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e Rz MalHAEL 1:1

John Arbuthnot Ronald Fisher Jrzy Neyman Egon Pearson
. &EFX 1E§ i)i ’IE _,| _| Hj EHSZ; IEEZ 11 (1667-1735) (1890-1962) (1894-1981) (1895-1980)
.« ERBIZEXN, ZHEAHIBEERZ 1/25 (Arbuthnot 1710; Laplace 1770s)
 Fisher (1925): tests of significance, [ 5%.

« Neyman & Pearson (1933): significance level, a.

SEXHIFER? REF=E 50% 157

- 2023FE£ESBMHAO720325 A, ZiEAN6893575 A *éaggse%zg?
- 2021 2EHEAEAOKSIE108.3, 2019F2FEEEAOMERIEL110.14

- John Arbuthnot (1710): 1629 to 1710, in every year, the number of males born in London exceeded the number of females.

1/2%2 = 1/4835703278458516698824704




Z+m%E (lady tasting tea)

Ronald Fisher, The Design of Experiments. (1935)
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) =1/70 ~ 1.429 %
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. —ERBEEN, TEITAES009/8, HRESRMESD N, 6% TREHE

£X,, ..., X0 REZMATE q, [AHDENSTIRES ?

1. ERIR Hy : p = 500, &8B& H, : p # 500 (LK)

B X — 500
0/\/; O

3. 4t - {z:PrX<z]<al2VPrIX>7z]<al2}, EF X ~ N,1)

2. WILGit= 7

IRz Z ~ N(0,1) (Z1958)
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. —ERBEEN, TEITAES009/8, HRESRMESD N, 6% TREHE

X, X0 WEEMAKT q BESENSTFEDT ?

1. ERIR Hy : p = 500, &8B& H, : p < 500 (M%)

B X — 500
0/\/; O

3. B4 {z: Pr[X <z] < a}, EF X ~ N(0,1)

2. WILGit= 7

IRz Z ~ N(0,1) (Z1958)
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. —ERBEEN, TEITAES009/8, HRESRMESD N, 6% TREHE

EX,, .., X,o BEMAFE a, ZOENEEEST ?

1. ERIR Hy : p = 500, &8B& H, : p > 500 (LK)

B X — 500
0/\/; O

3. e - {z:Pr[X>z] < a}, HP X ~ N(0,1)

2. WILGit= 7

IRz Z ~ N(0,1) (Z1958)
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KX, ....X o BHlu =500, RNBEUKF a, K] c* = ofs

1. RIBI& Hy : 0° = 05, &RBILH, : 6 # o (NWIRLK)

2. oGt ERSAEFE XX
- BARFE: P =X —-X)/(n—1), E[S?] =o?
3. BAHAE, KIAITE Z= XX, — u)’/cj. ERBIEMIIN Z ~7




Chi-squared (r?) distribution

I o o o
O O B W N

|

denoted as O ~ y*(k)

. E[Z7] = Var[Z] = 1 since Z; ~ N(0,1) = E[Q] =k

. sum of independent y*(k) and y*(l) random variables follows y*(k + [)

| 1 L
I I 1]
3 4 5

e If Zy, ..., 4, are independent standard normal random variables, then

=1

follows the chi-squared (-F 7) distribution with £ degrees of freedom,
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. —ERBEEN, TEITAES009/8, HRESRMESD N, 6% TREHE
KX, ....X o BHlu =500, RNBEUKF a, K] c* = ofs

1. RIBI& Hy : 0° = 05, &RBILH, : 6 # o (NWIRLK)

0. H LG BRES AEFTE XL
_BAFE: SP=3X.—-X)*/(n—-1). E[S?] =
A &= 2= D) B = ot (EHRm)
3. BAIHIE, RRFIE Z =X, — n)/ct. BEREBIRRIIN Z ~ y*(n)
4. 1B {7 PrIX <zl < a/l2VPI[X > 7] < a/2}, HF X ~ y%(n)
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ARIMEALE ), WINTFE o

o —IMEEMN, FEIRE

ESOOQ//_J 0

HRBERMESD N, 6°)o Mi5H

KX, ....,X,o Bflu=500, NBEHKF a, 0K c*= 05

1. RIBI& Hy : 0° = 05, &RBILH, : 6 # o (NWIRLK)

2. HA G ERES HETE X7
- BARFE: P =X —-X)/(n—1), E[S?] =o?

3. AHIHAEE, 1w Z = 2(X — X)Z/

020 ERBIZMRIIM Z ~ y*(n — 1)

(FAHLR)

