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Network Flow




Graph With Capamty
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» Digraph G = (V, E): a set of vertices V and a set of directed edges E

» Edge capacity ¢, € R" foredge e € E

_|_

» Flow functionf: E — |

- Valid flow: Ve € E,0 < fle) <c,&VvEV, ) fly= ) fle)

eco;, (v) eco,, (V)



Flow Network
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» Digraph G = (V, E): a set of vertices V and a set of directed edges E

» Edge capacity ¢, € R" foredge e € E

o Flow functionf: E — R™, sources € V, sinkt € V

_ Valid flow: Ve € E, 0 < fle) <c, & Vv € W\(s,1}, ), flo= ), fle)

eco;, (v) eco,, (V)
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» Digraph G = (V, E): a set of vertices V and a set of directed edges E

» Edge capacity ¢, € R foredge ¢ € E

o Flow functionf: E — R™, sources € V, sinkt € V
- Valid flow: Ve € E, 0 < f(e) < ¢, & Vv € V\{s, t}, Z fle) = Z f(e)
e, (v) e€d,,, (V)
. Maximum flow problem: find a flow f maximizes Z f(e)
eco,. ()



Army ITransportation

Assumplion:
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Flow Decomposition 6{@7/@\ (0
Maximum flow consists of paths 3 )3 @/2

 Theorem: Any s-f flow can be decomposed into cycles and s-t paths.

e Constructive proof:

- While s has out flow: exists valid s-7 path since Z fle) = Z f(e)

ees, (s) e€s, (1)

. find s-t path P C E: let 5(P) = minjf,; update Ve € P, f, < |, — o(P)

ecP

- While exists flow: exists flow cycles since Z fle) = Z fle), Vv

eco;, (v) eco,, (V)

> find flow cycle P C E, remove it as well



Augmenting Path

Maximum flow consists of paths

 Theorem: Any s-f flow can be decomposed into cycles and s-t paths.

Greedy: let 5(P) = min ¢, — J, be residual capacity
eEp

While exists s-f path P with o(P) > O:
increase the flow in P by o(P)

* Any issue?
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Augmenting Path

Fixing with residual graph
 Theorem: Any s-f flow can be decomposed into cycles and s-t paths.
» Residual graph Gy = (V, E') of G = (V, E) with capacity ¢ and flow f:

- foreache = (u,v) € Ewithc, > f,add eto E'withc, = ¢, —/,
- foreache = (u,v) € E withf, > 0, add (v, u) to £ with ¢, = J,




Augmenting Path

Fixing with residual graph

 Theorem: Any s-f flow can be decomposed into cycles and s-t paths.

Ford-Fulkerson: let 0(P) be residual capacity for path P
While exists s- path P € G/ with 6(P) > 0:
increase the flow fin P by o(P)
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Ford-Fulkerson: let 0(P) be residual capacity for path P
While exists s-f path P € G’ with 6(P) > O:
increase the flow fin P by o(P)

The following statements are equivalent:
(1) fis a maximum flow
(2) There is no s-t path P in G’ with 5(P) > 0

(3) There is S, =S C V such that cut(S) = | f]

S I
Proof strategy: g0 Py a)
(1)=(2): proven by —(2)=-(1) G)< \ - X?
(2)=(3): every edge. s stuck N N 4
(3)=(1): every flow is at most any cut Y - ey



The following statements are equivalent:

(1) / is a maximum flow
(2) There is no s-t path P in G/ with 6(P) > 0

(3) There is S, =S C V such that Cut(S) = | f]

(b)
ST
(2)=(3): Let S be set of vertices reachable in G’ from s G/?/ <
» Observation: N
2

¥

- Everyedgee = (a,b) € Ewitha € §,b € =5, thenf, = cea Ta)
- Everyedge e = (b,a) € Ewitha € §,b € =S, thenf, =0

. Otherwise b is reachable in G/ as well.

By flow conservation:

fl= Y fuw— D fra= D, Cup=CULS)

aeS,b&S aeS,b&S (a,b) EE
aeS,b& s




The following statements are equivalent:
(1) fis a maximum flow
(2) There is no s-t path P in G’ with 5(P) > 0

(3) There is S, =S C V such that Cut(S) = | f]

B)=1): |f| < Cut(S) forany f, S

 Proof by decomposition: decompose f, keep only s-f paths.

e Consider a path P with p flow.
- Pass from S to =S
- Uses 2> p capacity of Cut($) (backward is allowed)

+ If1= ), p < Cut(S)
P
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Augmenting Path

Ford-Fulkerson: let 0(P) be residual capacity for path P
While exists s- path P € G/ with 5(P) > 0:

increase the flow fin P by o(P)

e Time cost? Worst case.

» Naive Ford-Fulkerson algorithms takes O( | f* | - m) time



Augmenting Path
Greed

Ford-Fulkerson: let 0(P) be residual capacity for path P
While exists s- path P € G/ with 5(P) > 0:

increase the flow fin P by o(P)

 Theorem: Any s-f flow can be decomposed into cycles and s-t paths.

» (Greedy idea: adopt the “fattest” augmenting path

. Max flow |*| = |f| + | f'|, where fis the max flow in G/
« By decomposition, exists a path P with flow > |f"|/m, since < m paths

 Convergence: || < |f*|(1 — 1/m)" after t iterations.
- #iterations = O(mlog|f*|). Might not converge for real capacity.



Observation:
augmenting fattest path
results in thinner path

Augmenting Path
Greed

Ford-Fulkerson: let 0(P) be residual capacity for path P
While exists s- path P € G/ with 5(P) > 0:

increase the flow fin P by o(P)

* (Greedy idea: adopt the “fattest” augmenting path
. Max flow | f*| = |f| + ||, where f is the max flow in G/
« By decomposition, exists a path P with flow > |f'|/m, since < m paths

o Convergence: || < |f*|(1 — 1/m)" after t iterations.
- #iterations = O(mlog | f*|). Might not converge for real capacity.

