HE LA

Xl S

HENSRGEREARERELASSEE
ERKE




Announcement

1/ 75/5-6717, 1RC-115

V]
5
A
[EN
o))
o



XHEBLPIELR P RYRRTE

IREEAI B RIT 3R
Hir: WA REFRETFR. RENFRN
HIRFR: S00FMEE M, 100K KWK A1400F 1 Jig Wi

NES F& FLifI
HHE 500 50 300
T K 0 300 100
i3] 500 25 200
g 5 2 4

BB R Bl ToPR AT 73 1 .
R X3REVIN—NAHE, BEWCERIVEFRENR, FBBETBEL.



IR LPIELLTT S HIMERE
& @z WK, v FA, 2 S, A R LRI

min 5z + 2y + 4z %4
s.t. 500z + 50y + 300z > 500 (B HEHRESR)
0z + 300y + 100z > 100 (5 H oK EK)
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z,y,z > 0.
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Tolls for Multicommodity Flow (i% i)

RBEREE SEMET, ITEAKAHF BIERIELIRE?
RigBEn TR, HFi M s, Bl t; KiXd; BARIEHE

If we let the users to choose their own paths to send their information, they may all send along

the shortest paths, but this may cause high congestions on some edges.

In a dual view: Instead of directly controlling their behaviors, what we could do is to give prices
on each edge, and charge the users on the edges they used, and the hope is that

it is possible to do it in a way to avoid congestion, and thus to achieve a better social welfare.

This may seem like a really difficult problem to solve.
But it turns out that if we write an LP to find a global optimal solution to minimize congestions,

and then we look at the dual LP, the prices are just the dual variables on the edges!

See Tolls for heterogeneous selfish users in multicommodity networks and generalized congestion games



https://ieeexplore.ieee.org/document/1366247

Strong duality theorem
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Separation theorem

LTI M . Separation theorem

EN: —PNMEAS, tnEXvx,y € S,Va € [0,1]#H ax +
(1—a)y €S, )r'lJ%/J\Sjjlﬂlé'é(convex set)

BN : RSP B 5 AR PR AR s AR, MIFREE &S
NI (closed set)
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Separation theorem
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Farkas Lemma

Ax = b,x > OFREBNEFE y F18y'A=20Hy b <0

iEHé: (<=)ANRIXEER] y I27E, BT, HllyTAx = 05yTh <0
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(=>)FFE S = {Ax:x = 0}. STV HIIMEE. TR = RED ¢ S.
EElSeparatlon theorem, 1EfEw € R™{EHE(w,b) > (w,s) SHE=s € S
ﬁf._L vy = —w, NH y'bh<yTAx,Vx =0
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Strong LP duality

{RiZprimalFldual LPERFER]ITTHR, N INRILFEEZE
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max {c, x) min (b, y)
Ax = Db yTA = C
x = 0.
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Strong LP duality
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WFBH(cont’d): FiFarkas lemma

A 07(x\ _ (b N A0
[CT _1] (5) N (t) ZEIBNISF Ty, 2 15 br 2 [cT , —1] =0
ERLEL 6T 2 (])<0

BlyTA+2zcT >0, —z=0,y"bh+ 2zt <0
%Ez=0, WAHyTA>0,y7b <0, primal not feasible;
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&z +0, )R'Uﬁ_izyTA > (T, _iZyTb <t, [k lH:_—ZyT?'SIduaI
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— Chebyshev#&{a
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— HHE A LHEEREK., FRAERKZLE
— R RE: LTRSS, RS HES
— EX TGN, ORHM. E4LiTAE: Gram—Schmidt
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« FHEE5WAES
o HFIEEGMALEA (RERKT )
— KBEMGTAL——MHEHRGTAERRFE A
— BRERETAANERN T E—FHAETE: pivoting
— RN HE TR ARERATRKEGRT
— G FTEENG S (b RGERMN)

— RRRBRMHFAEEM%ENKF & Jacobi, Gauss-Seidel, Richardson, Conjugate-
gradient

— S EERTAL: HFHE

— 4 4E4A8min—max®] & (Courant—Fischer)

— EMEMSAX: KB E K G, Cayley—Hamilton, #4892 R X, F&EN
— HH KA S544EmE. Singular value decomposition (SVD)
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o FEHMA
o SFIEA G RMGFA (RPEREFT*H)
- LML : BEHBSTAE (ZHER) , RESHF (HiES
€) , mixing time (IK&k:% %) Lspectral gap
— LR k4 EAEA2®E, K. RT4; Pagerank

- BeyiEER: BEEMER, HiEE, HFiEqESRNEELH, B
L AL A G AT

— %%%E&F&J%: BEBAMERETALE, SRR, RHR, FHEME
3B

— Hitting/commute time: {=EisAT&K M F 4240, cover time

— Spectral embedding: & R4FIEmZHIT “HAN”

- AL KB
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—Duality &) : ZFFMH, Min-maxZ Z 53R,
WAERA, Kith, ML ESH

23



What we did not cover (in detail)

* Expander codes

— Further reading: Essential coding theory by V. Guruswami, A. Rudra, M. Sudan
* Low rank matrix approximation (via SVD)

— Compression

— De-noising

— Matrix completion

— Further reading: Algorithmic Aspects of Machine Learning by Ankur Moitra; A simpler
approach to matrix completion by Ben Recht

* Generalizations of Cheeger’s inequality
— Further reading: Eigenvalues and polynomials by Lap Chi Lau
* Graph sparsification
— Further reading: Lx=b by Nisheeth Vishnoi
* Markov chain Monte Carlo and high dimensional integral

— Further reading: Techniques in Optimization and Sampling by Yin Tat Lee and Santosh
Vempala

— The Markov Chain Monte Carlo Revolution by Persi Diaconis, and the references therein
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https://math.uchicago.edu/~shmuel/Network-course-readings/MCMCRev.pdf