4. B8R {7 PrIX <z] <al2VPr[X > 7] < a2}, HFE X ~ y*(n — 1)




IF SRR S =R 710

. EX,, ..., X ~NO21), Tl Z(Xi X2~ (-1
=1

no(Y.— X 2
. Proof: K FE S° = Z g F= 2 Z X, — X)* = ZXz — nX?

— n—1
XEA X ~ N©O,1/n), Fily/nX ~ N(0,1) Ean ~;(2(1)

NE

2 X?=(n—1S?+nX> i y2(n) = (n - 1)52 +;(2(1)

=1 T ez
%54 R IR (I\/IGF M (1) = M(n 1)52(t) M, (1)

B
| )(%(t) = (1 -2~
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ESEGHHAR NS

¢ EX, ..o X, ~NOD., W Y (X, —X)? ~ y*(n—1)
=1
* Proof: iBfE y*(n) = (n — 1)S? + y*(1).

(1 =207 = M,_yg(t) - (1 = 20)7"*
M,_ () = (1 = 207" - (1 = 2"/
— (1 o zt)—(n—l)/Z

ALk Z X;=X)>=(n—1DS* ~ y*(n—1)
i=1
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Gamma Function® |

"Each generation has found something of interest to say about the gamma
function. Perhaps the next generation will also.”

1
a4 |

—Philip J. Davis 2
« Gamma function 1 (z): analytic extension of factorial '(n) = (n — 1)!

['(z) = J t2=le=!dt, for R(z) > 0
0
e I'(1) = J e~ 'dr = 1 gives exponential distribution with 4 = 1
0

o0

. I'(k) = { (AT 1e= dr = E[(AX) "] for exponential X with 1 > 0
0
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My(f) = E[exp(1X)] = J

ot u = (1/2 — t)x, [

=2HE, My(1) =

212 . T'(n/2) J

0

0

o0

o 2=1,—(112=Dx 4, — j

xn/2—1€ —x/2

BRI f(x) =

0

exp(zx) - f(x)dx = J

0

0

0

212 . T(n/2)

n/2—1€ —(1/2—t)xdx

AR R
M,(1) = (1 - 2z)—"/2 |

Hep ['(n/2) 215 E%,

xn/Z— 1 0 —x/2

€Xp(tx) ) W—de

n/2—1 .y
2 %
du
(1/2—1) 1/2 —t
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MX(t) — xn/2—1€ —(1/2—t)xdx

272 . T(n/2) [ ;

> 00 n2—-1  _,
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. HORIEEE : X ~ Bin(n,p), WX S N (p,p(l = p)/n)

. WIRBEBA, MM, S—EHELIRMEDESH

- BITERSELRMRNESHBRIRE X, ..., X,
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ARHTE o7, WINHAE 4

« BAE X, .. X, RMEESSH N, 0°), % o° Killo MEEMAKT a, 1
5w = u,

1. BB Hy: po= py SEBIEH, : pu # py UL

X_
2. MIGHITE Z = o EEBIEHIN Z~tn—1) 7 (HEI8)
S/\f
_ — 1)8% X — u)/o\/n
~ Ny, 02/”),u N)(z(’”l — 1), ( ak \/7 =7/

no? m



0.40
0.35f
0.30F
0.25F

Student’s 7 distribution

. If X ~ N(0,1),Y ~ y*(n) are independent, then Toms|
X 0:05—
T — 0.00=
Y/n
follows the student’s ¢ (5 4 1) distribution with n degrees of freedom,
denoted as T ~ #(n)
[ distribution } T —
. If X ~ y*(n), Y ~ y*(m) are independent, then g -
P X/n >§§; )
Y/m S

follows the [ distribution with n and m degrees of freedom, denoted as
X ~ F(n,m)
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1. BB Hy: po= py SEBIEH, : pu # py UL
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o Proof: IN™15ERA, f(x(, X, ...,
2.
= (2106%)"“exp (—
2
_ o _ 1
R— - ~ — —_ . = —
ig—: X N(//t,n),XX] nz
_ — 1
T XN (=D