» Finding “fat” paths: binary search + BFS in O(mlog| f*|) time



Observation:
augmenting shortest path
results in longer path

Augmenting Path

Greed + Scaling

Ford-Fulkerson: let 0(P) be residual capacity for path P
While exists s- path P € G/ with 5(P) > 0:
increase the flow fin P by o(P)

. Greedy idea: for i = [log, C], ...,0: while exists flow |f| > 2% augment

. Imagine residual graph Glf = (V,E".f)withE" = {e € E’: c, > 2')
- Any edge e is of capacity ¢, € [2:.21=1
- All augmenting paths contribute > 2!
- #flows in Glf is < m by decomposition

» Inner loop repeats O(m) times. Time cost O(log, C - m - m)



Observation:
augmenting shortest path
results in longer path

Augmenting Path

Shortest augmenting [Dinitz, Edmonds-Karp]

Ford-Fulkerson: let 0(P) be residual capacity for path P
While exists s- path P € G/ with 5(P) > 0:

increase the flow fin P by o(P)

» Algorithm: keep finding shortest path, then augment

* Time cost?
- Path finding: O(m) time.
- Path lengths: 1,...,n.
- #paths for each length: < m

. O(m?n) time in total



Observation:
augmenting shortest path
results in longer path

Augmenting Path

Shortest augmenting [Dinitz, Edmonds-Karp]

. Imagine the shortest s-7 paths in G/ by layers
- Forth edges: edges between adjacent layers
- Side edges:  edges between the same layer
- Back edges: edges from further layer to nearer layer
- Jumping edge: edge from nearer layer to non-adjacent further layer



Observation:
augmenting shortest path
results in longer path

Augmenting Path

Shortest augmenting [Dinitz, Edmonds-Karp]

* |magine the shortest s-f paths In G/ by layers

« Augmenting removes > 1 forth edges, and adds > O back edges
 No jumping edge is added by augmenting



Observation:
augmenting shortest path
results in longer path

Augmenting Path

Improving [Dinitz]

* |magine the shortest s-f paths In G/ by layers
« Augmenting removes > 1 forth edges, and adds > O back edges
 No jumping edge is added by augmenting

 Augmenting all shortest paths at one round: DFS only on forth edges.



Observation:
augmenting shortest path
results in longer path

Augmenting Path

Improving [Dinitz]

 Augmenting all shortest paths at one round: DFS only on forth edges.
- DFS: O(nm) time.
- Path lengths: 1,...,n.

. O(n’m) time in total



Augmenting Path

Ford-Fulkerson pseudo-polynomial

O(m?2In f) wealy-polynomial
- O(m?2
Edmor)d_s Karp (mn) strongly-polynomial
Dinitz O(mn?)

Polynomial time: in proportion to polynomial of n, where n is the size of input



Maximum Flow Problem

Method Year Complexity
Linear programming
Fard—Fulkerson algorithm 1955 Q(EU)
Edmonds—Karp algorithm 1970 O(VE?)
Dinic's algorithm 1970 O(_VQ E)
MKM (Malhotra, Kumar, Maheshwari) algorithm!] 1978 O(V7)
Dinic's algorithm with dynamic trees 1983 O(VElogV)
General push—relabel algorithm(?] 1986 O(V?E)
Push-relabel algorithm with FIFO vertex selection rule?] 1988 O(V*)

Push-relabel algorithm with maximum distance vertex selection rule® 1988 O(V*+/E)

V2
Push-relabel algorithm with dynamic treesl!?] 1988 O (I/'Elog - )
KRT (King, Rao, Tarjan)'s algorithm!*] 1994 O (I-" Elog & V)

Vieg V

- ‘) /e I‘) "72

Binary blocking flow algorithml®] 1998 O ( E - min{V**,EY*} . log — logU
James B Orlin's + KRT (King, Rao, Tarjan)'s algorithm!®! 2013 O(VE)
Kathuria-Liu-Sidford algorithml[”! 2020 | E4/3 o) r1/3
BLNPSSSW / BLLSSSW algorithm/®/°] 2020 O((E ~ V3*2)logU)
Gao-Liu-Peng algorithml 9] 2021 (j(]_;:— 3;3 log )
Chen, Kyng, Liu, Peng, Gutenberg and Sachdeva's algorithml' ! 2022 O(E'"M log U)

Bernstein, Blikstad, Saranurak, Tul'?! 2024 O(nz“(” log 1))



Multi-Source Multi-Sink

Input: A network G = (V, E) and capacity ¢ : £ = R™, with
sources §$ = {Sy,...,S,} andsinks T = {f,...,1}.

Output: A maximum flow from S to 7 across G.




Maximum Bipartite Matching

A graph G = (V, E) is bipartite if V' can be partitioned into L and R, such that each
edge connects a vertex in L and a vertex in R.

*A matching of a graph G = (V, E) is a subset M C E, such that for each v € V, at
most one edge in M is incident on v.

*A maximum matching is a matching of maximum cardinality.

*Problem: Find a maximum matching of a bipartite graph.



Maximum Bipartite Matching

Input: A bipartite graph G = (LUR, E).

Output: A maximum matching of a bipartite graph.




Maximum Bipartite Matching L

<

(1) d matching M of G = d flow f of G’ with f| = |M|

(2) d flow f of G'= 4 matching M of G with |M| = f|.

(1):
« Foreache = (u,v) e M,letf, =f,=/f,=1

» Foreache = (u,v) € M, letf, =0

 fisvalid,and |f| = | M|



Maximum Bipartite Matching L '\Vf?ﬁ

e ‘g'h
<

(1) 4 matching M of G = d flow f of G’ with f| = |M|

(2) d flow f of G'= 4 matching M of G with |M| = f|.

