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Network Flow



Graph

• Digraph : a set of vertices  and a set of directed edges 


• Edge capacity  for edge 


• Flow function 


- Valid flow:  & ,

G = (V, E) V E

ce ∈ ℝ+ e ∈ E

f : E → ℝ+

∀e ∈ E, 0 ≤ f(e) ≤ ce ∀v ∈ V ∑
e∈δin(v)

f(e) = ∑
e∈δout(v)

f(e)

Flow
 With Capacity



Flow Network

• Digraph : a set of vertices  and a set of directed edges 


• Edge capacity  for edge 


• Flow function , source  sink 


- Valid flow:  & ,

G = (V, E) V E

ce ∈ ℝ+ e ∈ E

f : E → ℝ+ s ∈ V, t ∈ V
∀e ∈ E, 0 ≤ f(e) ≤ ce ∀v ∈ V∖{s, t} ∑

e∈δin(v)

f(e) = ∑
e∈δout(v)

f(e)

s-t flow



• Digraph : a set of vertices  and a set of directed edges 


• Edge capacity  for edge 


• Flow function , source  sink 


- Valid flow:  & , 


• Maximum flow problem: find a flow  maximizes 

G = (V, E) V E

ce ∈ ℝ+ e ∈ E

f : E → ℝ+ s ∈ V, t ∈ V
∀e ∈ E, 0 ≤ f(e) ≤ ce ∀v ∈ V∖{s, t} ∑

e∈δin(v)

f(e) = ∑
e∈δout(v)

f(e)

f ∑
e∈δout(s)

f(e)

Flow Network
Maximum flow



Army Transportation



Flow Decomposition

• Theorem: Any -  flow can be decomposed into cycles and s-t paths.


• Constructive proof:


- While  has out flow: exists valid -  path since 


‣ find -  path ; let ; update 


- While exists flow: exists flow cycles since 


‣ find flow cycle , remove it as well

s t

s s t ∑
e∈δout(s)

f(e) = ∑
e∈δin(t)

f(e)

s t P ⊆ E δ(P) ≜ min
e∈P

fe ∀e ∈ P, fe ← fe − δ(P)

∑
e∈δin(v)

f(e) = ∑
e∈δout(v)

f(e), ∀v

P ⊆ E

Maximum flow consists of paths



Augmenting Path

• Theorem: Any -  flow can be decomposed into cycles and s-t paths.


• Any issue?

s t
Maximum flow consists of paths

Observation: 
implicit augmenting path

Residual graph

Greedy: let  be residual capacity


While exists -  path  with :

increase the flow in  by 


δ(P) ≜ min
e∈p

ce − fe

s t P δ(P) > 0
P δ(P)



Augmenting Path

• Theorem: Any -  flow can be decomposed into cycles and s-t paths.


• Residual graph  of  with capacity  and flow :

- for each  with , add  to  with 

- for each  with , add  to  with  

s t

Gf = (V, E′￼) G = (V, E) c f
e = (u, v) ∈ E ce > fe e E′￼ c′￼e = ce − fe
e = (u, v) ∈ E fe > 0 (v, u) E′￼ c′￼e′￼

= fe

Fixing with residual graph

Residual graph



Augmenting Path

• Theorem: Any -  flow can be decomposed into cycles and s-t paths.s t
Fixing with residual graph

Residual graph

Ford-Fulkerson: let  be residual capacity for path 

While exists -  path  with :


increase the flow  in  by 


δ(P) P
s t P ∈ G f δ(P) > 0

f P δ(P)



Ford-Fulkerson: let  be residual capacity for path 

While exists -  path  with :


increase the flow  in  by 


δ(P) P
s t P ∈ G f δ(P) > 0

f P δ(P)

The following statements are equivalent:


(1)  is a maximum flow


(2) There is no -  path  in  with 


(3) There is  such that cut

f

s t P G f δ(P) > 0

S, ¬S ⊆ V (S) = | f |

Proof strategy:

(1)⟹(2): proven by ¬(2)⟹¬(1)

(2)⟹(3): every edge is stuck 

(3)⟹(1): every flow is at most any cut



The following statements are equivalent:


(1)  is a maximum flow


(2) There is no -  path  in  with 


(3) There is  such that Cut

f

s t P G f δ(P) > 0

S, ¬S ⊆ V (S) = | f |

(2)⟹(3): Let  be set of vertices reachable in  from 

• Observation: 


- Every edge  with , then 

- Every edge  with , then 


• Otherwise  is reachable in  as well.

• By flow conservation:

S G f s

e = (a, b) ∈ E a ∈ S, b ∈ ¬S fe = ce
e = (b, a) ∈ E a ∈ S, b ∈ ¬S fe = 0

b G f

| f | = ∑
a ∈ S, b ∉ S

fa,b − ∑
a ∈ S, b ∉ S

fb,a = ∑
(a, b) ∈ E

a ∈ S, b ∉ S

ca,b = Cut(S)



The following statements are equivalent:


(1)  is a maximum flow


(2) There is no -  path  in  with 


(3) There is  such that Cut

f

s t P G f δ(P) > 0

S, ¬S ⊆ V (S) = | f |

(3)⟹(1):  for any 


• Proof by decomposition: decompose , keep only -  paths.


• Consider a path  with  flow. 

- Pass from  to 

- Uses  capacity of Cut  (backward is allowed)


•

| f | ≤ Cut(S) f, S

f s t
P p

S ¬S
≥ p (S)

| f | = ∑
P

p ≤ Cut(S)



Augmenting Path

• Time cost? Worst case.


• Naive Ford-Fulkerson algorithms takes  timeO( | f* | ⋅ m)

Ford-Fulkerson: let  be residual capacity for path 

While exists -  path  with :


increase the flow  in  by 


δ(P) P
s t P ∈ G f δ(P) > 0

f P δ(P)



• Theorem: Any -  flow can be decomposed into cycles and s-t paths.


• Greedy idea: adopt the “fattest” augmenting path


• Max flow , where  is the max flow in 


• By decomposition, exists a path  with flow , since  paths


• Convergence:  after  iterations. 

- #iterations . Might not converge for real capacity.

s t

| f* | = | f | + | f′￼| f′￼ G f

P ≥ | f′￼| /m ≤ m

| f′￼| ≤ | f* | (1 − 1/m)t t
= O(m log | f* | )

Augmenting Path
Greed

Ford-Fulkerson: let  be residual capacity for path 

While exists -  path  with :


increase the flow  in  by 


δ(P) P
s t P ∈ G f δ(P) > 0

f P δ(P)



• Greedy idea: adopt the “fattest” augmenting path


• Max flow , where  is the max flow in 


• By decomposition, exists a path  with flow , since  paths


• Convergence:  after  iterations. 