12ISE’J$¥2I§1’31§57|‘¥2IS75 =

=X, ....X, ~Nu,c%), W X5 S*8EIHT

%]
,(n—l)—2+(n—1)2
n

02 — N On
ﬁ — )
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£ X,

e Proof:

X=X

L X ~N,o%), W X5 S*BEMT

12ISE’J$¥2I§1’31§57|‘¥2IS75 =

2

HE— XNN(,M,%), ~ X, = ZX _

NN((n—l)ﬂ ~
n

MR 2 BRI A Z © Cov(X —

(n— Dy -

n
X, X) = Cov(X;

1
Cov(X;, X:/n)

PR PRI 4

A ANF T A IR

A

, BEERKRSESTHFE

%]
,(n—l)—2+(n—1)2
n

l#]

n—l

. X) — Cov(X, X) =

= ¢%/n

REME AL

2) ( n—1 2)
—2 =N O, O
n n

2 02

___=()

n n



Multivariate Normal Distribution®

« Arandom vector Y = (Y, ..., Y,) has a multivariate normal distribution, iff
there isan A € R™ a vector X = (X, ..., X}) of k independent standard
normal random variables, and a vector g = (i, ..., 1,,) € R", such that

Y/ = AXT +u?

o |If further X =AA’ = E[(Y —u)(Y — u)'] has full rank, then the density of Y is

: e~ 7O0-WE -p"

JO) =fps oo yp) =

/2oy det(T)
. Denote Y ~ N(u, X). Marginally, each Y; ~ N(u., 2..), and Cov(Y,, Yj) = Zij

» Equivalent characterization: Va € |

"@a,Y)=a,Y,+ - +a, isnormal
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ARHTE o7, WINHAE 4

¢ TiZIKXI, co oo
5 1= pyg

X, f

RMEIES T N(u, o

2),

'Ij_% 02 Elifﬂ:lo HX‘

/

1. BB Hy: po= py SEBIEH, : pu # py UL

2. WIWHITE Z =

X_

S/\f

o BIRERIZAIN Z ~ t(n—1)

3. #8818 {7 PrIX <z] <a/l2VPr[X>z]|<al2}, EF X ~ tn - 1)

1= 4EKE a,

i



1w LM IEZS 2 A

BHISE 02, 02, WRIREEE 4, —

o 7I‘$Z|§ Xl’ ...,an ~ N(//tl, 612), *izl:Yl’ cooo Yn2 ~ N(//tz, 622)0 HXE%’I‘Eﬂ(SlZ a,

W uy = py

_ (X—Y)—(/h_ﬂz)

012/n1 -+ 022/n2

2. WK1t = 7

=R Z ~ N(O,1)

3. B4is {7z :PrIX<z]<a/l2VPr[X>z]<al2}, Efr X ~ N(O,1)




1w LM IEZS 2 A

RABE o2 = 02, RIBMBE 4, — )

« HER X, ... X, ~ N, 67), HARY,, ..., Y, ~ N(u,, 6y)e BREBEMKTE a, 1KRE
K1 = Ky
1. Rk Hy: py =y, BB H) @y # pp, IIFES)

X—7)— (u —
2. MIWGITE Z = oDl semmams, w7~ ((ny + n, — 2)
(L+L) (m = DS} + (= DS3

1y %

n1+n2—2

3. fE4ttim ¢ {z:PrIX<z]Lal2VPr[X>z] L al2}, EF X ~ t(n +n, — 2)




Behrens—Fisher problem

*ﬁgﬁtbﬁﬁ/l\IE?&lé\w (Unsolved problem in statistics)
KREAE o] # 05, QWRHIEE 4, —

o HAEXp, X, ~ Ny, 07). BEY, LY, ~ N, 07)0 BREZERT a 1950 p) = py

1. BBI& Hy @ g = o, SEBIEH, : py £ o (U

2. Welch's approximate t solution : 45 §* £ S*/n, + S;/n,, SHEBIRMEA DT, RISt
(X — I7)—(//11 ),

= /=
\/§2/7
. . L (g1+g2)2 A 2 A o2
3. lEr.'ﬂX Jgf% gl =Sl/n1,g2=52/n20

gtl(ny — 1)+ g3/(ny, — )
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HERAE o2, o2