(2:LetM = {(u,v) EE:u€L,v €R,f, >0}

« M is a matching:

- foranyu € L, Z 1, < 1;forany v € R, Z I, <1

veo(u)\s ueo(v)\t
- Any u € L matches with at mostone v € R, so does any v € R.

(M| =[]



#Disjont Paths

Input: A digraph G = (V, E) and source & sink s, € V.

e

Output: The maximum #edge-disjoint paths from s to ¢

2
>

Source: 0 1 9

Destination: 7

~I>[7

(




s=t Min-Cut

Input: A digraph G = (V, E) and weights ¢ : £ — R™, and
source & sink s, € V.

Output: The minimum cut whose removal disconnects s, f.

The following statements are equivalent:

(1) fis a maximum flow
(2) There is no s-f path P in G/ with o(P) >0

(3) There is S, =S C V such that cut(S) = | f]




Global Min-Cut

Input: A digraph G = (V, E) and weights ¢ : £ - R™.

Output: The minimum cut whose removal disconnects G

The following statements are equivalent:

(1) fis a maximum flow
(2) There is no s-f path P in G/ with o(P) >0

(3) There is S, =S C V such that cut(S) = | f]




Minimum-Cost Flow Problem (MCFP)

» Edge capacity ¢, € R™. Flow cost a, € |

_|_

» Flow functionf: E — |

_ Valid flow: Ve € E,0 < fle) <c,&VvEV, ) fly= ) fle)

e€s. (v) e€d, (V)
. MCFP: find a flow f minimizes Z a, - f(e) while maximizing Z f(e)

e€o,,(S) e€o,,(S)



Assignment Problem

Minimum-cost perfect matching

men jobs
Given matrix of costs 1 }
Task 4 4

Worker | | /" 5

Al 8 4 7 )

Baba [5 2 3 >

Curi (9 6 7 & 7 .
Durian (9 4 8 J ‘

Make square with dummy column. 5
Subtract minimum for each column: 8
& 2




Minimum-Cost Flow Problem (MCFP)

Input: A digraph G = (V, E) and capacity & costs c,a : E — R™,

and source s, SIink f.

Output: A flow fminimizes )" a, - f(e) while maximizing )" f(e)

e€o0,,S) e€o0,,(S)

* An optimal solution be like: a maximum flow which cannot be improved
 An improvement be like: redirecting the flow with lower cost

* A redirection be like:
- pushing backward a flow from 7 to s, pushing forward a flow from s to ¢



An optimal solution be like: a maximum flow which cannot be improved
An improvement be like: redirecting the flow with lower cost

A redirection be like:

- pushing backward a flow from ¢ to s, pushing forward a flow from s to ¢
- a cycle in the residual graph

An Improving redirection be like:
- a negative cycle in the residual graph



Minimum-Cost Flow Problem (MCFP)

Input: A digraph G = (V, E) and capacity & costs c,a : E — R™,

and source s, SIink f.

Output: A flow fminimizes )" a, - f(e) while maximizing )" f(e)

e€o0,,S) e€o0,,(S)

* An Improving redirection be like:
- a negative cycle in the residual graph

Cycle Canceling:

While exists negative cycle in residual graph
cancel the negative cycle by redirecting




Maximum Flow Is P-Complete

Under log space reduction

EXPSPACE

recognizable
decidable
EXPTIME
EXPSPACE
PSPACE = NPSPACE = IP EXPTIM
PSPACE=NPSPACE




Linear Programming

4
IAAY = 4
N/ (1,2)
5 )
\\ 1 / 7(+3)’:7
75 / X
() »\4; ﬂ}z 5 7
N xry=3



A Familar Problem
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3
)

minimize  7x; + 4x,

subjectto  x; +x, > 5
x;+2x,>6

dx; +xy > 8

X1, Xy = 0

optimal pointx; = 1,x, =4

— N W R Ot Sy~ 0 ©

value=7X1+4x4 =723




Linear Programming (LP)

e General form:

o matriX A = {a;},xny S€IS M C [m] and N C [n]

-~

minimize

subject to

\

ch

T, _

a x =b,

a'x > b,
x; 2 0

X; unconstrained

e M
ieM
jEN

jEN/




Max-Flow

digraph: G = (V, E) source: s  sink:?

capacity: c: F — R™T /1
@ @
0/1 0/1
0/3
(S, (D
0/3
MaX E Fou 0/4 o ~ 0/4
u:(s,u)ekl 0/1
St 0< fuv < Cun V(u,v) € E

Y fou— ¥ fuw 20 VUEV\{st}

w:(w,u)eER vi(u,v)eEFR



Linear Programming (LP)

General form:

f \ Canonical form:
min ¢'x ~ ™
S.1. al-Tx = bi ieM min ch
a;x > b ieM = st Ax>b
X2 0 JEN x>0
K x;unconstrained  j € Nj \_ /
- a'x > b,
ax=»>b — .
—a; x > — b,

_|_
X

Aj

>
J J >

X:unconstrained — x. = xj+ — xj_ where{



Solvable in Polynomial Time

Canonical Form of Linear programming

min c¢'x
st. Ax>b
x>0
Algorithm Theory Practice

Simplex Method Exponential Time | Works Well

Ellipsoid Method Polynomial Time Slow

Internal Point Methods | Polynomial Time | Works Well




Convex Polytopes

* hyperplane:

subspace of dimension n -1

n

D, ax="b

j=1

* (closed, affine) halfspace:

n

D 452 b

j=1

e convex polyhedron:

intersection of finitely many halfspaces

* convex polytope: bounded convex polyhedron



Convex Polyhedron

e AsetScR*iIsconvexif ix+(1-A)yeSforallx,yeSandie][0,1]. A
convex body is a compact convex set.