- #iterations . Might not converge for real capacity.


• Finding “fat” paths: binary search + BFS in  time

| f* | = | f | + | f′￼| f′￼ G f

P ≥ | f′￼| /m ≤ m

| f′￼| ≤ | f* | (1 − 1/m)t t
= O(m log | f* | )

O(m log | f* | )

Augmenting Path
Greed

Observation: 
augmenting fattest path 
results in thinner path

Ford-Fulkerson: let  be residual capacity for path 

While exists -  path  with :


increase the flow  in  by 


δ(P) P
s t P ∈ G f δ(P) > 0

f P δ(P)



• Greedy idea: for : while exists flow : augment


• Imagine residual graph  with 

- Any edge  is of capacity 

- All augmenting paths contribute 

- #flows in  is  by decomposition


• Inner loop repeats  times. Time cost 

i = ⌈log2 C⌉, …,0 | f | ≥ 2i

G f
i = (V, E′￼′￼, f ) E′￼′￼ ≜ {e ∈ E′￼ : ce ≥ 2i}

e ce ∈ [2i,2i−1)
≥ 2i

G f
i ≤ m

O(m) O(log2 C ⋅ m ⋅ m)

Augmenting Path
Greed + Scaling

Ford-Fulkerson: let  be residual capacity for path 

While exists -  path  with :


increase the flow  in  by 


δ(P) P
s t P ∈ G f δ(P) > 0

f P δ(P)

Observation: 
augmenting shortest path 
results in longer path



• Algorithm: keep finding shortest path, then augment


• Time cost?


- Path finding:  time.


- Path lengths: .


- #paths for each length: 


•  time in total

O(m)
1,…, n

≤ m

O(m2n)

Augmenting Path
Shortest augmenting [Dinitz, Edmonds-Karp]

Ford-Fulkerson: let  be residual capacity for path 

While exists -  path  with :


increase the flow  in  by 


δ(P) P
s t P ∈ G f δ(P) > 0

f P δ(P)

Observation: 
augmenting shortest path 
results in longer path



• Imagine the shortest -  paths in  by layers

- Forth edges:     edges between adjacent layers

- Side edges:      edges between the same layer

- Back edges:     edges from further layer to nearer layer

- Jumping edge: edge from nearer layer to non-adjacent further layer

s t G f

Augmenting Path
Shortest augmenting [Dinitz, Edmonds-Karp]

Observation: 
augmenting shortest path 
results in longer path



• Imagine the shortest -  paths in  by layers


• Augmenting removes  forth edges, and adds  back edges


• No jumping edge is added by augmenting

s t G f

≥ 1 ≥ 0

Augmenting Path
Shortest augmenting [Dinitz, Edmonds-Karp]

Observation: 
augmenting shortest path 
results in longer path



• Imagine the shortest -  paths in  by layers


• Augmenting removes  forth edges, and adds  back edges


• No jumping edge is added by augmenting


• Augmenting all shortest paths at one round: DFS only on forth edges.

s t G f

≥ 1 ≥ 0

Augmenting Path
Improving [Dinitz]

Observation: 
augmenting shortest path 
results in longer path



• Augmenting all shortest paths at one round: DFS only on forth edges.


- DFS:  time.


- Path lengths: .


•  time in total

O(nm)
1,…, n

O(n2m)

Augmenting Path
Improving [Dinitz]

Observation: 
augmenting shortest path 
results in longer path



Augmenting Path

Algorithms time type

Ford-Fulkerson O(𝓂𝑓) pseudo-polynomial

Scaling O(𝓂²㏑𝑓) wealy-polynomial

Edmonds-Karp 
Dinitz

O(𝓂²𝑛)

O(𝓂𝑛²)

strongly-polynomial

Polynomial time: in proportion to polynomial of , where  is the size of inputn n



Maximum Flow Problem



Multi-Source Multi-Sink
Input: A network  and capacity , with 
sources  and sinks .


Output: A maximum flow from  to  across .

G = (V, E) c : E → ℝ+

S = {s1, …, sn} T = {t1, …, tm}

S T G



Maximum Bipartite Matching
•A graph  is bipartite if  can be partitioned into  and , such that each 
edge connects a vertex in  and a vertex in .	

•A matching of a graph  is a subset , such that for each , at 
most one edge in  is incident on .	

•A maximum matching is a matching of maximum cardinality.	

•Problem: Find a maximum matching of a bipartite graph.

𝐺 = (𝑉, 𝐸) 𝑉 𝐿 𝑅
𝐿 𝑅

𝐺 = (𝑉, 𝐸) 𝑀 ⊆ 𝐸 𝑣 ∈ 𝑉
𝑀 𝑣



Maximum Bipartite Matching
Input: A bipartite graph .


Output: A maximum matching of a bipartite graph.

G = (L ∪ R, E)



(1):


• For each , let 


• For each , let 


•  is valid, and 

e = (u, v) ∈ M fsu = fe = fvt = 1

e = (u, v) ∉ M fe = 0

f | f | = |M |

Maximum Bipartite Matching

(1)  matching  of    flow  of  with 


(2)  flow  of    matching  of  with .

∃ 𝑀 𝐺 ⇒ ∃ 𝑓 𝐺′￼ 𝑓 = 𝑀

∃ 𝑓 𝐺′￼⇒ ∃ 𝑀 𝐺 𝑀 = 𝑓



(2): Let 


•  is a matching: 

- for any , ; for any , .


- Any  matches with at most one , so does any .


•

M ≜ {(u, v) ∈ E : u ∈ L, v ∈ R, fe > 0}

M
u ∈ L ∑

v∈δ(u)∖s

fuv ≤ 1 v ∈ R ∑
u∈δ(v)∖t

fuv ≤ 1

u ∈ L v ∈ R v ∈ R

|M | = | f |

Maximum Bipartite Matching

(1)  matching  of    flow  of  with 


(2)  flow  of    matching  of  with .

∃ 𝑀 𝐺 ⇒ ∃ 𝑓 𝐺′￼ 𝑓 = 𝑀

∃ 𝑓 𝐺′￼⇒ ∃ 𝑀 𝐺 𝑀 = 𝑓



#Disjont Paths
Input: A digraph  and source & sink .


Output: The maximum #edge-disjoint paths from  to 

G = (V, E) s, t ∈ V

s t



-  Min-Cuts t

Input: A digraph  and weights , and 
source & sink .


