mixing time (for d-regular graphs)
	Slide 30
	Slide 31
	Slide 32: Cheeger’s Inequality in Markov chains