* The convex hull of a set § C R" is the smallest convex set D S.
* Affine subspace: {x e R" | c'x > b} for c € R"\{0} and » € R.
 Convex polyhedron: {x € R" | Ax > b} for A € R™", b € R™.

* Polytope: convex hull of a finite Vc R" < bounded polyhedron

* Vertex: point x In a convex polyhedron P = {x € R" | Ax > b} such that
JceR"S.t. clx<clyforallye Pwith y £ x

« Extreme point: a point x in a convex polyhedron P that cannot be
expressed as a convex combination of any othery,z € P



Convex Polyhedron

Proposition (existence of vertex):

A convex polyhedron P has a vertex iff it does not contain a
line, I.e. there’re no x,y e R” s.t. x+ 1y € P for all 1 € R.

Proposition (vertex = extreme point):

For nonempty convex polyhedron P, Vx € P :
x IS a vertex < x Is an extreme point

Proposition (vertex as optimal solution):

If the convex polyhedron {x € R" | Ax > b} has a vertex and the
LP min{c'x | Ax > b} has an optimal solution, then there is an
optimal solution that is a vertex.




Linear Programming (LP)

Canonical form: Standard form:
g min c¢'x - - min c¢'x -
st. Ax>Db — st. Ax=0»>b
5 x>0 y . x>0 y

T —
a x+s; = b
s; >0
slack variable

A = A'=|Al

a'x <b, = {



Basic Feasible Solutions (bfs)

Standard form;: WLOG:
4 N
min c¢'x A € RM™X"n
s.t. Ax=0b beR" ceR”
5 x>0 y m =rank(A) <n

* Basis B C [n]: a set of m linearly independent columns of A

» Basic solutionxeR" A, zxz=b and x,,;=0

- —> Ax = b but not necessarilyx > ()
* Basic feasible solution (bfs): a basic solution satisfying x > 0

x is a bfs of the LP min{¢'x [Ax =bAx >0} =
x 1S a vertex of the polyhedron {x | Ax =b Ax > 0}




The Simplex Algorithm

Standard form;: WLOG:
4 N
min c¢'x A € RM™X"n
s.t. Ax=0b beR" ceR”
5 x>0 y m =rank(A) <n

* Two bfs’s are neighbors if their bases share m — 1 columns of A

Simplex Algorithm (Dantzig 1947):

start at a bfs x;
while 3 a neighboring bfs x’ with ¢'x’ < ¢'x:
move to one of such x’;

* Stops at a local optima = a global optima (by convexity)



Linear Programming (LP) Solvers

Kmin clx - A € R™
s.t. Ax=0b beR™ ceR”
> — <
. x_OJ m =rank(A) < n

* Dantzig’s simplex method [Dantzig *47]:
- walks over polytope vertices along polytope edges
- exponential time in the worst case (Klee-Minty cube, 1972)

- poly-time in smoothed complexity [Spielman-Teng’01]
o Solvable in (weakly) polynomial time:
- ellipsoid method [Khachiyan *80] in O(n°) time

- Interior-point methods [Karmarkar ’84] In O(n2'5) time [Vaidya ’89] and
recently, in current matrix multiplication time [Cohen, Lee, Song *19]
[Jiang, Song, Weinstein, Zhang °21]



Interior Point Method

Interior Point Method (Karmarkar 1984):

* keep the solution inside the polytope

* design penalty function so that the solution is not too close to the
boundary

* the final solution will be arbitrarily close to the optimum solution




Ellipsoid Method

Ellipsoid Method (Khachiyan 1979):

* maintain an ellipsoid that contains the feasible region

e cut the ellipsoid in half, find smaller ellipsoid to enclose the half-ellipsoid,
and repeat




Applications of Linear Programming

 Domain: computer science, mathematics, operations research, economics

* [ypes of problems: transportation, scheduling, clustering, network routing,
resource allocation, facility location

e Research directions:

polynomial time exact algorithm
polynomial time approximation algorithm
sub-routines for the branch-and-bound method for integer programming

other algorithmic models: online algorithm, distributed algorithms, dynamic
algorithms, fast algorithms



Vertex Cover




Vertex Cover

Instance: An undirected graph G(V, E).
Find the smalllest C ¢ v that intersects all edges.

>

incidence
graph

ORORONORONG
SERNIES)

set cover instance
with frequency =2



Vertex Cover

Instance: An undirected graph G(V, E).
Find the smalllest C ¢ v that intersects all edges.

e NP-hard

* In(n)-approximation by greedy set cover

e 2-approximation algorithm:

Find a maximal matching;
return the matched vertices;

e [Khot, Regev 2008] Assuming the unique games conjecture,
there Is no poly-time (2 — e)-approximation algorithm.



Vertex Cover

Instance: An undirected graph G(V, E).

Find the smalllest C ¢ v that intersects all edges.

* Integer Linear Program (ILP) for vertex cover:

minimize

>

subject to Z x, > 1,

vee

A= )

. welol) vev

* Solving integer linear program is NP-hard.

X, linear objective “f:]»\:&ion

Linear
cownskrainks

im&egﬁr
domains



Vertex Cover

Instance: An undirected graph G(V, E).
Find the smalllest C ¢ v that intersects all edges.

* Linear Program (LP) relaxation:

-

minimize
subject to

\_

2

veV

2

vee

~

Xy

x, > 1, e € E

xve [091]9 V & V/

® |inear programs are solvable in polynomial time!

fractional
domains



Integrality

L P-relaxation



Vertex Cover

Instance: An undirected graph G(V, E).
Find the smalllest C ¢ v that intersects all edges.