. R

X, ...,

,’\_%Z 01 — 02

}?1 -Lﬁ H() 01 = Oy, /24:21 -LQ Hl O # 02 XX'UI—" *AE.’I )

3. 1

gy

S? /ot

S =
Eé[—_

o BRBRZHMIIN Z ~ F(n, — 1,n, —2) (FIRIE)

S3/03

{z:Pr[X<z] <a/l2VPr[X >7z] <al2}, HFf

X, ~ N(uy, 012), HEARY, ..., Y, ~ N(u,, 022)0 ENEEMEKE a,

1



EEXZE 71058 (paired difference test)
X ELERAEARIRLE (one-sample test)
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EEXZE 71058 (paired difference test)
X ELERAEARIRLE (one-sample test)

. BISHERFZIERA, BESURE | FREBEDFIRMESDE N, 67). NuP, 65)o
61, 0, K o IBEMKT a, ERFAIERNMRE Xu'/n = Z.ul/n?

CBBIR Hy: Zultin =Zulin?, &BEBIEH, : Zulin # Z.ul/n? (ML)

l

X—-Y
2. WINGIITE Z = o BIRERIKEIL, W Z ~ t(n; +n, —2)

\/( o ) (n; — D)S? + (n, — 1)S3
__l__
"y ny n1+n2—2

3. $E488 : {z:PrX <zl <a/2VPrX >z] <al2}, R X ~ t(n; + n, — 2)




EEXZE 71058 (paired difference test)

X ELERAEARIRLE (one-sample test)
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1. IBHEHRIE | BIRIE H). &BIBE H,

2. FTXPRT

BRIRAERX D ENINSGITE

3. INEZE

4. 1R}

5. MEFEARPITELEZITE

6. FIMTGEIT{E

- IKFa
=T TE FE 4B A 52 15

e

EREEA B E. R

21%15538 (Hypothesis test)

Neyman-Pearson’s approach
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p{HE (p-value / prob-value)

Fisherism

s RIRRBIRAER, TEREZEFEN?

o SRR HEANHEAT

- p = Pr[T > t| Hy]
- p 2 Pr[T < t|Hy

137, FRIONR

D HRBEEUESHT

_ p22.-min {Pr[T < t| Hyl,Pr[T > 1| Hy] }



1215538 (Hypothesis test)

FIA p{E#E1TIREE

1.

2.

AMEZZE M KFEa

2 AIHESE | RIBIE H,

3. XFAMERRITERL plE

4.

N pEEEBEREMAT o MERE : &

\1l/

=1t

K o TS

X

/[FEE”

L



21%15538 (Hypothesis test)

Fisher’s approach

1. |HEGIHERIR | RER Hy

2. KIFAMERRITERL plE

3. RERATEIN pE, MASE A ES 5 4Emn"

L



JELLY BEANS WE FOUND NO THAT SETILES THAT.

CAUSE. ACNE! LINK BETWEEN '
T HEAR ITS ONL
SCIENTISTS) JELLY’ BEANS AND A CEESTA:N Cgf,og
INVESTIGATE! ANE (P> 005), THAT CAUSES [T,
BT ek ‘
m NG SCIENTISTS! .
l MIHNNECRAFT!

=5 l?ﬂ?x $¥2I:ﬁ""’ % ﬁ

WE FOUND NO WE FOUND NO WE FOUND NO WE FOUNDNO WE FOUND NO
LINK BETWEEN LINK BETWEEN L NK BU\-JEEN LINK BETWEEN L NK BE'.NEEN

M —— = PURPLE JELLY BROWN JELLY BWE Jeuy
INFO0.01ERERERIREEEXTHY e || B || B || B || B

_ 7B H

— o v — = - \)'L#- 0 }' = WE. FOUND NO WE FOUND NO WE. FOUNDNO WE. FOUNDNO WE. FOUND NO
O O 5 E I] _E': ) ? 'L 5 A) = y UNK GEWEEN | | LINK BEWEEN | | UNKBEWEEN | | LINK GEWEEN LINK BETWEEN
a - PARIN VA AN X 2 - — AL SALMON JeLLY RED Jewy TURGUOISE JELLY | [ MAGENTA JELLY YELLOW JELLY