Output: The minimum cut whose removal disconnects .

G = (V, E) c : E → ℝ+

s, t ∈ V

s, t

The following statements are equivalent:


(1)  is a maximum flow


(2) There is no -  path  in  with 


(3) There is  such that cut

f

s t P G f δ(P) > 0

S, ¬S ⊆ V (S) = | f |



Global Min-Cut

Input: A digraph  and weights .


Output: The minimum cut whose removal disconnects 

G = (V, E) c : E → ℝ+

G

The following statements are equivalent:


(1)  is a maximum flow


(2) There is no -  path  in  with 


(3) There is  such that cut

f

s t P G f δ(P) > 0

S, ¬S ⊆ V (S) = | f |



Minimum-Cost Flow Problem (MCFP)

• Edge capacity . Flow cost .


• Flow function 

- Valid flow:  & , 


• MCFP: find a flow  minimizes  while maximizing 

ce ∈ ℝ+ ae ∈ ℝ+

f : E → ℝ+

∀e ∈ E, 0 ≤ f(e) ≤ ce ∀v ∈ V ∑
e∈δin(v)

f(e) = ∑
e∈δout(v)

f(e)

f ∑
e∈δout(s)

ae ⋅ f(e) ∑
e∈δout(s)

f(e)



Assignment Problem
Minimum-cost perfect matching



Minimum-Cost Flow Problem (MCFP)
Input: A digraph  and capacity & costs , 


and source , sink .


Output: A flow  minimizes  while maximizing 

G = (V, E) c, a : E → ℝ+

s t

f ∑
e∈δout(s)

ae ⋅ f(e) ∑
e∈δout(s)

f(e)

• An optimal solution be like: a maximum flow which cannot be improved

• An improvement be like: redirecting the flow with lower cost

• A redirection be like: 


- pushing backward a flow from  to , pushing forward a flow from  to t s s t



Minimum-Cost Flow Problem (MCFP)

• An optimal solution be like: a maximum flow which cannot be improved

• An improvement be like: redirecting the flow with lower cost

• A redirection be like: 


- pushing backward a flow from  to , pushing forward a flow from  to 

- a cycle in the residual graph

t s s t

• An improving redirection be like:

- a negative cycle in the residual graph



Minimum-Cost Flow Problem (MCFP)
Input: A digraph  and capacity & costs , 


and source , sink .


Output: A flow  minimizes  while maximizing 

G = (V, E) c, a : E → ℝ+

s t

f ∑
e∈δout(s)

ae ⋅ f(e) ∑
e∈δout(s)

f(e)

Cycle Canceling: 


While exists negative cycle in residual graph

cancel the negative cycle by redirecting


• An improving redirection be like:

- a negative cycle in the residual graph



Maximum Flow Is -CompleteP
Under log space reduction



Linear Programming



A Familiar Problem



minimize       


subject to

7x1 + 4x2

x1 + x2 ≥ 5
x1 + 2x2 ≥ 6
4x1 + x2 ≥ 8

x1, x2 ≥ 0

optimal point 


value

x1 = 1,x2 = 4

= 7 × 1 + 4 × 4 = 23



• General form:


• matrix ,   sets  and A = {aij}[m]×[n] M ⊆ [m] N ⊆ [n]

Linear Programming (LP)

minimize

subject to
cTx
aT

i x = bi

aT
i x ≥ bi

xj ≥ 0
xj unconstrained

i ∈ M
i ∈ M

j ∈ N
j ∈ N



Max-Flow
digraph:   G = (V, E)

capacity: 
source: s    sink: t

max

∀(u, v) ∈ E

∀u ∈ V \ {s, t}

s.t. 0 ≤ fuv ≤ cuv

c : E → R+

0/1

0/4

0/1

0/1

0/1

0/1

0/1

0/4

0/3

0/3
s t0/∞

fts

∀u ∈ V

�

u:(s,u)∈E

fsu

�

w:(w,u)∈E

fwu −
�

v:(u,v)∈E

fuv = 0≥ 0



Linear Programming (LP)

min
s.t.

cTx
aT

i x = bi

aT
i x ≥ bi
xj ≥ 0

xj unconstrained

i ∈ M
i ∈ M

j ∈ N
j ∈ N

General form:
Canonical form:

aT
i x = bi ⟹ {aT

i x ≥ bi

−aT
i x ≥ − bi

      where  xj unconstrained ⟹ xj = x+
j − x−

j {
x+

j ≥ 0
x−

j ≥ 0

⟹
min
s.t.

cTx
Ax ≥ b

x ≥ 0



Solvable in Polynomial Time
Canonical Form of Linear programming

min
s.t.

cTx
Ax ≥ b

x ≥ 0



• hyperplane:

subspace of dimension 





• (closed, affine) halfspace:





• convex polyhedron:

intersection of finitely many halfspaces


• convex polytope:  bounded convex polyhedron

n − 1
n

∑
j=1

ajxj = b

n

∑
j=1

ajxj ≥ b

Convex Polytopes



• A set  is convex if  for all  and . A 
convex body is a compact convex set.


• The convex hull of a set  is the smallest convex set .


• Affine subspace:  for  and .


• Convex polyhedron:  for , .


• Polytope: convex hull of a finite     bounded polyhedron


• Vertex: point  in a convex polyhedron  such that 
 s.t.  for all  with 


• Extreme point: a point  in a convex polyhedron  that cannot be 
expressed as a convex combination of any other 

S ⊆ ℝn λx + (1 − λ)y ∈ S x, y ∈ S λ ∈ [0,1]

S ⊆ ℝn ⊇ S
{x ∈ ℝn ∣ cTx ≥ b} c ∈ ℝn∖{0} b ∈ ℝ

{x ∈ ℝn ∣ Ax ≥ b} A ∈ ℝm×n b ∈ ℝm

V ⊆ ℝn ⟺

x P = {x ∈ ℝn ∣ Ax ≥ b}
∃c ∈ ℝn cTx < cTy y ∈ P y ≠ x

x P
y, z ∈ P

Convex Polyhedron



Convex Polyhedron

Proposition (vertex = extreme point):  

For nonempty convex polyhedron , 


 is a vertex   is an extreme point
P ∀x ∈ P :

x ⟺ x

Proposition (vertex as optimal solution):  

If the convex polyhedron  has a vertex and the 
LP  has an optimal solution, then there is an 

optimal solution that is a vertex.

{x ∈ ℝn ∣ Ax ≥ b}
min{cTx ∣ Ax ≥ b}

Proposition (existence of vertex):  

A convex polyhedron  has a vertex iff it does not contain a 
line, i.e. there’re no  s.t.  for all .

