e VoR-

XI| =5

HENKGHRAREREAKRE
RIRASE




a| o
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LPRY I 52

1. DA (corner): MRERHFEY #0fFF x+yePandx—yeP, WKRxR—1NEA

2. HBER: R 3c EFRBZE IR RICHIE—&MLE, NKRxE—TRER.

3. EXRR: R (A,x) = b, BOMEBINL AR ER (tight)#) , Hh A; Fi1T.
T4 ERx € P18 A NA X T x EBRIAR AR F1BREF.

MRA= BRTKW, i.e. rank(A™) =n, BLAENHRxB—TERE.

FE, X3MuE SGEEN.
LIRS EE: XFciIPtsh, XARIPLZ)

TR BN — ML N AT A2 18 Hego i, ()



LPRY I 52

ZEmax(c,x), ZIRIEP = {Ax < b}X*polytopeA
1.7 (corner): MBFRGFEY # 0B x+yePandx—yeP, NHExE—1M LA

3.EAME: ZRAIARAMRFREMEA™ 2WIKRY, i.e. rank(4A™) =n

1) = 3): FHIWEA3) = 1)
BRIZEEFE rank(4¥) <n,i.e, 3y # 0,45y =0
EEx +ey,x—ey, FEF
A=(x +ey) = Ax
A=(x —ey) = Ax
e BaE/N, (15 HERATERLRABE X

MBEx+ey €P,x—€y €P



LPRY 01 53

# I8max(c, x), ZIRLEP = {Ax < b}XpolytopeH

Jﬁ%ﬁ(corner): MBAFEYy #0FFx+y€ePandx—yeP, NHAxE—T
21

3.EARE: ZBMARAMBIFIEA BHIXH, ie. rank(4™) =n

3) = 1): HFEIWRE1) = =3)
BBy # 0ffiffx + ye P,x —y EP
A=(x +y) < b=
A(x—y) < b~
Heh A%x = b~

FtE ATy <0,4A y=>0HMA Yy =0



LPRY I 52

Z Emax(c,x), ZIHRIEP := {Ax < b}iXNpolytopeH

ITEECIIPESETLE SIS

1. B B(corner): NBEARFEEYy # 0FFx+yePandx—y P, NIKBAxRE—1NLA
2. RES: R 3c FExBZETAAcHE—RMLE, NFRRxE— M RES.

3. EAEME: DR (A, x) = b, BNRFBINAFEER (tight)By, Hoh 4, RFifT.
X F4AEx € P, 12 A NA B XF x EBBARA AT FERE.
INBA= BHHMN, i.e. rank(4™) =n, BLENTRxE—NEAKE.

Simplex&i%k: M—MNTUSIFM: NI, R B BOE, MEHBEZ0N, £,
LREHIERE: B2 (m — n)n

WARP A AR AT, W AT e R A X T DA e, R eIt B 4 =) e A
RMESRTE, SimplexEiEn] BEf EFEUN (0], (HZSE PR IEE AHE, smoothed analysis

ZINNEX; Ellipsoid algorithm, interior point methods



Perfect bipartite matching

EE: 8 o B 5E R ULACHY ZR MR R -

max ),,cp CeXe  Subjectto

1ZLPHIER LR — B = BB R

FEE: XALPE—KE B IR — 2 & B EUR )



B/ NE RN B —FTPLP B K

max E C.X, Subjectto
e€E

’ ZeEE(S) Xe <|S|—=1, VvScV
’ ZeEE(V) xe =V[-1

e 0<x,<1

R IA IR /INAILP, {H/ZEllipsoid algorithm R 75

Ellipsoid algorithm, separation oracle (&1

[ .

separation oracle, 782 I (8% H

<



Duality: %5 HARERZERR E5R

max 5x; + 4x,

2X1 + X9 < 100
x1 < 30
X9 < 60

X1, X2 > 0.

* IN{R[IERR B AR EHY— 1 R 5R?



Duality: %5 HARERZERR E5R
max 5x; + 4x,
2x1 +x, <100 (1)
x1 < 30 (2)
x; < 60 (3)

x1,%Xp = 0.

