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#MN75: Cheeger’s Inequality in Markov chains

It is interesting to see how Cheeger’s inequality can be used.

When we want to bound ¢ (&), say in constructing expander graphs,

we can come up with algebraic constructions and bound A, instead

When we want to bound 4,, say in bounding the mixing time,

we can analyze combinatorial problems and bound ¢ (G) instead

An alternative perspective like this is exactly what makes it so powerful
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O]pii: Random walk on graphs
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Why hitting time and cover time?

Hitting time: used a lot in designing randomized algorithm
* Finding bipartite matching

— Use random walk to find an augmenting cycle

— Interested in the first return time, in expectation

e 2SAT, and more generally in algorithmic Lovasz local lemma
— Basically a random walk over all assignments
— Interested in the first time of hitting a satisfying assignment, in expectation
— Indiscrepancy theory, one way to find a “balanced coloring” is to use random walk

Cover time: imagine you want to explore the graph
Using DFS/BFS, you need time O(|E| + |V|) and space O(|V])
What if we use random walk instead?
Space = O(logn), expected running time = cover time < O(|V||E])

In fact, U. Feige showed that there is an entire spectrum of time-space trade-off:

. . . . ~ (IV|IE .
For every s there is an algorithm using space s and time O (%) that covers all vertices w.h.p.


https://epubs.siam.org/doi/10.1137/130929400
https://core.ac.uk/download/pdf/82332441.pdf
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Not every graph is series-parallel



https://www.graphclasses.org/classes/gc_275.html
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Pseudo-inverse of L
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Pseudo-inverse of L
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Effective resistance (
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Thompson’s Principle

EIE. Rege(s, t) < €(g), Hg BfEEs-tiiw.
NiEmEtel, X8 REEr =1, vr,l91EH
WEBA(sketch): & FE min £(§) = min Y, ez g2, s.t. Bg = bst
Optimality (KKT) requires that 3¢ € R" s.t.BT¢p =
ROt g 2BAEBERE piEIT0ohm's Iawﬁﬁfﬁﬁ'ﬂ

Al gREER

He: R{s-tEERs/IMUFMEREE

15



Thompson’s Principle (55— uERH)
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(1) Edge-disjoint paths
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a|pk: BENLHFR
1. FM¥EATIE] (Hitting time): H,, , == min{t = 1| X; = uand X, = v}

and hy ,, = E[H, ,].

L

2. IREERT[E] (Commute time): Cpp, == hyy + hyyy.
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Commute time
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(To be cont’d..)
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Commute time
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Commute time
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Approximating Cover Time by Resistance Diameter

Theorem. Let R(G) := max Rq¢(u, v) be the resistance diameter. Then,
uv

m-R(G) < cover(G) < 2e3m-R(G) -Inn+n
Proof: Firstly,

C
cover(G) = max{hyy, hyy} = % = mRyy,

which is the lowerbound.

For the upperbound, notice that the maximum commute time from any vertex is at most
2mR(G)

If the random walk is run for 2e3m - R(G), by Markov’s inequality, the probability that a vertex is
not visited is at most 1/e3

If we repeat this Inn times, the probability that a vertex is not visited is at most 1/n3

By a union bound, the probability that there exists a vertex not visited is at most 1/n?

In such cases, we can pay for another pessimistic cover time of n3

Combined, we have cover(G) < 2e3m-R(G) -Inn + nizn3



Graph Connectivity (15515)

Theorem. There is an 0(n3) time algorithm to solve s-t connectivity using only O(logn) space
Using random walk, the space requirement is 0 (logn) and expected running time is O(|V||E]) = 0(n3)

You may wonder, is randomness necessary for checking graph connectivity in log-space?

Definition. A sequence ¢ is (d, n)-universal if for every labeled connected d-regular graphs and every starting
vertex s, the walk defined by o started from s covers every vertices

Theorem. There exists (d, n)-universal sequence of length 0(n3d? lognd) for undirected graphs
HINT: Cover time is at most O(n?d) for d-regular graphs

Reingold’s Theorem For undirected graphs, one can explicitly construct such a universal sequence in log-space

It is an open problem to derandomize log-space connectivity
Though likely not through “directed” universal sequences


https://dl.acm.org/doi/10.1145/1391289.1391291

