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1= EIR18 (Spectral graph theory)
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Spectral theory
eigenvalues + eigenvectors + related linear algebra

Graph structures
Connectedness

Coloring / Clustering
Mixing of random walks
Expander graphs

/ In Theoretical CS

Pagerank

Sparsification

Solving linear systems
Counting / Sampling
Expander codes

Hardness of approximation
Derandomization

Max flow and more

~

J

And Beyond

Image segmentation
Electrical networks

Reliable / Efficient networks
Epidemic modelling
Economic networks
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https://networks.quantecon.org/
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Complexity of Linear algebra

All the following can be solved in O (n®) arithmetic operations:
* Matrix multiplication

* Matrix inverse

* Determinant

e Characteristic polynomial

e Solving linear equations Ax = b

e Singular value decomposition

* Eigen-decomposition of symmetric matrices

In fact, almost linear time (in theory) for matrices that we will care
about..
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Largest eigenvalue of adjacency matrix

Z|RVSRERERE A IS AEYHIHE o, TE

davg < a; < degmax(G)
WEBR: v N KRB AFIE M &, HAv = aqv

2 vy = maxv; >0, M(Av); = (a;v);
l
= A V; = zAj’ivi < degmax(G) - Yj

l
= amax S degmax (G)

Remark. [EERYBEEATLAIERA:
SHEBHIEIG, ay = dpay iff G 2IENE]



Graph spectrum
EBERISBEEENE, SRS IR SR IR) AR TS 5 PRI B 0 4 eSS AR X 2
ElR9BEAEERYGIF: — 70 Bl (2-colorability)

o Gl WT ARG, WR a 2AG) BI—MFIHE, HEHOVE, BBA-—atBRA(G) HY
—MFIHE, =Rk

o« FHIEE B EE(multiplicity)
— {REEZ (algebraic multiplicity): k2 Ui H i, AR EE XE
— JLfT E % (geometric multiplicity): RFAEAE XS B R4 AE 2% [] F) 4
— R R A ERE CRealih, XS oa i BB, BT —FERD



Graph spectrum

Sl WT 0BG, MRaRBAG) BI—MFEE, HEH vk, BA-otBRAG) I—MFHIEHE, =H 2L
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WERR: #EAFRIN AU [ 0 B]
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AR (%) Ra HO— ML, X RS Ao
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EL BTx = ay, By = ax. &[S (_xy)
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Graph spectrum

=z b, 5IER T RIS
1. WAG) BHEHENa, = ay = = a,, MRV, ¢, = —a,_i11, BAC—ERZHE

WERR: B RE: M T EEA K, i alk =0
A BHHE R, ay, ..., a, ] A* BB AL, af, ..., ok, FEx TRk,

trace(AK) = Z ak =0
HAESZN: (Ak)l.’]. = KEAKBINE] AT ETT Z 0% E

trace(A4K) = Z(Ak)i’i =0, R?’\J(Ak)i’i >0, JﬁﬁU\(Ak)i'i =0

Bl, X HEEatk , KRESKBIMEAFE. Hik, —E2 =0k
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Laplacian matrix

‘S EEG
PIFEEREA(G)
Ay, =1iffuv € E

FIEEFTEREERE : D(G)Ext sk I M B R E g
L(G) == D(G) — A(G)

XS Fd-IEME, L(G) = dI — A(G). B IENI BRI h A b AN S e =S B 2 —HERY
BB EIFFARRGL, X — X JE

TG HL(G) = Yeep Ler L BRBeX—5RINNERIFI EHIER BN L, = b.b]
Uu 1%




Laplacian matrix

EEG, THREREREIEL(G)ENS

L(G) = D(G) — A(G) = 2 L, = z b,bT

Uk
lﬁ:

eEE(G) eEE(G)

R 1210 —MSTEEE, % SAREE 20

. L(G)EHAT IS K Mo.

&E: L(G) =0

1ERA:

A

I, L(G)=Z>

x"Lx=Y,x"b,bl x =Y .(x, —x,)° =0
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-
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Connectedness

i HUN1

G, EreiElN) = HAEL(G) RO/ B

WEBH(<=): HB RGN IEEIIEN .. R FRATTR ZUEHL(G) M)
KR IEEOR UK T 1.