* Integer Linear Program (ILP) for vertex cover:

-

minimize

subject to




 LP relaxation for Minimum vertex cover of G(V, E)

4 5 O

minimize X,
veV

subject to va > 1, e €Lk
vee

K X, € [0,1], vV E Vj

LP Relaxation & Rounding:

find optimal solution x* & [O,I]V of LP relaxation;
round x* to an feasible integral solution x € {0,1}":

- _{1 Iif x* > 0.5
' 0 otherwise




\_

vee

Cnin va

s.t. va > 1,
X, € [O,l], vV E U

™

e ek

LP Relax & Round:

find OPT x* € [0,1]";
round x* to feasible integral x:

- _{1 if x> 0.5 }
' 0 otherwise

< 2xF

 Soundness of rounded solution x (as a vertex cover):

* Approximation ratio:

vevV

SOL=Z5c\v SZZ)CCK < 20PT

veV

veV



LP Relaxation & Rounding

 Modeling: Express the optimization problem as an Integer
Linear Program (ILP).

 Relaxation: Relax the ILP to a Linear Program (LP).
» Solving: Find the optimal solution by an efficient LP solver.

 Rounding: Round the optimal solution to a feasible integral
solution.

* Analysis: Prove that the rounded solution is not too far away
from the optimal integral solution (usually by comparing with
the optimal solution).



Integrality Gap




Integrality Gap

e MinNimum vertex cover of G(V, E):

-

~

minimize Z X,

vevV
subject to va > 1, e € E

vee

K x, € {0,1}, vEV/
iIntegrality gap o
= sup
1 OPTp(1)

 The 2-approx. LP-rounding algorithm shows integrality gap < 2

Because the analysis compares the relaxed OPT with an integral feasible
solution (output of the algorithm)



Integrality Gap

e MinNimum vertex cover of G(V, E):

-

minimize
subject to

\_

2

vevV

2

vee

~

Xy

x, > 1, e € E

XVE{O,I}, VEV/

iIntegrality gap = sup

OPT(])
; OPTyp(/)

* For LP relaxation of vertex cover. integrality gap =2

+ [Singh’19] int. gap on G = (2 N

fractional
chromabtic number




(x ORy OR z) AND (x ORYy OR z) AND
(x ORy OR z) AND (x ORy OR z) AND

(x ORy OR z) AND (x ORY OR 2)



Max-SAT

Instance: A CNF formula ® =C,AC, A --AC,,

Find an assignment x € {T,F}" that maximizes the number
of satisfied clauses.

 CNF (Conjunctive Normal Form): conjunction (A) of clauses
D=0 VX% VX)AX VXV AKXV XV Xs5)

 Boolean variables: x,,x,,...,x, € {T,F)}

* Clause: disjunction (v) of literals

 literal: x; or —x

e Max-SAT: NP-hard



Random Assignment

Instance: A CNF formula ® =C,AC, A --AC,,

Find an assignment x € {T,F}" that maximizes the number
of satisfied clauses.

Random assignment:

each x, Is assigned a value from {T,F}
uniformly and independently at random

» Aclause C; = (£} V -+ V £) of k; literals:

|
Pr| C] is satisfied | = 1 — 27K > )
|
2

OPT

m
m
- | # of satisfied clauses| = Z Pr| C] is satisfied | > > >
J=1



Integer Program

Instance: A CNF formula® =C,AC,A--AC

ml

(I) — (xl V _'.X2 VX3) AN (xl V.X2 VX4) AN (.X3 V _'.X4 V _'XS)

 Boolean variables: x(,...,x, € (0,1} x,=1 < x, =T
» Clauses: C; = (£, V --- V&) = \/xiV \/ X

N . | ieS;’ iES;
o S] = 11| x; appears in C;

. O = {l | —.x; appears in C}}

C; is satisfied <= Z X; + Z (1—x)2>1

° _|_ . —_—
16% IE%



Integer Program

Instance: Clauses C,, -+, C,, where for each clause C:;.
S].Jr = {i | x appears in C]}, S = {i | —x; appears in CJ}

-

. . m
maximize
Y
j=1

subject to in+2(1—xi)2yj 1<j<m

. _I_ . —_
lESj lESj

x€{0,1}  1<i<n

k y; € {0,1) 1§j§ny




LP Relaxation

Instance: Clauses C,, -+, C,, where for each clause C:;.
S].Jr = {i | x appears in C]}, S = {i | —x; appears in CJ}

. . m
mMaximize
Y
j=1

subject to in+2(1—xi)2yj 1 <j<m




Linear Randomized Rounding

Instance: Clauses C,, -+, C,, where for each clause C:;.

+_ ] . — ] —1X. . .
Sj —{l|xl-appearsm CJ}, S; —{zl X appears in C]}

. . m
maximize
Y
j=1

subjectto M x+ Y (1-x)2y, 1<j<m
ieSj+ IES;

x;,y; € [0,1] Vi,j

Optimal solution: x* € [0,1]", y* € [0,1]"

Linear 1 with prob. x*
rounding: = o with prob. 1 —x*

(independently)




n n m
mMaximiZze
Y
j=1

subjectto ' i+ ) (1-x) 2y | 1<j<m
Jes; ie§ o
Optimal solution: x* € [0,1]", y* € [0/1]™
- " >k |
Llng_ar s 1 W!th prob. x; ((independently)
rounding. ™ 0 with prob. 1 —x |
k.
— 1 _ ok % /
=t-Jla-o]]= 21— (1-y)
IS\ i€S;
(C; has &, literals) Jenssen’s inequality > |1 — (1 — 1/k;

> (1 — l/e)yj>l<



. . m
mMaximize
Y
j=1

subjectto M x+ Y (1-x)2y, 1<j<m
ieS;’ iES;

x;,y; € 10,1} Vi,j

Optimal solution: x* € [0,1]", y* € [0,1]"