P
x, y ∈ ℝn x + λy ∈ P λ ∈ ℝ



Linear Programming (LP)

Canonical form:

aT
i x ≤ bi ⟹ {aT

i x + si = bi

si ≥ 0

⟹
min
s.t.

cTx
Ax ≥ b

x ≥ 0

min
s.t.

cTx

Ax = b
x ≥ 0

Standard form:

slack variable

A A′￼ = [ A I ]⟹



• Basis : a set of  linearly independent columns of 

• Basic solution :         and    


-    but not necessarily 

• Basic feasible solution (bfs): a basic solution satisfying 

B ⊆ [n] m A

x ∈ ℝn A[m]×BxB = b x[n]∖B = 0

⟹ Ax = b x ≥ 0
x ≥ 0

Basic Feasible Solutions (bfs)

min
s.t.

cTx

Ax = b
x ≥ 0

Standard form:

A ∈ ℝm×n

m = rank(A) ≤ n

b ∈ ℝm c ∈ ℝn

WLOG:

 is a bfs of the LP   

 is a vertex of the polyhedron 
x min{cTx ∣ Ax = b ∧ x ≥ 0} ⟺

x {x ∣ Ax = b ∧ x ≥ 0}



The Simplex Algorithm

min
s.t.

cTx

Ax = b
x ≥ 0

Standard form: WLOG:

Simplex Algorithm (Dantzig 1947):

start at a bfs ;

while  a neighboring bfs  with :


move to one of such ;

x
∃ x′￼ cTx′￼< cTx

x′￼

• Two bfs’s are neighbors if their bases share  columns of m − 1 A

• Stops at a local optima  a global optima (by convexity)⟹

A ∈ ℝm×n

m = rank(A) ≤ n

b ∈ ℝm c ∈ ℝn



Linear Programming (LP) Solvers
min
s.t.

cTx

Ax = b
x ≥ 0

• Dantzig’s simplex method [Dantzig ’47]:

- walks over polytope vertices along polytope edges

- exponential time in the worst case (Klee–Minty cube, 1972)

- poly-time in smoothed complexity [Spielman-Teng’01] 

• Solvable in (weakly) polynomial time:

- ellipsoid method [Khachiyan ’80] in  time


- interior-point methods [Karmarkar ’84] in  time [Vaidya ’89] and 
recently, in current matrix multiplication time [Cohen, Lee, Song ’19]  
[Jiang, Song, Weinstein, Zhang ’21]

O(n6)
O(n2.5)

A ∈ ℝm×n

m = rank(A) ≤ n

b ∈ ℝm c ∈ ℝn



Interior Point Method
Interior Point Method (Karmarkar 1984):

• keep the solution inside the polytope

• design penalty function so that the solution is not too close to the 

boundary

• the final solution will be arbitrarily close to the optimum solution



Ellipsoid Method

Ellipsoid Method (Khachiyan 1979):

• maintain an ellipsoid that contains the feasible region

• cut the ellipsoid in half, find smaller ellipsoid to enclose the half-ellipsoid, 

and repeat



Applications of Linear Programming

• Domain: computer science, mathematics, operations research, economics


• Types of problems: transportation, scheduling, clustering, network routing, 
resource allocation, facility location


• Research directions: 


- polynomial time exact algorithm


- polynomial time approximation algorithm


- sub-routines for the branch-and-bound method for integer programming


- other algorithmic models: online algorithm, distributed algorithms, dynamic 
algorithms, fast algorithms



Vertex Cover
v1 v2

v3

v4

e1 e3

e2

e4
e5 e6



Vertex Cover

Instance: An undirected graph .

Find the smallest  that intersects all edges.

G(V, E)
C ⊆ V

e1

e2

e3

e4

v1

v2

v3

v4e5

e6

incidence 
graph

set cover instance
with frequency =2

v1 v2

v3

v4

e1 e3

e2

e4
e5 e6



• NP-hard 

• -approximation by greedy set cover


• 2-approximation algorithm:


• [Khot, Regev 2008] Assuming the unique games conjecture, 
there is no poly-time -approximation algorithm.

ln(n)

(2 − ϵ)

Vertex Cover

Instance: An undirected graph .

Find the smallest  that intersects all edges.

G(V, E)
C ⊆ V

Find a maximal matching;

return the matched vertices;



• Integer Linear Program (ILP) for vertex cover:

Vertex Cover

Instance: An undirected graph .

Find the smallest  that intersects all edges.

G(V, E)
C ⊆ V

minimize

subject to

∑
v∈V

xv

∑
v∈e

xv ≥ 1,

xv ∈ {0,1},

e ∈ E

v ∈ V

linear objective function

linear 
constraints

integer 
domains

• Solving integer linear program is NP-hard.



• Linear Program (LP) relaxation:

Vertex Cover

Instance: An undirected graph .

Find the smallest  that intersects all edges.

G(V, E)
C ⊆ V

minimize

subject to

∑
v∈V

xv

∑
v∈e

xv ≥ 1,

xv ∈ {0,1},

e ∈ E

v ∈ V

• linear programs are solvable in polynomial time!

[ ] fractional 
domains



x ∈ ℤn

Integrality

min
s.t.

cTx
Ax ≥ b

LP-relaxation



• Integer Linear Program (ILP) for vertex cover:

Vertex Cover

Instance: An undirected graph .

Find the smallest  that intersects all edges.

G(V, E)
C ⊆ V

minimize

subject to

∑
v∈V

xv

∑
v∈e

xv ≥ 1,

xv ∈ {0,1},

e ∈ E

v ∈ V



•                              Minimum vertex cover of G(V, E)

minimize

subject to

∑
v∈V

xv

∑
v∈e

xv ≥ 1,

xv ∈ {0,1},

e ∈ E

v ∈ V

LP relaxation for

[ ]

LP Relaxation & Rounding:

find optimal solution  of LP relaxation;

round  to an feasible integral solution :

x* ∈ [0,1]V

x* ̂x ∈ {0,1}V

̂x v = {1 if x*v ≥ 0.5
0 otherwise



min

s.t.

∑
v∈V

xv

∑
v∈e

xv ≥ 1,

xv ∈ {0,1},

e ∈ E

v ∈ V[ ]

LP Relax & Round:

find OPT ;

round  to feasible integral :

x* ∈ [0,1]V

x* ̂x

̂x v = {1 if x*v ≥ 0.5
0 otherwise

• Soundness of rounded solution  (as a vertex cover):


        


• Approximation ratio:




̂x

∑
v∈e

x*v ≥ 1 ⟹ ∑
v∈e

̂x v ≥ 1

OPT = OPTInt ≥ OPTLP = ∑
v∈V

x*v

SOL = ∑
v∈V

̂x v

} ≤ 2x*v

≤ 2∑
v∈V

x*v ≤ 2OPT



• Modeling: Express the optimization problem as an Integer 
Linear Program (ILP).


