Advanced Algorithms

Spectral methods and algorithms
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Recap

Previous lecture: What next?

Random walks on undirected graphs Random walks on undirected graphs

* Fundamental theorem of Markov chains * From sampling to counting and MCMC
e Spectral analysis  Expander graphs and random walks

* Mixing time

e Random sampling



Coupling for Graph Coloring

e Start with any k-coloring o

* Pick a vertex v and a color ¢ uniformly at random, recolor v with c if it is
legal; otherwise do nothing

Say we have two arbitrary copies of the Markov chain, (X;) and (Y;)
At each step, we let them choose the same vertex v and same color ¢
Let d; = number of vertices X; disagree with Y;

Unlike the previous example, d; can increase now

We need to consider Good Moves that decrease d;, and balance them with
Bad Moves that increase d;

VARV



Start with any k-coloring o
Pick a vertex v and a color c u.a.r.,
recolor v with c if legal

Coupling for Graph Coloring

Say we have two arbitrary copies of the Markov chain, (X;) and (Y;)
At each step, we let them choose the same vertex v and same color ¢
Let d; = number of vertices X; disagree with Y;

Good Moves that decrease d;:

If we chose a disagreeing vertex v, and color ¢ does not appear in the neighborhood of v in X; or Y3,
this is a good move

Because we can safely recolor a disagreeing vertex v with color ¢, and they agree from then on

Let g, be the number of good moves (among all possible kn choices)

There are d; vertices to choose from, and each disagreeing vertex has a neighborhood of at most A
colors in either process, so each disagreeing vertex has k — 2A “safe colors”

gt = di(k — 24)



Start with any k-coloring o
Pick a vertex v and a color c u.a.r,,
recolor v with c if legal

Coupling for Graph Coloring

Say we have two arbitrary copies of the Markov chain, (X;) and (Y;)
At each step, we let them choose the same vertex v and same color ¢
Let d; = number of vertices X; disagree with Y;

Bad Moves that increase d;: a legal move in one process but not the other

This happens when (and only when) the chosen color c is already the color of some
neighbor of v in one process but not the other

In other words, v must be a neighbor of some disagreeing vertex u, and ¢ must be the
color of u in either X; or Y;

Let b; be the number of bad moves (among all possible kn choices)

There are d; choices of disagreeing vertex u, then A choices for v, then 2 for X; or Y;
by < 2Ad;



Start with any k-coloring o
Pick a vertex v and a color c u.a.r.,
recolor v with c if legal

Coupling for Graph Coloring

Say we have two arbitrary copies of the Markov chain, (X;) and (Y;)
At each step, we let them choose the same vertex v and same color ¢
Let d; = number of vertices X; disagree with Y;

Combined: E[d¢y4|d] = d; + btk %< dy +dp o = e (1 _E)

Since dy < n, we have E[d;|dy] < 1/e for t = 2k nlnn. Thus,

dry(pe, m) < 13 [X¢ # Y] < Prld; > 0[X,, Yo] = Prld; = 11Xy, Yo] < Eld;ldo] < 1/e
~U

(Xe,Ye

This concludes that the e-mixing time is O (nk logg)

To imlorove thls to k > 2A + 1, one tries to pair bad moves in (X;) but blocked in (Y;), with bad moves in (Y;)
but blocked in (X;)



From sampling to counting

Now that we have a Markov chain that outputs a k-coloring o almost

uniformly at random from all proper colorings after O (nk log%l) steps

Can we estimate the total number of proper colorings?
This task is known as approximate counting

For many natural concrete problems
ApproxCount = ApproxSample = UniformSample C ExactCount

The first three are in BPPNP, while ExactCount is #P



From sampling to counting

Denote the number of proper colorings of a graph G by Z.

We start by finding an arbitrary proper coloring o in G

Then, we reveal the colors in o one by one

We count how many proper colorings are consistent with the revealed colors

Let Z; be the number of proper colorings T such that
in the first i coordinates, T agrees with o

NoticethatZ, =Z;,Z,, = 1, and
. ZO . Zl . Zn—l

7. = —.—...
“T 7 Z, Z,




From sampling to counting

Let Z; be the number of proper colorings T such that

in the first i coordinates, T agrees with o

Notice that Zy =Z;,Z,, = 1, and

_ ZO Zl Zn—l
Zo = R
Zy Ly Iy
' : i €\ Zi+1
Suppose we estimate each ratio within (1 + ;L) =

Then multiplying them all together gives (1 + €) - Z,

except with prob.%

except with prob. o



From sampling to counting

Let Z; be the number of proper colorings 7 such that: in the first i coordinates, T agrees with o

Let ir; be the uniform distribution of proper colorings 7 such that: in the first i coordinates, T agrees with a