——
o p
BEANS AnD ANE BEANS AND ANE BEANS AND ANNE BEANS AnD ANE BEANS AND ANE
(P> o.o;)_ (p> 0.05). (P>0.05) (p> o.os)_ (p> o.os'),
/ / / /

o« pE/NT0.05EHEEZBRRIZEEISWIIEKZEXTH %a ?@ %% ﬁ

° p1+1—%%= 53 %:I:I:-I% (j?l—':_l::) E/\] TE%X WE FOUNDNO WE FOUND NO WE FOUND NO WE FOUND A WE FOUND NO

LINK BETWEEN LINK GETWEEN LNK BEJUEEN LINK BETWEEN LNK BENEEN
GREY JELLY TAN JELLY GREEN JeELLY

——

® p'f
@
. pEATFO.01BHRES REIEE ERMM i

/ ]\

[T

S RE SRR LA R BN A pE, | L BR R
5% (multiple comparisons) Beri || e || e || Boke || RS

° p1—'—@2/_|\ I:I-I«/b\i[y' B %O (gw}. (gos) (P> 005) 50 s
o8 | o8 |98 | @
- family-wise error rate (FWER) : 1 — (1 — a)™ @ f\i f\i 7@ ﬂ%
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KRRz / FRig
Null hypothesis

s MAEMNRIIEARKRIR, FIURLETEEKRVZEL

. BBIRRAT T SSHE KRR

- [AFENEHEEARFE A AR
- ERRAPIUHBRTHFERIR

. BERNZEEM, DI ER 7R S R
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FFESBENSBIa%R

e HEAXRX,,....,X, ~ Exp(4)e BFEZFMKF a, WI A = Ay

}? 1EX_LX ﬂ — /10

2. WISZHE X : E[X] = 1/A.




Gamma Distribution* | | T

O inw/é‘/ml [

 The random variable X has the gamma distribution with parameterso k,/l > O o
denoted I (k, 1) or Gammac(k, A), if it has the density

I k=1 9.—2 el
fx(x) = ——Ux)""" - Ae™, forx >0, wherel'(k) = e dt
[ (k) O

« I'(1,4) is the exponential distribution with parameter 4
. T'(k/2,1/2), for integer k > 1, is the y*(k) distribution
e f X ~I(a,A)and Y ~ I'(f3, A1) are independent,then X + Y ~ I'(a + 3, 1)

k
- Z X; ~ I'(k,A) if X, ..., X} are i.i.d. exponential random variables with parameter 4
i=1



EEDBANS KGR

¢ TiZI: Xl’ .o .,Xn ~/ EXP(A«)O HXH.IL:%—II‘EE7J<S|Z as

2. WISZHE X : E[X] = 1/A.

- Exp(A) =T(1,4), y*(n) =T(n/2,1/2)o Hitt nX ~

3. pfa: 2-min{Pr[y* < 2nX],Pr[y* > 2AnX]}, Hr

*ﬁgﬁ /1 — /1()0

C(n,A), 2inX ~T(n,1/2) = y*(2n)

A y* ~ 1 (2n)




FREEISEE (likelihood ratio test, LRT)

Wilks test / Lagrange multiplier test / Wald test

e L(x;0y) > (<) L(x;6,) 1]

AR RIR FIERRYEEER

R Hy(H,)

- L(x;6)/L(x;0,) > ( <) | WEMZXZFF H\(H;)

c WEMH af
- A%

« Neyman-Pearson 5|38: 24

R

—

Tr

1Th3 1 — p J@Tujklizﬁﬁ?ttf*ﬁ’{b 23\
bR LR =R /4B 2[R R

=

=M a, LRTE2IIK 1 —p
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AX (A

75



SRS

Non-Parametric Test /
Distribution-Free Test

Nonparametric
Statistics

[.ndn-,per-a- me-trik sta- ti-stiks]

A statistical method in
which the data is not
required to fit a normal
distribution.