AUk A B AR R B — N B R 2
. %FEOx(l)+5x(2)+4x(3)
e EE3IXx(M)+0x(2)+1x(3)

. %Jﬁ%x(l)+0x(2)+%x(3)

- B, F=y; x (D) +y, x(2) +y3 X (3)

10



Duality: %5 HARERZERR E5R
min 100y, + 30y, + 60y
2y1 + Vo = 5

yitys =4
Y1, ¥2,¥3 = 0.

5x; +4x, <y, + v,)x; + (y; + v3)x, < 100y, + 30y, + 60y;

- RI#&BAHRELE
« SHXI{HEME (weak duality)

11



JR3E (Primal) (O]

XJ {8 (Dual)[o] &:

Primal-Dual

el )0
(-

myin(... bT )<y>
subjectto(--- A:T )()

e
)=

y

12



Weak duality

max {(c, x) max {(c, x) min (b, y) min (b, y)
Ax < b (a,x) < by m ATy >c
x > 0. Zyiai = C y = 0.
i=1
(Primal LP) (Clm,x> < bm y > 0. (Dual LP)
x = 0.

g9 XI AR (weak duality) B 3: X THERRIGMEA(CLPHRIA{THEY, 5
B ) B MELP A AT AT iy, ER A
(c,x) <(b,y)
BRI, R 465 KRB <X lisz /ME.
WE AR .

(c,x)=c"x<(yTA)x=y"(4x) <y"b =(b,y).

13



IN{eMIEARx B &% L F% ?

Complementary Slackness Conditions

o SEHEREHE S URAT, —MIEM TR
HEELPH Y, 5 c, x) = (b, y)

XFENye B BB FE?

o Xt E M EH (strong duality)

/NI E ER =
c (Tx < (YTAXERIES
« yT(4x) <y hERINZEE

) 4 F S

: WNRx; >0, M al,y) = ¢;, £ o/ BAWIEFI.
: ﬂﬂ%yl > 0, )”\'J(ai, x) = b;, Hh a; AT

14



Min-maxE EEH+F: HE5ii

—Hh BTN E AL E/ NN mESE (Kénig's theorem)

max 2 X min z Vv

e€E vev
x(5(v))$1 Vv eV v, + v, =1
Xe =0 Ve € E X, =0
BHES DN AL A &/NIRESE

4> EZHES, 7] LIEEEATR B & 25 % (integral)
. iS4 45 F HIHall’'s theorem

Bl b 538 X 15 B 3R 5 I el ]
“HEPRHEARERRAN = /MR BFER KN

Ve € E
YveV

16



Min-maxEXEHIF: m Kiim/NE|

Max fis
minz d,
f (5""(1))) —f(6° (W) <0  wvevV e€E
£, <1 Ve € E dyp + Yy — ¥, 20 Yuv € E
e —
-y, =1
fe=0 Ve €EE Yo T

v, =0 VveV

‘%%ﬁﬁ:%ﬁﬁ
o XPMEIR A B/NE
o AJUER s pUAR 2 B

17



F AR

— A~ %EFFA P/|S

R

“TIR” %—17r Plo[-1]1
“HITTR” 1E—7Flc S| 170]-1
TORFINEIREA, ., FIIKER-A, R|-1]11]0

TRRMETRERAEA, ., THER H b5 MEA, .

N394 RIS HusRIEN T RS 2 5, Al/ah B A BEFR B EE
=4 FI SR A B O SRS

FRLA ) TR (pure strategy): & —17/%))
1A R BE (mixed strategy): FR-24[ SRB& 1Y) — MR 40 A

18




Von-Neumann Minimax Theorem

ZATEA € RMXN
BRETIiZEZBHEMESITHE x € A™
SR ERIEHIBIZE D2y € A"

MBI FRIEAZ IR Zx Ay

Von-Neumann Minimax Theorem.

max min x' Ay = min max x'Ay
XEA™ ye ATl YEAT xeA™M

FEESLREMBCHRE, # ok

19



Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min x ' Ay = min max x ' Ay
XEA™ yeAml YEAT xeA™

1IERR
LN TR ILIETE x
FIImMRELTEx"AG, WMAEEFERIyY?
x"TARN—1TRE, FEIYAMERSH
S GTAVRXTAWE j5I, H
rnjin(xTA)(j) < xTAy < mjax(xTA)(j)