Recallthat Z, = Z;,Z, = 1, and
Zy 71 Zn

‘Tz, 7, I,

) . Z;
How do we estimate each ratio ;1?
i

We run a Markov chain that samples from m;, and use Monte Carlo method to estimate how many are counted in Z;

Markov chain: in the first i coordinates, we fix the colorings asin g, and only update the remaining n — i coordinates

Monte Carlo: given a sample 7, we check if 7,,1 = 0,41

Sampling from m; is an unbiased estimator for the ratio: ,
i+1

Z;
Sampling from a rapidly mixing Markov chain p; only introduces a small bias (recall the def. of TV distance):
|E‘L'~pt [[Tiv1 = 0i41]] — Ein, [[Tiv1 = 0i+1]]| < dgy(pe, ;)

E‘L’~7‘L'i [[Tiz1 = 0i441]] =

dry(pe,m) = maxlp(S) — (S|



From sampling to counting

We run a Markov chain that samples from m;, and use Monte Carlo method to estimate how many
are counted in Z; 4

Markov chain: in the first i coordinates, we fix the colorings as in g, and only update the remaining
Monte Carlo: given a sample 7, we check if T;,1 = 0541

Sampling from m; is an unbiased estimator for the ratio:

Ziy1
Erom; [Tiv1 = 0i44]] = 7
l
. Zi.|.1 . . A Zi+1 1
: < <
Variance can also be bounded because 3 is strictly between (0,1): kD) =z, S %a

. 1 1
It suffices to take the average over poly (n, Z’TS) samples

Then apply Chebyshev’s inequality

Upperbound for the ratio follows from having many colors available

See Chapter 14.4 of LPW book lowerbound from bounding the prob. that any neighbors take the same color


https://pages.uoregon.edu/dlevin/MARKOV/markovmixing.pdf

Expander Graphs

* Combinatorial: graphs with good expansion
* Probabilistic: graphs in which random walks mix rapidly
* Algebraic: graphs with large spectral gap

Let G be a d-regular graph, andletd = a; = ay = - = a, = —d be the spectrum of its adjacency
matrix.

We will be interested in the spectral radius, given by
a = max{ay, |an|}

If @ is much smaller than d, we have good spectral expansion.

There are many nice properties associated with expander graphs
Among others, say if we want more than one sample in MCMC, do we have to resample entirely?



Expander Mixing lemma

Cauchy-Schwarz inequality:

(u,v) < \/(u,u) -\/(v, V)

Intuitively, an expander can be seen as an approximation to the complete graph, because edges are distributed evenly

Induced edges: E(S,T) := {(u,v):u € S,v € T,uv € E}

We also allow non-disjoint S, T, in which case an edge can be counted twice.

Expander Mixing lemma

Let G be a d-regular graph with n vertices. If the spectral radius of G is «, then for every S c [n], T € [n], we have

d|SIIT|

|E(S,T) —

< av/|SIITI.

Proof: Note that E(S,T) = )(EA)(T. Let x5 = >, a;v;, xr = X; biv;, where {v;} is an orthonormal basis for A, with eigenvalues {«;}.

E(S,T) = —d|ST|l|T| + z a;a;b;.

By Cauchy-Schwarz,
d|S||T]

=22

E(S,T) —T‘ < allalllIbll, = allxsllllxrll; = a/ISIITI



Expander Mixing lemma

Intuition: Expander mixing lemma tells us that a spectral expander
looks like a random graph.

Exercise: Let G be a d-regular graph with spectral radius a. Show that

the size of the maximum independent set of G is at most %.

. . . d
Use this result to conclude that the chromatic number is at least -



Converse to Expander Mixing lemma

(By Bilu and Linial)
Suppose that for every S € [n], T € [n] withS N'T = @, we have

< a+/|S||T].

Then all but the largest eigenvalue of A in absolute value is at most

d

* Would be nice to see an analog of Trevisan’s Cheeger’s rounding proof

d|S||T
‘E(S,T)— 'il |




Existence of expanders

 Complete graphs are obviously the best expanders in terms of
“expansion” (in all three notions of “expansion”)

* What's interesting is the existence of sparse expanders: e.g. d-regular
expanders for constant d

* Arandom d-regular graph is a (combinatorial) expander with high
probability

* However, deterministic and explicit construction of expanders seems
to be much harder to come up with



Alon-Boppana Bound

* For d-regular graphs, how small can the spectral radius be?

* Ramanujan graphs: graphs whose spectral radius are at most
d—1

Alon-Boppana Bound

Let G be a d-regular graph with n vertices, and «, be the second largest

eigenvalue of its adjacency matrix. Then
2Vd—1-1
%2 2 241 Ham(G) /2]




Alon-Boppana Bound

An easy lower bound on spectral radius

Let G be a d-regular graph with n vertices, and a be its spectral radius. Then
a=>d- n-d

n-1"

Proof: Consider Tr(4%). Counting length-2 walks we have
Tr(4%) > nd

On the other hand, Tr(42) = ;a7 < d? + (n — 1Da?.
Combined, we have a = Vd - /Z;_Cll

For the Alon-Boppana bound, one may consider Tr(AZk).

