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o]jm: Random walk on graphs

AEEG = (V,E)

Sl
. M—
- B
.- T

BRI E:

TAENINRLE AR
TR, B -DAMNIRTTHUR, B ST LI 4R fE
“\BhE &

XN EENARER “KIRI” ZEAFERTE?

e wn e

BEPZ G, HET A2 RN AR 2 207

A — MR IR BT REAL > AT, BENLEE SRS EIE? (Bd)
ZAA WS (IRE R TE], mixing time)

MEsH &, ZAA =X M2 (hitting time)

ZAL SBIFANTRED—IR? BFFE, cover time)



Why hitting time and cover time?

Hitting time: used a lot in designing randomized algorithm
* Finding bipartite matching
— Use random walk to find an augmenting cycle
— Interested in the first return time, in expectation
e 2SAT, and more generally in algorithmic Lovasz local lemma
— Basically a random walk over all assignments
— Interested in the first time of hitting a satisfying assignment, in expectation
— Indiscrepancy theory, one way to find a “balanced coloring” is to use random walk

Cover time: imagine you want to explore the graph
Using DFS/BFS, you need time O(|E| + |V|) and space O(|V])
What if we use random walk instead?
Space = 0(logn), expected running time = cover time < O(|V||E|)

In fact, U. Feige showed that there is an entire spectrum of time-space trade-off:

~

: . . . VIIE .
For every s there is an algorithm using space s and time O (%) that covers all vertices w.h.p.


https://epubs.siam.org/doi/10.1137/130929400
https://core.ac.uk/download/pdf/82332441.pdf

B B IR 225

LE— N LEE, F&OEE—HM, HEEAT

B8 IR W 2% O] DAFRZE /R B R EH(Kirchhoff’s law)FIFK 4 E 3 (Ohm’s law):

o« FUREFRER: rA St N s IR A, ST A BT T
A LA Y S R

o BRI U AL () 10 eV > R, NHGw) —
P(V) = LuyTay + FeHiy, BUBIVRIBTAET R, iy, =

— lyu

o A1 EEBREINLL?
s ‘>
o _ =

Not every graph is series-parallel



https://www.graphclasses.org/classes/gc_275.html
https://www.graphclasses.org/classes/gc_275.html
https://www.graphclasses.org/classes/gc_275.html

B8 B I 25 RYRB BRI

%y?ve =1/r,) » WRNTESTENIAR R, FFHAT AR, ar SR/

—fih, 8b, N OANEHERINEE) RAENITI v € VIV ] R
b, > 0RRRE (NAMER) JENHR

b, < 0EMREE (FIFMER) AL H B HLR

o & 7R A (source) RV HE T A (sink), HEWEETT SAD, =0

T

MFEI TR

ME— FEANEEFEEBENER:

. HREFRTE P R L B R SR =5 BRI A\ R R
Z lyy = by, VveV
. UVUEE
¢ — W) = ity Sy = Wip(d(W) — $(V))
PR A 15

by = Z iu = ). Win($0) — p) = deg,, ) (W) = D wi,d(w)

U:VUEE U:VUEE U:VUEE

H deg, (V) = Xypucr Wy T3 53 v BN KO EE S, 4550 080 Ry, = 1, b = Lo

—iEmME, e Laplacian



3 S I 45 R AR FF R 7R

'1,) %E%M%ﬁsﬁz)\mﬁ@%ﬁ, FHMT R,

WEHEBE ¢ 25, Hiftiu = wup(d@w) — ¢(v)) ATERE BRI E G H
% [Eincidence matrix B, 1= WBT¢ , W ke 524 k5 f
L b, PR RE IR T LS L = Y, weboby = BWBT
b=Ldp=BWB ¢ =Bi, HIREKRTH, flow conservation

SEfR: BEOTSHEMANEZ, =KL TERATE

XRETTRE AT AR R A7 fife e ME— g ?
10



Pseudo-inverse of L

SEER LR EFELIF A RN, L1=0

AFLL L = bAR— & M — HofiR

B R, NLE S NMHEETEA T HiLMEEE
(nullspace) 522 B 1% .