—_

i W

Vi [L(Gl)

0
LG =y | L(Gz)]

S2H LN TSR IE [ &, X RARFIE{E 90

13



Connectedness

EH: 8EEG, ©aEE 3 HANHL(G) R EoR EEUN
1
WEBA(=>): P RFBEGEEFEN . XLy =0, MxTLx =

Sier(xi—x) =0

R (x; —x;)" = 0,Vij € E, Hlx; = x;,Vij € E
A9 GRERE), LAy =x,vijev
Hltbx =c1
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Second eigenvalue

MIKIFYEERUERR 7 e dRE@A = HAN =4, = 0
BEwL: Gl = AN, > 0

Bzttt GRIE%R>) -

A = 053HXZ cBEZ D MNEEDE-
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Robust connectedness
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Perron-FrobeniusTEIE

IRAZAEGRRY, Anlgy HIAER IR (A—EXFR)
1. s NFHEENEREL

2. XMWAIFHEREZER, BNMHEEERZEIEEHIF S
3 Al <AL T2<i<n

WEBABR]ZN1. “Algebraic graph theory” Chapter 8, by
Godsil and Royle
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Graph conductance

Recall that G is disconnected if and only if A, = 0.

III

Cheeger’s inequality will show that G is “close” to be disconnected if and only if 4, is “small”.

We will first define precisely what it means to be close to be disconnected.

The conductance of aset S € V is defined as

16(S)]
P =55y
where vol(S) = Y s deg(v).
When the graph is d-regular, ¢(S) = %.
Note: the expansion of a set S is defined as %; For d-regular graphs, they’re basically the same.

The conductance of a graph G is defined as ¢(G) = s g{l(lsr)l . d(S).
v <

Note that 0 < ¢p(G) < 1.



A graph G with constant ¢(G) (e.g. ¢(G) = 0.1) is called an expander graph.

Expander graphs and sparse cuts

A set S with small ¢(S) is called a sparse cut.

Both concepts are very useful.

Finding a sparse cut is useful in designing divide-and-conquer algorithms, and have

applications in

image segmentation
data clustering
community detection

VLSI-design



Spectral partitioning algorithm

A popular heuristic used in practice.

This is simple and can be implemented in near-linear time.

It performs very well in practice, especially in image segmentation.



Normalized matrices

To state Cheeger’s inequality nicely, we introduce normalized adjacency and Laplacian matrices.

1 1
Let A = D 2AD 2 be the normalized adjacency matrix.

1 1
Let L = D 2LD 2 be the normalized Laplacian matrix.

Notethat L =1 — A.

When the graph is d-regular, A = :11A and L = éL.

Claim. Let a; = -+ = a,, be the eigenvalues of A, and 4; < :-- < 1, be the eigenvalues of L.
Then,1=a; =2 2a,=2-1,and0=4; <--- <1, < 2.



Cheeger’s inequality

Cheeger’s Inequality [Cheeger 70, Alon-Milman 85]
A
?2 < 9(G) < V2

The first inequality is called the easy direction, and the second inequality is called the hard direction.
We give some intuition in the case when G is a d-regular graph.

For the easy direction: think of 1, as a “relaxation” of the graph conductance problem.

2 2
. ZijeE(xi - xj) . ZijeE(xi - xj)
o(G) = min_ > and A, = min >
x11:xisbinary ZieV X; x11 d ZieV X;

For the hard direction: given an optimizer x for 1,, we want to produce a set S with ¢(S) < /24,.
The idea is to use the spectral partitioning algorithm: for a “fractional” x, we try to round it to an
integral (binary) solution x. This is known as “rounding”.




alffi: FomE ERS/RE] KR A EE

SETEMER pottiR, #H p, > 7 = 2
A—7E: W Markov chainRreducible (INEIE) , 5E B (AHAND

T ERAEEE, IFFRESFNTIE=DE

(To see why, recall what happens to an undirected 3-cycle)

FolE LAY /RAT KRR AN T
. IHESAERA, HEm, 0, B -7 = B ¢ > o, Sp AR

EElpt = th()’ %? *EWE,J%‘TIE{E ﬁ



R RIS T

BW = ap™ FIBEHUBEREERBAERE, Z = ~1 + - AD At RN s AR AE
BT = Wipo, AILAES T W BORSERSIA

TR REABXIFREY, WZQ—E%RW";ES ) 1 1 o
AN WE— A XIFREMEEIURY: D2WD2=D"2(AD™")D2=D"2AD 2 = A

EE W 5 A BEHEBERIHE

AR WA—EBRMRIERAHERE



d-regular graphs (d-1ENI &)