HA&5 Al LR, JﬂjjrlreliAn xTAy = min(xT4)U)
" J

oo ulell Eﬁjﬁ»ﬁﬁg% mjin(xTA) 6)

20



Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min x' Ay = min max x Ay
XEA™M ye Al YEAT xeA™

1IFBA(cont’d):
e 3 ] Ak T 7'\7,522?% mjin(xTA)(j) , Xu] LB LPR N

SIANHBIZE t = rnjin(xTA)(J')




Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min x' Ay = min max x Ay
XEA™M ye Al YEAT xeA™

1FBA(cont’d):




Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min x ' Ay = min max x ' Ay
XEAM yEAT YEAT xEAM

UERB(cont’d): A 1# A NinERE R

max t min r
m n
t—z:xiaijSO Vi=1,..,n X Y r—zaijijO Vi =
i=1 j=1
m n
zxi=1 Xr zyi:l
=1 i=1
x; =0 Vi=1,..,m = Vi =1,

Equality follows directly from strong duality!



Yao’s Minimax Principle

— P RENEEMRIFTITIE, 2 EEMA AL T 247 N 8] i) oK E

I Z EXFR— BN :
“HIRT DX T EMNARIRSAT RS, Hire s/ MEisir e
“Ur” TR FHEMNAF R AL Pk, s RAstrin b

“HiX7 WESREE: MG
“Uiah” RS HE B S MR S0 A

LIt “Hdy” e BEALAS, S R e -

2ot — M N SEB IR o0 A1, 8 AT BORA E PR SRR I I B s AT I TA] T R AR
24



XHBLPTE R 7T F PRI AR RS

RN ABECIRITT—DFES
Hir: WaefRE TR RER BN
HIETER: 500 RMIE A, 100K MH/K 4001 g i

AES TH FLA it
B i 500 50 300
7K 0 300 100
i iy 500 25 200
g 5 2 4
s 2R el e JOPR AT 53 1) -

RS

><l

XIREWH— NG, Bhis R RIVEFRER, R TET




NHBLPTE L5 F PR R HE

2z WK, y: B/, 20 FLHIE, AU R

min 5z + 2y + 4z (FE%R)

s.t. 500z + 50y + 300z > 500 (B HEHRER)
Oz + 300y + 100z > 100 (B HiRKEK)
500z + 25y + 200z > 400 (B H BB EK)
z,y,z > 0.

XHEFLR T .

max 500a 4 1006 + 400c
s.t. 500a + 0b 4 500c < 5 «

50 + 3006 + 25¢ < 2 B B R R E A0 B
300a + 1006 + 200c < 4 & AN Z BT A

a,b,c >0 BUEFREEZWL A

XHEME: B8 —FASKRIIFIZG A R E AR, BANIE BT =025 AR i dh o
I ﬁﬁnﬁﬁﬁ%%ﬂmﬁ?




Optimal transport

Earth mover’s distance (%2E15)

“BATBILT FEES
FRAEEL LI L7 {p), FEEEHEE, WRAIMIRq): Bk EEEE N {d,,)

KR/ NI iE T &
min; z Zf,] ij

i
Zfi,j < pi, Vi
J
Y3 i 3ne3
i i j

subject to

Kantorovich(-Rubinstein) X {814
ERMREEIRTBENMER TRZF, “Hoels” BFE, 5 “BEIME” WTER R



Tolls for Multicommodity Flow (i% 1})

RBERFEBSENST, MAI&ERXIE#tF FANABEMIZHE?
BZBAn TP, Ehi LM s; Bl t; &K3FEd; U
If we let the users to choose their own paths to send their information, they may all send along

the shortest paths, but this may cause high congestions on some edges.

In a dual view: Instead of directly controlling their behaviors, what we could do is to give prices
on each edge, and charge the users on the edges they used, and the hope is that

it is possible to do it in a way to avoid congestion, and thus to achieve a better social welfare.

This may seem like a really difficult problem to solve.
But it turns out that if we write an LP to find a global optimal solution to minimize congestions,

and then we look at the dual LP, the prices are just the dual variables on the edges!

See Tolls for heterogeneous selfish users in multicommodity networks and generalized congestion games



https://ieeexplore.ieee.org/document/1366247
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