. (independently)
rounding: 0 with prob. 1 — x

Linear {1 with prob. x*

. OPT = OPT,,, < OPT;p= X ¥}

° Pr[Cjis satisfied | — 1 — H (1 _xi*) l_Ixi>I< > (1 —1/e)y*
J

. _|_ . —_—
16% 16%

[SOL] = Z Pr[ C; is satisfied] > (1 - 1/e) ) y* > (1 = 1/e)OPT

j=1 J=1



[ ] [ ] m
mMaximize
Y
j=1

subjectto N x+ Y (1-x)2y, 1<j<m
ieS;’ iES;

x;,y; € {0,1} Vi,j

Optimal solution: x* € [0,1]", y* € [0,1]"

Linear 1 with prob. x* .
roulnding' X = | P (independently)
- 0 with prob. 1 — x*
e Pr[Cjissatisfied ] > (1 = (1 = 1/k)") - y?
Random . |1 withprob. 1/2 |
assignment: o {O with prob. 1/2 (independently)

° Pr[C}-is satisfied | = 1 — 27k > (1 — )~ j) . yj* > (1 —_ 1/6) . yj*



|
randomized rounding
~___Hipping coins

-

-7 average

-
-

.
- ———
- ——
— -

2 oo o6 009 o eae

(1—(1—1/k)")
0.6 | _
0.5 i ' '
1 4 .

=~ o



Power of Two Choices

 Use random assignment to satisfy M, clauses;
* Use linear rounding of LP relaxation to satisfy M, clauses;
e Return the solution with more satisfied clauses.

M, + M,

= [max{M,,M,} | > E

vV

= | M)

i(l—(l—l/k)") y



|
randomized rounding ————==--

~____flipping coins -------
T average -

e - A MW m e AR - -a-
> o @& e o0 »= 8

/
05{ l l | |

-
)\
W
D
($))
(@)

=~ QO



Power of Two Choices

 Use random assignment to satisfy M, clauses;
* Use linear rounding of LP relaxation to satisfy M, clauses;
e Return the solution with more satisfied clauses.

M, + M,

= [max{M,,M,}| > E >~

3 & 3
> — Z yj* > ZOPT
j=1

= [Ml

IV
T M§
/\
\/

AV

= | M)

i(l—(l—l/k)k> y



Max-SAT

Instance: A CNF formula ® =C,AC, A --AC,,

Find an assignment x € {T,F}" that maximizes the number
of satisfied clauses.

* Use random assignment to satisfy M, clauses;
* Use linear rounding of LP relaxation to satisfy M, clauses;
* Return the solution with more satisfied clauses.

* This combined algorithm outputs a random solution that

. g 3 . .
satisfies ZZOPT clauses In expectation.

e Can this be achieved by a single algorithm?



Non-Linear Rounding

Instance: Clauses C,, -+, C,, where for each clause C:;.

+_ ] . — ] —1X. . .
Sj —{l|xl-appearsm C]}, S; —{zl X appears in C]}

. . m
maximize
Y
j=1

subjectto M x+ Y (1-x)2y, 1<j<m
ieS;r IES;

Xy € 10,1} Vi)
Optimal fractional solution: x* € [0,1]", y* € [0,1]™

Nonlinear {1 with prob. f(x)

. Independent]
) 0 with prob. 1—/(x¥) indep 4

rounding: ™




[ | [ | m
mMaximize
Y
j=1

subjectto |

DETNECETE

eSS ies

\N

Nonlinear . 1 with prob. f(x*) | \
= (independent

rounding: * =~ Y 0 with prob. 1—f(x)

Pr[ C; is unsatisfied | = | [ a—r) | | /o)

. + . —_—
zESj ZESJ-

Suppose: for some ¢ > 1
PP _<zieS'."xi* + Qs (1= X7)
] — Sf(x) < Cx—l S C J J

< Vi




[ ] [ ] m
mMaximize
Y
j=1

subjectto M x+ Y (1-x)2y, 1<j<m
ieS;’ iES;

x;,y; € [0,1] Vi,J
Optimal fractional solution: x* €[0,1]%, y* € [0,1]™

Nonlinear , {1 with prob. f(x;*)

. . iIndependentl
ounding: =\ 0 with prob. 1—fix) 1o PenAenty)

- f : . ik
Suppose: for some ¢ > 1 Pr[ C; Is unsatisfied | < c¢™

l—c™*< flx) < ™!

Jenssen’s inequality

1soL1> Y (1-c) 20103y 2 (-1/00PT
=1

j=1



1.0

0.8

0.6

0.4

02

-
-
-
-
-
-
-
‘!
-

for ¢ > 1 as large as possible

Vx € [0,1]:

-
L d
-
-
-
-
-
‘f
-

-
-
-
-
-
-
L d
-
L d
-
-
-
-
-
‘f
-

-
-
-
-
-
-
-
Py -
-

| — < Cx—l

2/\/2 — 1= min ¢ 1=14+¢7*

0<x<1

IS achieved at stationary point x = 1/2

0.2

0.4

0.6

0.8

1.0



n n m
mMaximiZze
Z Y
~

subjectto M x+ Y (1-x)2y, 1<j<m
ieS;’ iES;

x;,y; € [0,1] Vi,J

Optimal fractional solution: x* €[0,1]%, y* € [0,1]™

Nonlinear , {1 with prob. f(x;*)

. — iIndependentl
rounding: ™ 0 with prob. 1—7(x) indep )

Suppose: Pr[ is unsatisfied] <47

1 —47* < flx) < 41

Jenssen’s mequallty

[ SOL] > i(l— A7) Zy > ~oPT




1.0

“ x
“
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“
“
-
-
“
"

08

06

‘f
‘4
-

‘f
‘4
-

= s”
-
-
-
-
O 2 “
- “
s”
s”
-

0.2 0.4 0.6 0.8 1.0

* Nonlinear rounding of LP-relaxation for Max-SAT satisfies

3 . .
> ZOPT clauses In expectation.