• Relaxation: Relax the ILP to a Linear Program (LP).


• Solving: Find the optimal solution by an efficient LP solver.


• Rounding: Round the optimal solution to a feasible integral 
solution.


• Analysis: Prove that the rounded solution is not too far away 
from the optimal integral solution (usually by comparing with 
the optimal solution).

LP Relaxation & Rounding



x ∈ ℤn

Integrality Gap

min
s.t.

cTx
Ax ≥ b

integrality gap = sup
I

OPT(I)
OPTLP(I)



• minimum vertex cover of :G(V, E)

Integrality Gap

minimize

subject to

∑
v∈V

xv

∑
v∈e

xv ≥ 1,

xv ∈ {0,1},

e ∈ E

v ∈ V

• The 2-approx. LP-rounding algorithm shows integrality gap ≤ 2

Because the analysis compares the relaxed OPT with an integral feasible 
solution (output of the algorithm)

integrality gap = sup
I

OPT(I)
OPTLP(I)



• minimum vertex cover of :G(V, E)

Integrality Gap

minimize

subject to

∑
v∈V

xv

∑
v∈e

xv ≥ 1,

xv ∈ {0,1},

e ∈ E

v ∈ V

• For LP relaxation of vertex cover:   integrality gap 


• [Singh ’19]  int. gap on  =

= 2

G (2 −
2

χf(G) ) fractional 
chromatic number

integrality gap = sup
I

OPT(I)
OPTLP(I)



MAX-SAT



• CNF (Conjunctive Normal Form): conjunction ( ) of clauses


 


• Boolean variables: 


• Clause: disjunction ( ) of literals 


• literal:  or 


• Max-SAT:  NP-hard

∧

Φ = (x1 ∨ ¬x2 ∨ x3) ∧ (x1 ∨ x2 ∨ x4) ∧ (x3 ∨ ¬x4 ∨ ¬x5)

x1, x2, …, xn ∈ {𝚃, 𝙵}

∨

xi ¬xi

Max-SAT
Instance: A CNF formula .

Find an assignment  that maximizes the number 
of satisfied clauses.

Φ = C1 ∧ C2 ∧ ⋯ ∧ Cm

x ∈ {𝚃, 𝙵}n



• A clause  of  literals:





Cj = (ℓ1 ∨ ⋯ ∨ ℓk) kj

Pr[ Cj is satisfied ] = 1 − 2−kj

𝔼 [# of satisfied clauses] =
m

∑
j=1

Pr[ Cj is satisfied ]

Random Assignment
Instance: A CNF formula .

Find an assignment  that maximizes the number 
of satisfied clauses.

Φ = C1 ∧ C2 ∧ ⋯ ∧ Cm

x ∈ {𝚃, 𝙵}n

Random assignment:

each  is assigned a value from  
uniformly and independently at random

xi {𝚃, 𝙵}

≥
1
2

≥
m
2 ≥

1
2

OPT



• Boolean variables: 


• Clauses: 


• 


• 


 is satisfied  

x1, …, xn ∈ {0, 1}

Cj = (ℓ1 ∨ ⋯ ∨ ℓk)

S+
j = {i ∣ xi appears in Cj}

S−
j = {i ∣ ¬xi appears in Cj}

Cj ⟺ ∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ 1

Integer Program
Instance: A CNF formula .Φ = C1 ∧ C2 ∧ ⋯ ∧ Cm

Φ = (x1 ∨ ¬x2 ∨ x3) ∧ (x1 ∨ x2 ∨ x4) ∧ (x3 ∨ ¬x4 ∨ ¬x5)

xi = 1 ⟺ xi = 𝚃

= ⋁
i∈S+

j

xi ∨ ⋁
i∈S−

j

¬xi



Integer Program
Instance: Clauses , where for each clause :


,  
C1, ⋯, Cm Cj

S+
j = {i ∣ xi appears in Cj} S−

j = {i ∣ ¬xi appears in Cj}

maximize

subject to

m

∑
j=1

yj

xi ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

yj ∈ {0,1}

1 ≤ i ≤ n

1 ≤ j ≤ m



LP Relaxation
Instance: Clauses , where for each clause :


,  
C1, ⋯, Cm Cj

S+
j = {i ∣ xi appears in Cj} S−

j = {i ∣ ¬xi appears in Cj}

maximize

subject to

m

∑
j=1

yj

xi ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

yj ∈ {0,1}

1 ≤ i ≤ n

1 ≤ j ≤ m

]
]

[
[



Linear Randomized Rounding
Instance: Clauses , where for each clause :


,  
C1, ⋯, Cm Cj

S+
j = {i ∣ xi appears in Cj} S−

j = {i ∣ ¬xi appears in Cj}

maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

Linear  
rounding: ̂xi = {

1 with prob. x*i
0 with prob. 1 − x*i

(independently)



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

Linear  
rounding: ̂xi = {

1 with prob. x*i
0 with prob. 1 − x*i

(independently)

• OPT = OPTInt ≤ OPTLP

= 1 − ∏
i∈S+

j

(1 − x*i ) ∏
i∈S−

j

x*i

* * *

AM-GM

≥ 1 − (1 − y*j /kj)
kj

(  has  literals)Cj kj ≥ [1 − (1 − 1/kj)
kj] y*jJenssen’s inequality

≥ (1 − 1/e) y*j



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

Linear  
rounding: ̂xi = {

1 with prob. x*i
0 with prob. 1 − x*i

(independently)

•  


•

OPT = OPTInt ≤ OPTLP

Pr[ Cj is satisfied ] ≥ (1 − 1/e) y*j

𝔼[ SOL ] =
m

∑
j=1

Pr[ Cj is satisfied ] ≥ (1 − 1/e)
m

∑
j=1

y*j ≥ (1 − 1/e)OPT

= 1 − ∏
i∈S+

j

(1 − x*i ) ∏
i∈S−

j

x*i

= ∑m
j=1 y*j



• 


•

Pr[ Cj is satisfied ] ≥ (1 − (1 − 1/kj)kj) ⋅ y*j

Pr[ Cj is satisfied ] = 1 − 2−kj

maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

Linear  
rounding: ̂xi = {

1 with prob. x*i
0 with prob. 1 − x*i

(independently)

Random 
assignment: ̂xi = {1 with prob. 1/2

0 with prob. 1/2 (independently)

≥ (1 − 2−kj) ⋅ y*j ≥ (1 − 1/e) ⋅ y*j



(1 � 2�k)

(1 � (1 � 1/k)k)

average

3

4



Power of Two Choices
• Use random assignment to satisfy  clauses;

• Use linear rounding of LP relaxation to satisfy   clauses;

• Return the solution with more satisfied clauses.