BIE. RGN E [FELY = E, U“JE 11
EAR: Bi%e =X, cvy, FHodv, =
MLp = crdyv; + - + Cplyvy
Kl L L 1

ﬁl

XTSI ASRT, XMW GH): AR B HIA S I Y FLR A 55
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Pseudo-inverse of L

—_—

BIE. Wb L1, WAF(EFTRG (/LG = b
UEAA: j<7'ij_1, Fithb = Y, a; v
%f.é(p Zl 27L Ul, TU\EILNELCP b

AL} = ¥ 2/,{ vv] B — 1 pseudoinverse({AZH):

- EEREE Db L THERAEI— 89S Ld =bE ¢ 1 T
« Lo = b &REREN{L'D + cT:c e R}, IbBIFRE “ T

o Fpaldh, WEREE T ARREE/EBO(w) =0, FHHE—F
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D st 2 BRI Reg(s, ©) = @(s) — p(r), HH

Effective resistance (S5 FE.FH)

(P/ﬁﬁ/@L(,b b, bXTRIT MsEltk % R1AR L 7] =

AH 2 TR R AN SRS R R , 0r R =5

EIEE!: eff(s t) = bSTtL*bst, ;imriiibst € R™j5 &

‘BALE A NO
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EX L, AIELERAM 2 E s Blch— 4 K8

E 8(_)) Reff(S t) =L EJlEAAS ”tE’Jg'fﬂEi;)ItL
B ocpid 7 = B 20 W) _ 4,

LRl ELY = by, Kl = L{ bt
lﬁﬁﬁﬁe(j = b;—tL} st — eff(S; t)




Thompson’s Principle

B R Rog(s, t) < 8(9), /::':'g EEE B Us-tiR.
NEREEN, XBEHFEr =1, vr, ER
UEAA(sketch): &8 min £(§) = minY,cz g2, st. Bg = bst
Optimality (KKT) requires that Elqb ER"s.t.B"p=g
iR gRHAEANBEMDZ ¢p@TOhm’s IawﬁﬁEE’J

A 1Lk gZEEg/ﬁ

=/|MEFB

)
crrm
il

,—N
sl

E18: BIs-tEB)
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Thompson’s Principle (73— MIEBR)

ﬂ. Reff(S, t) < S(g)’ /\EF' EE,:ET_\S-t;)ItL.

NERREN, XHEHAEEL =1, vriER

WEAR: Rg=i+c, HHiNs-trageEm

HARERR, g MoRERFNERERER, FEMIRZERE

z Cou = 0, VveV

U:VUEE
H—AMH|
€9 = de z(le'l'ce)z _zig +2Ce2 +Zziece
eEE eEE eEE e€EE eEE

*&T%/\ﬁ'ﬁgiﬂzﬁﬁ ZeeE ieCe =0, @ﬁg(g) = ZeEE le = Reff(sr t)

HFiNs-tBIBENEBR, &l e B e iE: Ly = d(w) — p(v)
ES]lie

D (9@ =¢) = D cwdp@ +cnd® =) D cuwd) =0

UVEE UVEE vV U:Uuveke
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BBV

EE. MFEr' =7, WAR (s, t) = Reg(s, 1),
WERR: 50y H FEAE 7 R X 2% H s 21 e 1 B A7 FRL VA
{5 FELBELAE T 1 T 26 Pt M s 1) 1 BELAST FL O

Regr7(s,t) = €:(D) < &; ( )< E—’( ) ofi 77 (S: )
XEBF—PNAZESER L Thompson’s principle;
HoARGESH T = PR €0 = Neep i2 - 15
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Edge-disjoint paths

BlF: WNEsEt2EFHk F “i T*H/y;” TS
/\%@:J&Eﬁ%j\jl, %BAReff(S, t) < E
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HEMEBIHEE

513E. Rege(a, b) + Rege(b, ) = Reg(a, ¢)

CBRJE%R>))
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o]jm. PFEYLEE

1. filf$E0 (8] (Hitting time): H,, , *= min{t > 1| X; = u and X; = v}
BRI EAZRIERE] by, = E[H,,]-

N

3R AT [E] (Commute time): €y, = hyp + Ry .

