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LPAYTIRR

ZEmax(c,x), LZIHLEP = {Ax < b}iIX"Mpolytope]

TRERAT LA 3 R0 854 1 7E X -

1. Bffi(corner): NEAFEY # 0{FBx+y€ePandx —y € P, NExE— LA
2 RIER: IR 3c FERiZBina AclE—RUE, NFRRE—IMRER.

3. EAREE: NR (4;,x) = b » HNFRBINLREER (tight)AY . Hep 4; 256017
X T4 ERx € P18 A7 A BRT x ZERILTRB AT FAERE.
GNERA™ BiRFREY, ie. rank(47) = n, MABAIFRR—NMESRE.

Simplex&i&: M—MTGEITAE: T — W, R BARRBOEI, WIEHERRIZTN; HE,
ABJEFILEFE: 5% (m-n)n

AR PTAT AR B AR T 22, U i S S e R A X T AR 1), JRy oS e PR B2 4 R e e
BINBITE,  Simplex&iET Ae /5 ZAGHUN 8] . (HZ LR RIUEAEAES, smoothed analysis

ZINTEG%; Ellipsoid algorithm, interior point methods



Perfect bipartite matching
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max ),,cg CoX,  Subjectto
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0<x,<1 Ve€ekFE

1ZLPAY;
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Ellipsoid algorithm, separation oracle (3351
B/ NERH—FLPE;

max 2 CoX, Subjectto
eekE

’ ZeEE(S) Xe < |S[—1, VScV

* Yecrv)Xe = V| —1
e 0<x,<1

EIREIBZA/NEILP, {H ZEllipsoid algorithm R 75 24
separation oracle, 11 7g % I ZURT [H] % oK




Duality: 25 HBTREREGIEH LR

max 5x; + 4x,
2x1 +x, <100

x1 < 30
x, < 60

X1,%X, = 0.
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Duality: 25 HBTREREGIEH LR
max 5x; + 4x,
2x1 +x, <100 (1)
x; <30 (2)
Xy < 60 (3)

X1,Xp = 0.

Al ik B BRERERY— 1 B 52
e EFE0x(1) +5x%(2) + 4%(3)
e EFE3x(1) 4+ 0x(2) + 1x(3)

. %pﬁgx(l) + 0x(2) + gx(B)

o B, F&yix(1) + y,x(2) + y3x(3)



Duality: #5HEPREREOIERR 5]

min 100y, + 30y, + 60y3
2y1 + Y2 = 5

yitys =24
Y1,¥Y2,Y3 = 0.

5x1 + 4x2 < (2}’1 + yz)xl + (yl + y3)x2 < 100y1 + 30y2 + 60y3

- HIIEEAERELE
S5XIBME (weak duality)
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Weak duality

max {c, x) max (c, x) min (b y) min (b, y)
Ax <b (ai,x) < by Aly >c¢
(Primal LP) (am,x) < by, y = 0. (Dual LP)
x = 0.

55XI{B I (weak duality) E H: X THERRESEAWLPPRIRI{THEY, 5
SHE R i ML T R 4T iy, 888

(c,x) <(b,y)
B, JR 4G i RAE <X i /ME.
kAR .

(c,x)=cTx < (yTA)x =yT(4x) < y"b = (b, y).
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Complementary Slackness Conditions

N{AIEBEx B ER AR ?
. Zﬁ%ﬁﬁ%@%ﬁﬁﬂ‘], — ANMEH 72 . FRBHELPH Ry 15 (c, x) =
Y

XAy RS R EFE?
o SRXTETEEFE (strong duality)

HARMERT LABNEIES 2
« c'x < (TAXERRIES . Ry > 0, W(a’,y) = ¢;, B o/ BARIEE)F.
+ yT(4Ax) < yThEEEIES: WRy; > 0, Wia;, x) = b;, B a; BANSEIAT.

) 4 I
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Min-max;BI8H—+: HE i
— o EPRISAE IR/ NTRE R (Kénig's theorem)

max Z Xe min Z Yy

eeF vev

x(6(w) <1 VvEV Yut =1
Xe =0 Ve € E Xy =0

BERD BN N R KBS/ NI B S

3. E_oBF, 7TULE e &I e B (integral)
. WS4 5 F HHall’s theorem

EILGERHMEEE SR
o EFHIESRAKICERIAR/ = SR/ANTRBERAIAR/

Ve € E
YVveV
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Min-maxEIEH|+:

f (5""(17)) —f(6"(w)) <0  wvpev
f, <1 Ve € E
£,=>0 Ve € E

. EHAEEE: B
o MBI N
T B AR R

B Lt /N

min z de

eer

Adyp +*Yu—YWw =0 Vuv€eE
Vs =y =1
vp =0 VYvelVlV
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“UTI=xE" 117 PloO|-1]1
“BlIeaR” ik—7%lc ST 1]0]-1
ﬁiﬁ%@éﬂﬂ’] aiREA, ., FIIKEE|-A, R[-1][1]0

ITIEMNBIRERAMN A, o, TIHITLEK BAr 2R/ MUA, .