XIF d-IENE, BwW = iA =1 —iL, W EE N, = ay = - > a, » IERIERAHESIE R & Ny, v, .., vy
BEfiRp, = W* Po’ A A Po =0y + o+ U BRI

BBA W'D, = cyatv, + c,abv, + -+ c alvy,

W==A=1 —-L{HHESE):

1z2a,, a,=2-1

1=ay, XTNHEIFHIERENT

a, > a, G HOCYE R EBT

a, = —a, 3HPCEER =B GREZ%D

] WM, MAE o EEAEE, 235N Te, <1fa, > -1
XEHKE, EBENIE—SE, Wip, - cvast > o

WRa, <1-e FHan>-1+e, WelX, QIR Fundamental Theorem of Markov chain,

for undirected graph!

o Bfta?
RF CEME, 7 == TOMHEROV SRR, Fio, = 1.0 = o) = Llp1)=2
lﬁﬂtclvl =- 1 =7



Lazy Random Walks

SRR, = (L1+24D") po - 1 Bl ¢ > oo
LD z > Po = 5 :

XS d-IEME , W =24, z=-1+-—-4

= w IR

2

N Z HIRFAE

(Ra%>

BENa,=a, == ay,

Eﬁ'le - 1+a4 > 1+a, > > 1+an > 0
2 2 2

)

B SERMEERNE, B ¢ > 0. p = (21+24D71) py >, FEMTHTp,HE.




B HETE] (mixing time)

BEAA p, - 7 = - L8R, WG ?
FUBL: SRR d, B TVEE B E U

n
I | 1
dry@,q) = Ellp —qll, = EZIpi - q]
i=1

s == - -
FRo<dn@ <1

EX. c-BEMEAGRIGRE: (F15:
lp: —mll, <€ Vpo

5B X, 1E[6]R% (spectral gap): A = min{l — a,, 1 — |a,|}
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Mixing time (for d-regular graphs)

IR BN - RARERE M log (2), BHFA = min{l — ap, 1 — |ay |}

WERR: Wy, vy, ..., Uy NAW)—HIE AT IEBURFAE ) & ) 2
Wpo = €11 + CoVp + oot Cuy, Wp, = Wipy = ciatvy + cpabv, + - + ¢ abv,

HiCauchy-Schwarz A&, |Ip, -l < vallpe —7llz

Ipe =7l = llcyasv, + -+ cpagvalls = cZadtlvoll5 + -+ + chaztllv, 113

=ciait + -+ et <A -D*(E+ -+ D)
EEE pe BRBEA—MERDT, W2lpolls = Xipo(D* < Xipo(®) = llpoll; =1
Bt llp, —7ll5 < A -D* = |lp,—=lly S VA -0 <yme™

« E: ARd-regularfIfE L Ry, vy, o, v REBUEA N IEACIEMAFIE A R IE, 2B BHIMNRIIHR

+ Yspectral gap IEEIE e A = (1)), BEHLIEETEO (logZ) HPaUzay
- MIENEEA = QB BATATLEO(ogn)EA, HTREHIRFRI—MRR.
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Mixing time and spectral gap

EE BN E e R ARGS9 log (), HH 2 = min{1 -

ay, 1- |an|}

LI (spectral ap) WRHORI 1%, WAL E1EO (log2) sEPaMSR
» [Bl{ZPageRank, 7K AJiE I il AL E A AL

X TR, IR 22, $ra, JlR— AR RIS
EHSE —ASE

]

B EE, WEEEHS TR 7 XA EE 2 AR EER

MW
2

[BlfiCheeger’s inequality, HA, =
EE, Lazy random walkfYe-iBSHTBI®RZ /9
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Cheeger’s inequality

5B B A RFAEAE RO %1 i3 -
1, EFNN, HBEREG IEERETAEE(i.e. FEIEERERRTE).
LAERN, BBREG BB TFEANEED (e kN AMERRBIERERERISE).

—ERARSERNE:
o EEEL, " LUEERHMEZRE G, BB
ERE R E S, TRl ARBRE R 6], RIS BB A% 8 M LB 4T i B (e.g. expander graph)

En bt ENBSRES, W LS B R, a3t i R (spectral gap), #Eii i H]
A& HEE R M BEN LB E
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