* Easy-to-compute explicit rounding 7(-)?



Power of Two Choices

 Use random assignment to satisfy M, clauses;
* Use linear rounding of LP relaxation to satisfy M, clauses;
e Return the solution with more satisfied clauses.

average of two
rounding schemes



. . m
mMaximize
Y
j=1

subjectto M x+ Y (1-x)2y, 1<j<m
ieS;’ iES;

x;,y; € [0,1] Vi,J
Optimal solution: x* € [0,1]", y* € [0,1]"

1
1 w.p. > | |
w.p. - (random assign.)

0 w.p. %

<>
|

1 w.p. x* |
0 w.p.1—ux* W.p. 5 (linear rounding)




0.2

1.0
08
06

04

[ | [ | m
maximize
Y
j=1

| — 47

0.2 0.4

0.6

0.8

1.0




maximize

subjectto Al

|

1 with prob. —x* + — = f(x¥)

S0
|

0 with prob. — Exl* + = = 1—f(x¥)

Pr[ C; Is unsatistied | = 11 (——X* i) 11 (%x* +%>

lES+ €S

AM 1

k
1 3 1 1 3 Y\ S
< |- ——x+— |+ —X* + — < o
GM = | & 2( 2" 4) Z(le 4) (4 2kj>

. _I_ —_—
J i€S; i€,




. . m
mMaximize
Y
j=1

subject to

P
ZESJ-

zESj_

in+2(1—xi)2yj 1 <j

x;,y; € [0,1] Vi,J

Optimal solution: x* € [0,1]", y* € [0,1]"

1 with prob. %xi* +% = f(x*)

0 with prob. — %xi* +% = 1—-/(x")

Pr[ C, IS satisfied] > 1 - (3

v

4

2%

J=1

) 2G5

Jenssen’s inequality

[ SOL >3 3 >I<>30PT

A

y*



Max-SAT

Instance: A CNF formula ® =C,AC, A --AC,,

Find an assignment x € {T,F}" that maximizes the number
of satisfied clauses.

 Randomized rounding of LP-relaxation for Max-SAT satisfies

3 . .
> ZOPT clauses In expectation.

* |t can be de-randomized via conditional expectation.
* The integrality gap of the LP-relaxation for Max-SAT is 3/4.

« Max-3SAT has a 7/8-approximation algorithm by rounding
semidefinite programming (SDP) relaxation, and cannot have
>(/8-approximation ratio in poly-time unless NP=P.



Primal Problem
(P)

Dual Problem
(D)




Vertex Cover

Instance: An undirected graph G(V,E)

Find the smallest C C V that every edge has at least
one endpoint in C.

vy

> o
incidence v3
graph

instance of set cover
with frequency =2




Instance: An undirected graph G(V,E)

one endpoint in C.

Find the smallest C C V that every edge has at least

Find a maximal matching M,

return the set C ={v: (u,v)e M} of matched vertices;

maximality > C is vertex cover

matching > Ml < OPTve
(weak duality)

ICl < 2IM| < 20PT

OEORONORG

DO S



uality

seeeoee O
556

vertex cover: constraints variables
Zvee-xv > 1 XVE{O,I}

matching: variables constraints
yeE{O,l} zeBVYe <1



Max-Flow

digraph: G = (V, E) source: s  sink:?

capacity: c: F — R™T /1
@ (.
0/1 0/1
0/3
(S,
0/3
Max ft < 0/4 0/4
C (
0/1
duv s.t. 0 S fuv S Cuv \V/(U, U) c kB
Dy, Z fowu — Z fuo >0 VueV

w:(w,u)eER vi(u,v)eEFR



Dual-LP

digraph: G = (V, E) source: s  sink:?

capacity: c: b —




Duality

Instance: graph G(V.E)

primal: ~ minimize g T
veV

vee vertex
r, € 10,1}, Vyey  covers

subject to Z:EU >1, VeeF

dual: maximize E Ye
ecl

subject to Zyv <1, WYoeV |
edv matchings

ye - {07 ]-}7 \Vle - E



Duality for LP-Relaxation

Instance: graph G(V.E)

primal: ~ minimize g T
veV

subject to ZQEU >1, VeeF

vee

o> U0, YoeV

dual: maximize E Ye
ecl

subject to Zyv <1, WYoeV

AXY,

yeZ 07 \Vle E E



Estimate the Optima

minimize {721+ 1z + b3 ]

subject to  {x; — =5 1 oT3) 10
1

r1, T2, 3 = 0 16

[V

O
=
—
4

‘ DO §
I
|
=
V)
AV4

18 = OPT < 36y feasible solution

r=(2,1,3)



Estimate the Optima

minimize {721+ *2 + 053 |
Vi

subject to (T =z T 353 > 10U

[V

0 Y2

O
=
ek
+
‘ DO §
1 &S F
NS
|
=
V)
Y4




Primal-Dual

LT = -
——n & g PN Y . S o s

Primal { min 721 + 22 + 53

S.t. X1 — To + 3563

O
=
ek
_|_
DO
=
\)
|

=
oy
V1V
@)

Dual max  10y; + 6y> vdual feasible
<primal OPT

\‘l

[LP € NPNcoNP

<
|
DO
N
N
VARVARVA
-



Surviving Problem

price Cl Ty | cooooc Cn healthy
vitanjin | aii A12 | ***2ee- AT = b1
vitamin m Aml Am2 | **°*°*°*° UAmn = bm
solution: X1 XD eeeees Xn

minimize the total price while keeping healthy



Surviving Problem

min cTx
st. Ax=Db
x=>0
price Cl1 o |t cn | healthy
vitanjin | aii A12 | ***2ee- AT = b1
vitamin m Aml Am2 | **°*°*°° Umn = bm
solution: X1 X2  eeeees Xn

minimize the total price while keeping healthy



LP Duality

Primal: Dual:
min c¢Tx max bTy
st. Ax=b S.t. yTA< T
x=0 y=0
dual
solution: price Ci o |t c. | healthy