M1

M2

𝔼 [ max{M1, M2} ] ≥ 𝔼 [ M1 + M2

2 ]
𝔼 [M1] ≥

m

∑
j=1

(1 − 2−kj) ⋅ y*j

𝔼 [M2] ≥
m

∑
j=1

(1 − (1 − 1/kj)kj) ⋅ y*j



(1 � 2�k)

(1 � (1 � 1/k)k)

average

3

4

(1 � 2�k) + (1 � (1 � 1/k)k)

2
� 3

4



Power of Two Choices

𝔼 [ max{M1, M2} ] ≥ 𝔼 [ M1 + M2

2 ]
𝔼 [M1] ≥

m

∑
j=1

(1 − 2−kj) ⋅ y*j

𝔼 [M2] ≥
m

∑
j=1

(1 − (1 − 1/kj)kj) ⋅ y*j

≥
3
4

m

∑
j=1

y*j ≥
3
4

OPT

• Use random assignment to satisfy  clauses;

• Use linear rounding of LP relaxation to satisfy   clauses;

• Return the solution with more satisfied clauses.

M1

M2



• This combined algorithm outputs a random solution that 
satisfies   clauses in expectation.


• Can this be achieved by a single algorithm?

≥
3
4

OPT

Max-SAT
Instance: A CNF formula .

Find an assignment  that maximizes the number 
of satisfied clauses.

Φ = C1 ∧ C2 ∧ ⋯ ∧ Cm

x ∈ {𝚃, 𝙵}n

• Use random assignment to satisfy  clauses;

• Use linear rounding of LP relaxation to satisfy   clauses;

• Return the solution with more satisfied clauses.

M1

M2



Non-Linear Rounding
Instance: Clauses , where for each clause :


,  
C1, ⋯, Cm Cj

S+
j = {i ∣ xi appears in Cj} S−

j = {i ∣ ¬xi appears in Cj}

maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][
Optimal fractional solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

Nonlinear  
rounding: ̂xi = {

1 with prob. f(x*i )
0 with prob. 1−f(x*i )

(independently)



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][
Optimal fractional solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

(independently)

= ∏
i∈S+

j

(1−f(x*i )) ∏
i∈S−

j

f(x*i )

Nonlinear  
rounding: ̂xi = {

1 with prob. f(x*i )
0 with prob. 1−f(x*i )

Suppose: for some 
c > 1

1 − c−x ≤ f(x) ≤ cx−1

Pr[ Cj is unsatisfied ]

≤ c
−(∑i∈S+

j
x*i + ∑i∈S−j

(1 − x*i ))
≤ c−y*j

* * *



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][
Optimal fractional solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

(independently)Nonlinear  
rounding: ̂xi = {

1 with prob. f(x*i )
0 with prob. 1−f(x*i )

Suppose: for some 
c > 1

1 − c−x ≤ f(x) ≤ cx−1
Pr[ Cj is unsatisfied ]

𝔼[ SOL ] ≥
m

∑
j=1

(1 − c−y*j ) ≥ (1−1/c)
m

∑
j=1

y*j ≥ (1−1/c)OPT

≤ c−y*j

Jenssen’s inequality



for  as large as possible
c > 1

∀x ∈ [0,1] : 1 − c−x ≤ cx−1

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0
4x−1

1 − 4−x

f(x)




is achieved at stationary point 

2/ c − 1 = min
0≤x≤1

cx−1 − 1 + c−x

x = 1/2



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][
Optimal fractional solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

(independently)Nonlinear  
rounding: ̂xi = {

1 with prob. f(x*i )
0 with prob. 1−f(x*i )

Suppose:

1 − 4−x ≤ f(x) ≤ 4x−1

Pr[ Cj is unsatisfied ]

𝔼[ SOL ] ≥
m

∑
j=1

(1 − 4−y*j ) ≥
3
4

m

∑
j=1

y*j ≥
3
4

OPT

≤ 4−y*j

Jenssen’s inequality



• Nonlinear rounding of LP-relaxation for Max-SAT satisfies 
  clauses in expectation.


• Easy-to-compute explicit rounding ?

≥
3
4

OPT

f( ⋅ )

Max-SAT

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0
4x−1

1 − 4−x

f(x)



Power of Two Choices

𝔼 [ max{M1, M2} ] ≥ 𝔼 [ M1 + M2

2 ] ≥
3
4

m

∑
j=1

y*j ≥
3
4

OPT

• Use random assignment to satisfy  clauses;

• Use linear rounding of LP relaxation to satisfy   clauses;

• Return the solution with more satisfied clauses.

M1

M2

average of two  
rounding schemes



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

(random assign.)
̂xi =

1 w.p.  1
2

0 w.p.  1
2

w.p.  1
2

{1 w.p. x*i
0 w.p. 1 − x*i

w.p.  1
2 (linear rounding)



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

̂xi =
1 with prob.  1

2 x*i + 1
4 = f(x*i )

0 with prob.  − 1
2 x*i + 3

4 = 1−f(x*i )

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0 4x−1

1 − 4−x

f(x) =
x
2

+
1
4



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

̂xi =
1 with prob.  1

2 x*i + 1
4 = f(x*i )

0 with prob.  − 1
2 x*i + 3

4 = 1−f(x*i )

= ∏
i∈S+

j
(−

1
2

x*i +
3
4 ) ∏

i∈S−
j

( 1
2

x*i +
1
4 )Pr[ Cj is unsatisfied ]

≤
1
kj ∑

i∈S+
j

(−
1
2

x*i +
3
4 ) + ∑

i∈S−
j

( 1
2

x*i +
1
4 )

kj

AM 
GM ≤ ( 3

4
−

y*j
2kj )

kj

* * *



maximize

subject to

m

∑
j=1

yj

xi, yj ∈ {0,1}

1 ≤ j ≤ m∑
i∈S+

j

xi + ∑
i∈S−

j

(1 − xi) ≥ yj

∀i, j][

Optimal solution:  ,  x* ∈ [0,1]n y* ∈ [0,1]m

̂xi =
1 with prob.  1

2 x*i + 1
4 = f(x*i )

0 with prob.  − 1
2 x*i + 3

4 = 1−f(x*i )

Pr[ Cj is satisfied ] ≥ 1 − ( 3
4

−
y*j
2kj )

kj

≥ 1 − ( 3
4

−
1

2kj )
kj

y*j

Jenssen’s inequality

≥
3
4

y*j

𝔼[ SOL ] ≥
3
4

m

∑
j=1

y*j ≥
3
4

OPT



• Randomized rounding of LP-relaxation for Max-SAT satisfies 
  clauses in expectation.