INT39ET: RIAE DU FHIEX T SRS 2 Ja, AR/ tB A REFREI EL
=1 I SR AR B O SRS

Q‘iﬁEH’Jﬂilﬂ%‘(purestrategy) e—47 /%
& B K MG (mixed strategy):  FRAISRME ) — MR 70 A
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#E5TEA € R™MXn

Von-Neumann Minimax Theorem

BRITHRR R IEEA TR x € A
ST ISR T2y € A"

HBAEA 5T FRAVEREE

A

XAy

Von-Neumann Minimax Theorem.

max min x' Ay = min max x Ay
XEA™M yeAn YEAT xeA™M

RSO TS, 2k S R
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Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min xT Ay = min max x ' Ay
XEA™M ye ATl YEAT xeA™

JIERR:

FIA: TIERSTIERE

IR ELTETAS, WMAERRAAy?
TAR—TEE, EREyIHESH
S (xTAVAxTARIE j5I, WA

min(xTA)Y) < xTAy < max(xTA)V)

J J
HAF5 T EURE], U min xTAy = min(xTA)V)
yeAn J

A iR ﬂ4’hﬁ7§)€relg% mjin(xTA)(J')
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Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min x' Ay = min max x Ay
XEA™ ye AT YEAT xeA™

WFBR(cont’d):
Ejﬂﬁfﬁéﬁyﬂg% mjin(xTA)U) , XA LI LPR N

SINBEIREt = mjin(xTA)(J')




Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min x' Ay = min max x Ay
XEA™ ye AT YEAT xeA™

WEAB(cont’d):
A, AL AT min max(4y);, EMDELPER

SINRENZER r = max(dy),




Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min xT Ay = min max x ' Ay
XEA™ ye Al YEAT xeA™

UERA(cont'd): SEEATIEREAL VB HER

max t min r
m n
t—zxiaijSO vVi=1,..,n XY; T—Zaijyjzo Vi =
i=1 j=1
m n
in=1 X1 Zyi=1
i=1 i=1
xlz Vl=1, ., m yLZO VL=1;

Equality follows directly from strong duality!



Yao’s Minimax Principle

— I BETEIRRIRINEITETIE], & A fay A\ SEB] BE s AT I Ta) () B K E

IS XY — N Z R :
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XHEBLPIELR P RYRRTE

IREEAI B RIT 3R
Hir: WA REFRETFR. RENFRN
HIRFR: S00FMEE M, 100K KWK A1400F 1 Jig Wi

NES F& FLifI
HHE 500 50 300
T K 0 300 100
i3] 500 25 200
g 5 2 4

BB R Bl ToPR AT 73 1 .
R X3REVIN—NAHE, BEWCERIVEFRENR, FBBETBEL.



IR LPIELLTT S HIMERE
& @z WK, v FA, 2 S, A R LRI

min 5z + 2y + 4z %4
s.t. 500z + 50y + 300z > 500 (B HEHRESR)
0z + 300y + 100z > 100 (5 H oK EK)
500z + 25y + 200z > 400 (5 H IRRTESKR)
z,y,z > 0.

XHEALRIAN .
max 500a + 100b + 400c
s.t. 500a + 0b + 500¢ < 5 =————

50a + 3006 + 25¢ < 2 7 aRA 2SRRI RS FRAIFTS
1% AN 1 I:l\‘ 7y K
300a + 1006+ 200c < 4  (EOEELENIEES

a,b,c >0 AlERRASEREWLASR

KB B8 — AR B G A~ "G R, BROKAMAE T =R 25 A E 8 oo
L IZ AT A X B8 24 AL A




Optimal transport

Earth mover’s distance (135G

“Baml”
FIRAELZ LR 07 {p}, AmEEERIE, ARSI {g;)

RS S UNNE S YIS
ming ) ) fisdi
U |

i
Zfl,] SpllVl
J
¥Y i 3ne3o
i i j

subject to

Kantorovich(-Rubinstein) XJ{&B &
ERMKIEEIRIERERIMERTRZF, “BoE” WiTsE, 5 “BEIMM” IFEE—HR



Tolls for Multicommodity Flow (i% i)

RBEREE SEMET, ITEAKAHF BIERIELIRE?
RigBEn TR, HFi M s, Bl t; KiXd; BARIEHE

If we let the users to choose their own paths to send their information, they may all send along

the shortest paths, but this may cause high congestions on some edges.

In a dual view: Instead of directly controlling their behaviors, what we could do is to give prices
on each edge, and charge the users on the edges they used, and the hope is that

it is possible to do it in a way to avoid congestion, and thus to achieve a better social welfare.

This may seem like a really difficult problem to solve.
But it turns out that if we write an LP to find a global optimal solution to minimize congestions,

and then we look at the dual LP, the prices are just the dual variables on the edges!

See Tolls for heterogeneous selfish users in multicommodity networks and generalized congestion games



https://ieeexplore.ieee.org/document/1366247