Vi vitamin 1 aii A12 | ccee e A1n b1
y.]/n V|tam|n m UAm1 dAm2 | ***°*°° UAmn bm

m types of vitamin pills, design a pricing system
competitive to n natural foods, max the total price



LP Duality

Primal: Dual:
min cTx > max bTy
s.t. Ax=b s.t. yTA<cT
x=0 y=0

Monogamy: dual(dual(LP)) = LP
Weak Duality:

Vv feasible primal solution x and dual solution y

yIb < yTAx <c'x



LP Duality

Primal: Dual:
min cTx > max bTy
s.t. Ax=b s.t. yTA<cT
x=0 y=0
Weak Duality Theorem:

Vv feasible primal solution x and dual solution y

yIb < cTx



LP Duality

Primal: Dual:
min cTx max bTy
s.t. Ax=b s.t. yTA<cT
x=0 y=0

Strong Duality Theorem:

Primal LP has finite optimal solution x*
iff dual LP has finite optimal solution y*.

yTh = cTx”



Max-Flow

digraph: D(V.E) source:s  sink:?
capacity: c: F — R™T /1
(. (.
0/1 0/1
0/3
(S,
0/3
Max fts 0/4 0/4
(U (O
0/1
duv s.t. 0 S fuv S Cuv \V/(U, U) c kB
pu Z fwu - Z fuv S O \V/UJ 6 V

w:(w,u)eER vi(u,v)eEFR



Dual-LP

digraph: D(V.E) source:s  sink:?

‘‘‘‘‘

capacity: c: L —




min clx
s.t. Ax=>Db
x>0

Primal:

Dual: max bTy
s.t. ylA=<c?
y=0

Vv feasible primal solution x and dual solution y

yIb < yTA x < cTx

Strong Duality
Theorem

>

Vi: either A x=b; or yi=0
Vj: either yTA.;=cjor x;=0

X and y are both optimal iff

yIb = yTA x = cTx

=

v
szyz — Z (Z azgx]) Yi
1=1 71=1

& zz(z) )

7=1



Complementary Slackness

Primal: min c¢Tx Dual: max bTy
s.t. Ax=>b s.t. yTA< T
x=0 y = 0

Complementary Slackness Conditions:

Vv feasible primal solution x and dual solution y
X and y are both optimal iff

Vi: either Aix=b; or y,=0

Vj: either yTA.;=cjor xj=0




3
e
22" Complementary Slackness

Primal: min c¢Tx Dual: max bTy
s.t. Ax=>b s.t. yTA< T
x=0 y = 0

Vv feasible primal solution x and dual solution y

for OL,,@Z [T vi: either Aix=<abjory=0
Vj. either yTA.;= c¢i/f or xj=0

> cTx<ap by < ap OPTLp

CjLj < Z (52%3‘%) Lj = BZ (Z az‘jl‘j) Yy < OzﬁZbiyi

j=1 j=1



Primal-Dual Schema

Dual
Primal IP: min c¢Tx LP-relax: max bTy
s.t. Ax=>b s.t. yTA<cT
X & ZZ() y = 0

Find a primal integral solution x and a dual solution y

fora, f=1: i either Aix <« b or yi=0
Vj. either yTA.;= ¢i/f or xj=0

> ¢Tx <afi bly <afi OPTrp < aff OPTrp




OREORONORONG

vertex cover:

constraints
Z vee Xy = 1

matching:

variables
yeE{O,l}

vy
v
va)

variables
x,€{0,1}

constraints
D esv Ve < 1

primal: | min ),

st. Y z,>1, VeeE

T, € {0,1}, Yo eV

J

dual-relax:| min > v

feasible (x, y) such that:

Ve: githér 22, xaeX,050r Yo = 0
Vv: githdr 222 3 yld=ofr x, =0




primal
4 )
min Z%
veV
S.t. Zazv >1, VeeFE
vee
T, € {0,1}, Yo eV
\§ J

event: ‘v is tight (saturated)” <

dual-relax:

4 )
min Z Ye
ech
s.t. Zye <1, VYveV
eV
Ye > 0, Vee £
\_ J

> Zeav}fez 1

Initially x =0, y = 0;
while £ # &

vee

pick an e € E and raise y. upti-sem

set x, = 1 for those tihe-and delete all eav from E;

every deleted ¢ is incident to a v that x, =1

all edges are eventually deleted

|

relaxed
complementary
slackness:

Ve: either X eexy <20r y.=0
vv: either X5y y.=1 orx,=0

Vee E: Dicexv=1

x is feasible

>Z:13v§2-OPT

veV




Initially x =0, y =0,
while £ # &
pick an e € E and raise y. Unti-sonne-4-goes-tishii
set x,= 1 for those trglﬂ%nd delete aII esV from E;

Find a maximal matching;
return the set of matched vertices;

the returned set is a vertex cover

SOL <2 OPT




The Primal-Dual Schema

® Write down an LP-relaxation and its dual.

o ™ 4 B
min cTx max bTy
s.t. Ax=b s.t. yTA<cT
S X € Zz() D 9 y = O Y

® Start with a primal infeasible solution x and a dual
feasible solution y (usually x=0, y=0).

® Raise x and y until x is feasible:
® raise y until some dual constraints gets tight yTA.;= ¢;;

® raise x; (integrally) corresponding to the tight dual
constraints.

® Show the complementary slackness conditions:

Vi: either Aix <a b; or y;=0 ::> c'x <o bly
<o OPT

Vj: either yTA;=cjor xj=0