• It can be de-randomized via conditional expectation.


• The integrality gap of the LP-relaxation for Max-SAT is 3/4.


• Max-3SAT has a 7/8-approximation algorithm by rounding 
semidefinite programming (SDP) relaxation, and cannot have 
>7/8-approximation ratio in poly-time unless NP=P.

≥
3
4

OPT

Max-SAT
Instance: A CNF formula .

Find an assignment  that maximizes the number 
of satisfied clauses.

Φ = C1 ∧ C2 ∧ ⋯ ∧ Cm

x ∈ {𝚃, 𝙵}n



Duality



Vertex Cover
Instance:  An undirected graph G(V,E)
Find the smallest C ⊆ V that every edge has at least
one endpoint in C.

v1 v2

v3

v4

e1 e3

e2

e4

e1

e2

e3

e4

v1

v2

v3

v4e5

e6

incidence 
graph

instance of set cover
with frequency =2

e5 e6



Instance:  An undirected graph G(V,E)
Find the smallest C ⊆ V that every edge has at least
one endpoint in C.

Find a maximal matching M;
return the set C ={v: (u,v)∈M} of matched vertices;

e1

e2

e3

e4

v1

v2

v3

v4e5

e6

maximality C is vertex cover

matching |M| ≤ OPTVC

|C| ≤ 2|M| ≤ 2OPT

(weak duality)



Duality
e1

e2

e3

e4

v1

v2

v3

v4e5

e6

vertex cover:

matching:

variables
xv∈{0,1}

variables
ye∈{0,1}

constraints
∑v∈e xv ≥ 1

constraints
∑e∋v ye ≤ 1



Max-Flow

capacity: 
source: s    sink: t

max

∀(u, v) ∈ Es.t. 0 ≤ fuv ≤ cuv

c : E → R+

0/1

0/4

0/1

0/1

0/1

0/1

0/1

0/4

0/3

0/3
s t0/∞

fts

∀u ∈ V
�

w:(w,u)∈E

fwu −
�

v:(u,v)∈E

fuv

duv

pu ≥ 0

digraph:   G = (V, E)



Dual-LP

capacity: 
source: s    sink: t

min

∀(u, v) ∈ Es.t.

c : E → R+

0/1

0/4

0/1

0/1

0/1

0/1

0/1

0/4

0/3

0/3
s t0/∞

∀u ∈ V

�

(u,v)∈E

cuvduv

duv − pu + pv ≥ 0
ps − pt ≥ 1

∀(u, v) ∈ Eduv ≥ 0, pu ≥ 0duv, pu ∈ {0, 1}

digraph:   G = (V, E)



Duality
Instance:  graph G(V,E)

X

v2V

xv

X

v2e

xv � 1,

xv 2 {0, 1},

ye 2 {0, 1},

X

e3v

yv  1,

X

e2E

ye

minimize

subject to

maximize

subject to

8e 2 E

8v 2 V

8e 2 E

8v 2 V

primal:

dual:

vertex
covers

matchings



Duality for LP-Relaxation
Instance:  graph G(V,E)

X

v2V

xv

X

v2e

xv � 1,

X

e3v

yv  1,

X

e2E

ye

minimize

subject to

maximize

subject to

8e 2 E

8v 2 V

8e 2 E

8v 2 V

primal:

dual:

xv� 0,

ye� 0,



Estimate the Optima

7x1 + x2 + 5x3minimize

subject to

OPT  ≤ any feasible solution ≤

x1 − x2 + 3x3 ≥ 10

5x1 + 2x2 − x3 ≥ 6

x1, x2, x3 ≥ 0

x = (2, 1, 3)

30?

++

≤

=

16

16



Estimate the Optima

7x1 + x2 + 5x3

OPT  ≤

x1 − x2 + 3x3 ≥ 10

5x1 + 2x2 − x3 ≥ 6

x1, x2, x3 ≥ 0

++

≤

y1

y2

10y1 + 6y2

for any y1 + 5y2 ≤ 7
−y1 + 2y2 ≤ 1
3y1 − y2 ≤ 5

y1, y2 ≥ 0

minimize

subject to



Primal-Dual
7x1 + x2 + 5x3min

s.t.

x1, x2, x3 ≥ 0

10y1 + 6y2

y1 + 5y2 ≤ 7
−y1 + 2y2 ≤ 1
3y1 − y2 ≤ 5

y1, y2 ≥ 0

x1 − x2 + 3x3 ≥ 10
5x1 + 2x2 − x3 ≥ 6

max

s.t.

Primal

Dual ∀dual feasible 
≤primal OPT

LP ∈ NP∩coNP



c1 c2 cn

a11 a12 a1n

am1 am2 amn

Surviving Problem

price
vitamin 1

vitamin m

≥ b1

≥ bm

x1 x2 xnsolution:

healthy

minimize the total price while keeping healthy



c1 c2 cn

a11 a12 a1n

am1 am2 amn

price
vitamin 1

vitamin m

≥ b1

≥ bm

x1 x2 xnsolution:

healthy

minimize the total price while keeping healthy

min cTx

s.t. Ax ≥ b
x ≥ 0

Surviving Problem



c1 c2 cn

a11 a12 a1n

am1 am2 amn

LP Duality

price
vitamin 1

vitamin m

b1

bm

y1

ym

dual 
solution: healthy

min cTx

s.t. Ax ≥ b
x ≥ 0

Primal: Dual:

max bTy

s.t.

y ≥ 0

m types of vitamin pills, design a pricing system
competitive to n natural foods, max the total price

yTA ≤ cT



LP Duality

min cTx

s.t. Ax ≥ b
x ≥ 0

Primal: Dual:

max bTy

s.t. yTA ≤ cT

y ≥ 0

≥

Weak Duality:   

yTA    ≤ cTx x yTb ≤

Monogamy:  dual(dual(LP)) = LP

∀ feasible primal solution x and dual solution y 



LP Duality

min cTx

s.t. Ax ≥ b
x ≥ 0

Primal: Dual:

max bTy

s.t.