BIERERIE (goodness of fit)

=
LII
5
3
\)

. EEEFSBRETRMWEINSE ? BRASE) EEFA

1. WFRETENERSRTERNES &, ..., 8,

2. (ALE)EYRAETHEERNSmIESD S RiZkM 2 p(§)

2
= p(%i) — L, \
3. RBHEHE: = ) ( ) E, AEM &, K ERNITE



Pearson’s chi-squared test

e ZER IS X ~ Bin(n, p)

X —
BEROMEREE, Z=— 2 nvo) Er 22 2 5200,
/(1 —p)

asp=p, pp=1—-p,Y=n-X.

(X — np1)2 (Y —np,y)* p
npq np»

FET 72 = > ;(2(1)



BIERERIE (goodness of fit)

Pearson’s chi-squared test

. EEREABRTRMEIN ? HRRFSH EEFEED

1. [SFE TSRS RAERNES &, ..., 8,

2. (AI¥E)EN S HREBUDRIBI S, BIZRMD % p(E)

2
m L) _
3. WIZITE: y° = Z (p( ) l> ~ y*m—k—1)

4. plE/BEM/ES/ER

\\\)‘t

%
=<




AT SIS (statistical independence)

5183 (contingency table / cross tabulation / crosstab)

« MMARNTERE

= alE ? BHEFARFHE B/ D

G

1. IBIE r MM c MEFIEER, 118 r X ¢ MERRIEL

2. MERAR{G LT

—

DASIHENAHRE p,. . p,

3. BEIRSHH

4. EREMII, WEIHE y° ~ y*(r—1)(c—1))o pfE

_1( g 3,5335 I)_I\IJ nlj ~ nplpj o *ﬁgﬁé}tbi

2
(nij R nplp])
np;.p.;

il

B

IRV

I‘/_':




FEIFEIIE (statistical homogeneity)

5183 (contingency table / cross tabulation / crosstab)

« MMMAIRNEFAEZWE ? AiYlearF I EE RBIEE LA ERERIE 7

1. RIE 2 #HEZEN c MUEEZE 2 X c IR

2. MEEAThEIHEABIRINERE p,
2 & (n;—p)’
3. ERAMEER Wiy~ ny~p o WBKIHE 2= ) ”p f
=1 ]=1 ]

4. HHEMR, NZitE )(2 %)(2(6‘ — 1)0 pf_'ﬁ_/\u/%’l‘t:/ /1B,




AFS1RL8 (sign test)

o WISEAEMPAE m =my? I ET (BUERIFEM) NWFELEGPATS?
1. RE—MFEERX,, ... X KEEE X, <m, FiExE-/+
2. AR, N #- ~ Bin(n,1/2)
3. plE/EFE/E/EH

1. NE—TRIAERNIBIREIEGPAZ, FioK -/ +
2. BRI, W #+ ~ Bin(n, p), EFp > 1/2
3. plE/EFE/E/EH




#1558 (rank-sum test)

Mann-Whithey-Wilcoxon U test

c WNEE D, D, BBEERL: Pr{X > Y] =Py > X?EF X~ D, Y ~ D,
1. }Té*ff*fle: Xl’ ...,an ~ @1, Yl’ e ooy Yn2 ~ @2

2. Xy, . X, Yy, L Y, BANEEHRE, FEREMEANEA

N ny(n, + 1) n,(n, + 1)

%UZK/J\PWé *EEZIKE/\]:HIEIQ_Z$ , E_ Ul + U2 — nlnzo

—Rzo Rl’ R2 éj\

4. EHRBRROL 0% min (U, U)o IEARER, AHARPORRER

S. pfé/\n/ Z /s /B




FE5#158 (Wilcoxon signed-rank test)

Wilcoxon T-test

¢ TiZIKXI, ,Xn%g /I\_EL'\{ZIS @, 7KTL\I.’LL @ T?é:J: O ZF RJ$/_|\O

1. FERERR (X ], ...,|X,| 5F

2. WW T2 ) R, Hef R KT X, ELRHFEFIES

1:X>0
3. BEEIEEI : Y n BN, BXR; Y n KKK, FOIKEEE: T
[Tl =nn+ /4 ; Var(TT) =n(n+ 1)2n + 1)/24

4, plE/BE/ S/