Trace method/trick




Random walks in expanders

logn

1_6) fora = ed.

* Perhaps surprisingly, not just the final vertex is close to the uniform
distribution, but the entire sequence of walks looks like a sequence of
independent samples for many applications.

 We knew that it mixes rapidly, in time O (

* In fact, expander random walks can fool many test functions:

Expander random walks: a Fourier-analytic approach, by Cohen, Peri and Ta-
Shma



Probability amplification

Say you have a randomized algorithm that fails with probability
To boost success probability, we can run it multiple times until it succeed
Run independently for t rounds, the failure probability becomes 3¢

Q: Can we save randomness while still achieving the same probability amplification?

Imagine a random walk on the N = 2™ random bits
There is a set B of size SN that we try to escape from (or avoid)
We want that the escape probability close to B¢

Q: Can we use a sparse expander instead of a complete graph for the random walk?



Hitting property of expander walks

Let G be a d-regular graph with n vertices, a = ed be its spectral radius and B be a set of
Size at most fn.

Then, starting from a uniformly random vertex, the probability that a t-step random walk
has never escaped from B, denoted by P(B, t), is at most (8 + €)°.

T~ pr[X, €B,X, €B,X, €B,..,X, €B]

Remarks before a proof:

e Compare this to a sequence of independent samples.

 Expander mixing lemma is like t = 2: Note that ¢(S) = Pr(X, ¢ S| X; ~ mg)
 Bound can be strengthened — see Chapter 4 of Pseudorandomness, by Vadhan

* Applications to error reduction for randomized algorithms
* Instead of using kt bits of randomness, only need k + O(t log d)
» for one-sided error, escaping the bad set of “random bits”
e for two-sided error, a Chernoff type bound can also be shown — then take the majority of the
answers



B V\B
_ B oo
VABLO 0

Hitting property of expander walks —

1 1,
=S4 u=-1

AN
Proof. Observe that P(B,t) = ||(IIgW )"T[Bu]l/lv u
To see this, notice that Pr|X, € B] = ||lIgu]|4
Pr[X, € B,X; € B] = [|[lIgWTIgzul|,
And so on and so forth.

Suppose that we can show Vf: f is a probability distribution, we have
ITeWTpfll2 < (B + )llfll2

lg

Then,
|(TzW ) Tgull; < Vnll(W ) Tgull,
= \/ﬁ”(HBWHB)tuHZ

< \/71(,3 + e)tIIuIIZ Cauchy-Schwarz inequality:
— ('3 + )t (u,v) < {u,u)-/{(v,v)




B V\B
q.— B [ls 0
E=v\Blo o0

Hitting property of expander walks ;

W=-4A has L,(W'W) = €2

Proof (cont’d):It remains to show Vf: f is a probability distribution,
IMpWgfll, < (B + e)llfl

Without loss of generality, we can assume f is supported only on B.
IpWTefll, = WL, = IIHBW/(u +v)ll; < [Tpull, + ITsWol,

uzl_l), SO Mu,=u,, thenv 11
n (u,u)

Next, [[TTzWvll, < [[Woll, < €llvll, < €llfll,.
On the other hand, ||[TTzull, = \/% < BlIfll5,

where last inequality follows from Cauchy-Schwarz: (u, vy < {w,u) -/ {(v,v)

1=|flly =1, ) < Lnllfll;
Combined together, we have ||[TI;WTIgf|l, < (B + €)llf||, as desired.

Cauchy-Schwarz inequality:




To get a tail bound, consider

Hitting property of expander G e zasivi s
where S = (Z¢,Z:_4,..., Z1)

indicates whether Z; € {B, B
Proof. Observe that P(B,t) = ||(lIzW ) Tzull; i €1 }

Suppose that we can show Vf: f is a probability distribution, we have |[|[TIgWTIzf|l, < (B + e)llfl,. Then,
I(TpW ) gully, < Vnll(MpW ) Mpull, = Vrll(gWg)tull, <vVn(B + e)tllull, = (B +¢)t

It remains to show Vf: f is a probability distribution,
IMpWgfll, < (B + ellfl,

Without loss of generality, we can assume f is supported only on B.
”HBWHBfHZ = ”HBWf”z = ”HBW(U + v)”z < IIHBuIIz + ”HBWUHZ

Next, [IWoll; < IWvll; < ellvll; < €llfll,.

On the other hand, [|[TIgull, = \E < BlIfll,,

The last inequality follows from Cauchy-Schwarz:
1=|Iflly =1p, ) < yBnllfll;
Combined together, we have ||[TIgWIIgfll, < (B + €)l|f]|, as desired.
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