≥

Weak Duality Theorem:   

x yTb ≤
∀ feasible primal solution x and dual solution y 

cT

yTA ≤ cT

y ≥ 0



LP Duality

min cTx

s.t. Ax ≥ b
x ≥ 0

Primal: Dual:

max bTy

s.t.

Strong Duality Theorem:   

 y*Tb = cTx*

Primal LP has finite optimal solution x* 
iff dual LP has finite optimal solution y*.

yTA ≤ cT

y ≥ 0



Max-Flow
digraph:   D(V,E)
capacity: 

source: s    sink: t

max

∀(u, v) ∈ Es.t. 0 ≤ fuv ≤ cuv

c : E → R+

0/1

0/4

0/1

0/1

0/1

0/1

0/1

0/4

0/3

0/3
s t0/∞

fts

∀u ∈ V
�

w:(w,u)∈E

fwu −
�

v:(u,v)∈E

fuv ≤ 0

duv

pu



Dual-LP
digraph:   D(V,E)
capacity: 

source: s    sink: t

min

∀(u, v) ∈ Es.t.

c : E → R+

0/1

0/4

0/1

0/1

0/1

0/1

0/1

0/4

0/3

0/3
s t0/∞

∀u ∈ V

�

(u,v)∈E

cuvduv

duv − pu + pv ≥ 0
ps − pt ≥ 1

∀(u, v) ∈ Eduv, pu ∈ {0, 1}



min cTx
s.t. Ax ≥ b

x ≥ 0

Primal: Dual: max bTy
s.t. yTA ≤ cT

y ≥ 0

∀ feasible primal solution x and dual solution y 

 yTb ≤ yTA x ≤ cTx

Strong Duality 
Theorem

x and y are both optimal iff 

 yTb = yTA x = cTx

mX

i=1

biyi =
mX

i=1

0

@
nX

j=1

aijxj

1

A yi

nX

j=1

cjxj =
nX

j=1

 
mX

i=1

aijyi

!
xj

∀i:  either Ai· x = bi  or yi = 0
∀j:  either yTA·j = cj or xj = 0



min cTx
s.t. Ax ≥ b

x ≥ 0

Primal: Dual: max bTy
s.t. yTA ≤ cT

y ≥ 0

∀ feasible primal solution x and dual solution y 
x and y are both optimal iff 

∀i:  either Ai· x = bi  or yi = 0
∀j:  either yTA·j = cj or xj = 0

Complementary Slackness Conditions:

Complementary Slackness



min cTx
s.t.

Primal: Dual: max bTy

∀ feasible primal solution x and dual solution y 

∀i:  either Ai· x ≤ α bi  or yi = 0
∀j:  either yTA·j ≥ cj/β or xj = 0

Complementary SlacknessRelaxe
d

for α, β ≥ 1: 

cTx ≤ αβ bTy ≤ αβ OPTLP

nX

j=1

cjxj 
nX

j=1

 
�

mX

i=1

aijyi

!
xj  ↵�

mX

i=1

biyi

Ax ≥ b
x ≥ 0

s.t. yTA ≤ cT

y ≥ 0

= �
mX

i=1

0

@
nX

j=1

aijxj

1

A yi



min cTx
s.t.

x ∈ ℤ≥0

Primal IP:
Dual 

LP-relax: max bTy

Find a primal integral solution x and a dual solution y 

∀i:  either Ai· x ≤ α bi  or yi = 0
∀j:  either yTA·j ≥ cj/β or xj = 0

for α, β ≥ 1: 

cTx ≤ αβ bTy ≤ αβ OPTLP

Primal-Dual Schema

≤ αβ OPTIP

Ax ≥ b s.t. yTA ≤ cT

y ≥ 0



e1

e2

e3

e4

v1

v2

v3

v4e5

e6

vertex cover:

matching:

variables
xv∈{0,1}

variables
ye∈{0,1}

constraints
∑v∈e xv ≥ 1

constraints
∑e∋v ye ≤ 1

primal:

dual-relax:

X

v2V

xvmin

s.t.
X

v2e

xv � 1, 8e 2 E

xv 2 {0, 1}, 8v 2 V

X

e2E

yemin

s.t.
X

e3v

ye  1, 8v 2 V

ye � 0, 8e 2 E

∀e:  either ∑v∈e xv ≤ α or ye = 0
∀v:  either ∑e∋v ye = 1 or xv = 0

feasible (x, y) such that:

∀e:  ye > 0 ⟹ ∑v∈e xv ≤ α
∀v:  xv = 1 ⟹ ∑e∋v ye = 1



primal: dual-relax:
X

v2V

xvmin

s.t.
X

v2e

xv � 1, 8e 2 E

xv 2 {0, 1}, 8v 2 V

X

e2E

yemin

s.t.
X

e3v

ye  1, 8v 2 V

ye � 0, 8e 2 E

Initially x = 0,  y = 0;
while E ≠ ∅

pick an e ∈ E and raise ye until some v goes tight;
set xv = 1 for those tight v and delete all e∋v from E;

event:   “v is tight (saturated)” ∑e∋v ye = 1

every deleted e is incident to a v that xv = 1 
all edges are eventually deleted

o
∀e ∈ E:  ∑v∈e xv ≥ 1

x is feasible

∀e:  either ∑v∈e xv ≤ 2 or ye = 0
∀v:  either ∑e∋v ye = 1 or xv = 0

relaxed
complementary

slackness:

X

v2V

xv  2 ·OPT

to 1

v∈e



Initially x = 0,  y = 0;
while E ≠ ∅

pick an e ∈ E and raise ye until some v goes tight;
set xv = 1 for those tight v and delete all e∋v from E;

to 1

v∈e

Find a maximal matching;
return the set of matched vertices;

SOL ≤ 2 OPT
the returned set is a vertex cover



The Primal-Dual Schema
• Write down an LP-relaxation and its dual.

• Start with a primal infeasible solution x and a dual 
feasible solution y  (usually x=0, y=0).

• Raise x and y until x is feasible:
• raise y until some dual constraints gets tight yTA·j = cj ;

• raise xj (integrally) corresponding to the tight dual 
constraints.

• Show the complementary slackness conditions:

∀i:  either Ai· x ≤ α bi  or yi = 0
∀j:  either yTA·j = cj or xj = 0

cTx ≤ α bTy
≤ α OPT

min  cTx
s.t.   Ax ≥ b
        x ∈ ℤ≥0

max  bTy
s.t.   yTA ≤ cT

            y ≥ 0