3. ®[1HY/E] (Cover time): cover, & X N: MvH &BIME i ETR

O TRED—REZREAERNIE; cover, := max cover,
\%

20



Commute time

EE WEENTIRs Ft, C; = 2mRe(s,t), HEm = |E(G)].
UERR: BlET = t, 1ohy, 7]M,m EI| T = tBhitting time, T & Vu # ¢

ut_1+_zhvt:dhut Zhvt_

v~Uu v~Uu

EIEh, X—08, THE

)

D — A hu,t du
)

(To be cont’d.
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Commute time

EE WEENTIRs Ft, C; = 2mRe(s,t), HEm = |E(G)].
UERR: BlET = s, ichy, 7]M,m EI| 75 /= sBhitting time, i AEVu # s

—1+—2hv5 > dyhy s — Zhvs=
E

v~u
%Eh, X—E8, T
hs,s ds —2m
D - A hu,s — du
he s dy

(To be cont’d..)
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Commute time

El %ENX?'TE%:\E/‘]:%“@I-\_\S *D L, Cs,t — ZmReff(S, t), ;Eé':F'm =
E(G)|.

UEFAA(cont’d):
ds ds — 2m 2m
L(ht —h.s) = d:u — dy — O
dy —2m dt —2m
At o) L = by AR AR
/7"\(]5 _ h*,;il*,s’ ﬁ
Rupe(s,t) = d(s) — (t) = hS'tZ;n hss ht'tzjn h _ hs,tz‘:n he s _ %
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Cover time

HiL. C,p < 2m, T TEEAIu € EMROL.

H

. JE

28

/

RN E&EZAN2m(n — 1).
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Approximating Cover Time by Resistance Diameter

Theorem. Let R(G) = max R.¢(u, v) be the resistance diameter. Then,
u,v

m-R(G) < cover(G) < 2e3m-R(G) -Inn+n
Proof: Firstly,

C
cover(G) = max{hy,, h,,} = % = mRyy,

which is the lowerbound.

For the upperbound, notice that the maximum commute time from any vertex is at most
2mR(G)

If the random walk is run for 2e3m - R(G), by Markov’s inequality, the probability that a vertex is
not visited is at most 1/e3

If we repeat this Inn times, the probability that a vertex is not visited is at most 1/n3

By a union bound, the probability that there exists a vertex not visited is at most 1/n?

In such cases, we can pay for another pessimistic cover time of n3

Combined, we have cover(G) < 2e3m-R(G) -Inn + %n3



Graph Connectivity (Z515)

Theorem. There is an 0(n3) time algorithm to solve s-t connectivity using only O(logn) space
Using random walk, the space requirement is O(logn) and expected running time is O(|V||E|) = 0(n3)

You may wonder, is randomness necessary for checking graph connectivity in log-space?

Definition. A sequence o is (d, n)-universal if for every labeled connected d-regular graphs and every starting
vertex s, the walk defined by o started from s covers every vertices

Theorem. There exists (d, n)-universal sequence of length 0(n3d? lognd) for undirected graphs
HINT: Cover time is at most O(n?d) for d-regular graphs

Reingold’s Theorem For undirected graphs, one can explicitly construct such a universal sequence in log-space

Itis an open problem to derandomize log-space connectivity
Though likely not through “directed” universal sequences


https://dl.acm.org/doi/10.1145/1391289.1391291
https://dl.acm.org/doi/10.1145/1391289.1391291

BEZHERRSN A

* Spectral Embedding/Partitioning
— REE: RSP RHME 5 B R EE P R AR
— b URAEMb: A5 R e o B R R R AR ) = 18 1], elastic spring networks
— Bl R b AR R R REAE ) B S 2T T R A
— Cheeger’s inequality and its generalizations
- BRI (Graph sparsification)
— FEEBEE 55 LA R
— RIEFHFWREBME, Xt T R
— BEZFEAGLIMEION) &L
o TTEEWER: fFh o AR
— JLFL N EE R KEE;
— fEAXH: —REIETTIEH, SEUHETRE 0(n?); EEN 7E AR L B i s
o ZERIATRE: TRl ZR AR H]

JFIBCIT FEIR R an SRS A [ PR B el i — 2534, Pagerank A2tk 2717
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