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- John Arbuthnot (1710): 1629 to 1710, in every year, the number of males born in London exceeded the number of females.
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TABLE 1 Comparing the expected results if V-1s followed the Poisson
distribution to the actual results over a region of south London. The expected

number of squares is given by P(4, k) x 576 with A = 537/576 and k= 0,1, 2, .... O
/A “'& k/E I:Ifl:l = 2 |-‘|-'=l-'-| T 1 /\\ E& E/J l‘-l_lg g T I]UJ r? Clarke's reported p-value of 0.88 is for a chi-squared test with 4 degrees of
TENN \ — freedom (DOF).' There are 6 classes in the table and we have estimated one
N —T .
=2 83 lu T == é o=z A parameter (i), so DOF = (6 - 1) - 1= 4.
Number of V-1s Expected number of Observed number
R D Clarke ({%Bﬁ/!\'_-l*_.ﬂzh&-l)ﬁ) in square (k) squares (Poisson) of squares A
) ) 0 226.74 229
O
1 211.39 211
An Application of the Poisson Distribution 2 98.54 93
3 30.62 35 FIGURE 1A cluster of three V-1s near a railway line in Lewisham, south London. Patterns like
\ j N\ / \ N L / \ these motivated Clarke to test whether their distribution was random. (a) A contemporary aerial
— EE :I: }'L )j H& A A S ¢ )j 4 7.14 7 photograph of the V-1sites, showing the large radius of destruction of houses around the bomb sites
T / 5 and 1.57 1 (@ IWM, catalogue no. CH 15109). (b) The same region from the LCC bomb damage maps* (p. 162),
Kl Ve . showing the three V-1 hits (black circles). Damage to houses is coded by colour, with black indicating
576 576 total destruction. (c) The same region in the Google Maps layer (hit locations V1.509-V1.511).
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- “All models are wrong, but some are useful.” —— George E. P. Box
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- Balls into Bins : birthday. coupon collector. max load

- Erdés-Rényi random graph model
- Hashing, QuickSort, data streaming (count distinct elements)
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Point Estimation
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Maximum Likelihood Estimation (MLE)
SETREEW IS | BISKEE TRELRITNEIIE RIEKIE ?

o —MEM, BATE—R, LIIEANBERERMSY p
- BIERBREXK . f(p)=pifx=1;f(x;p)=1—-pifx=0.

o MEA00XRIREMWERIFES, HF49RIEE

« BUBREE L(p) = L(p; x,, ..., x,) = I, f(x;; p) = p*(1 — p)°!

- L'(p) =1 —p)'p*¥49 - 100p) =0 = p =0.49

* 11:|1'|'_IEI ) E’]E‘j(1u§'k'fml'|'1+ ]3 0.49
- B SHEA A REESFIBIELI 7 argmax,; Pr(X = x|p = p)




Maximum Likelihood Estimation (MLE)
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Method of moments (MOM)

Moment problem + Law of large numbers

e Moment problem: M MR ARFIEHFEESERE, HR2ENIER—1T70%
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Method of moments (MOM)

Moment problem + Law of large numbers

. EMEBE—MEESE + X=X+ ... +X)/n > E [X*| asn -
- 1E Tu’|‘¥2|§§ETJ//(1ET|'—/\7|‘E% SaKis
1 7|:$2|: Xl’ e oo HYAA;EKJ__E/L;\/\$ N(//t, 02) :

- E[X] = p. E[X?] = 4 + 0
- HAREm =X +...X)/n,m = X7+ ...X)/n

i=

- Smy = u,m, = u* + o*, RIS
6> = (X, =X )+ ...X, - X)})/n = S




Method of moments (MOM)

Moment problem + Law of large numbers

. EMEBE—MEESE + X=X+ ... +X)/n > E [X*| asn -
- 7k TuﬁzlifﬁTL/UEl‘l'—/\TE% SaXir
o BRIREFER X, ..., X, IRMNE B2 Poi(4)

- E[X] = A, E[X?] =A%+ )
- HAREm =X+ ... X)/n,my = (X7 +...X))/n
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DIMHRr{&it (Bayes estimator)
AT F R SE I AR 2

. SIFIR : BAKALNE3. 14, HIRENIREARLEZ9.8. BUELALIET:
- HERHEEWITETR, MLEMERRZE 3.1, MiZERGitr = 3.1157

e WIERFR: BEFLLTENT € [3.14,3.15], MLEBIEAS 7 = 3.14

o NIHEIFIK: BRIETIRMN53.148 X NERBIES 1 Pr(zr = 7).
- B FREEES Pr(r = 7| X = x) EEHFNEITE 7
- BEBEx, EFIPr(X =x|z =7x) # Pr(X = x),

_— A Pr(X = x|n = n) Pr(x = 7)
- DIMTrEREIE: PI‘(]Z' — 7Z'|X — x) -_
Pr(X = x)

(possibly portrait)
Thomas Bayes
(1701-1761)



DIMH-Er{&it (Bayes estimator)
S{EI I FI S5 BR AR 7

e NIHEFRIR: RIRAIRME3.148 X ERBIEZED % Pr(z = 7).
o LI DTN IZ R N INSEE R

- SCERFNEFEHSSHYER
-g}@@@ﬁfﬁﬁﬁ,Lﬂﬂ§E¢ﬁE
o NIZFTEITHE PI‘(X — x ‘ T = ﬂ-) PI‘(]Z' — 71')

- BIEETE Pr(n=7|X=x) =

« #%E (conjugacy) * Pr(X = x)
- Hientn - P(n) &5 P(x|x) Bk, P(r) & P(x|x) HEEETEIY,
- EFE2R P(x|x) x P(x|x) - P(x), 28 7 REBEBELER P(x | 7)P(rx)

- (ST EA TN, EEERRIUSHE P(X|x) = J P(x|m)P(r|x)dx?
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B(x,y) = J A1 = dr
0

DIMHER{&1T (Bayes estimator) R
AR ~ VI

(x + y)x+y—1/2
e BRIEERX, ... X BBRNERSH2Hmp=0 TY=2XX ~ Bin(n,p)
o BENDHI MBI LER DR ENIES
- RIGEIRDTE PO) = 01 (1 — 0 1/B(a, p), a,p ERRFATHSHK

1
. P(y) = J P(y|0)P(0) dO = (n) Ba+y,n+ [/ —-y)/B(a,p)

Y
+ P(Oly) = ;)y(,)) = (1 = 0" Bla+y,n+ f —y)
Y
y P(H\Y)CXP(YW) PO) =0 1(1— 0)">*~1/B(a, p)
o« “ATEHEIHE, RECENIT 717 argmax, Pr(r = 7| X = x)
o yta—1  LEES/ION

e Maximum A Posteriori MAP) s Kg%: 0 = ——— |,
n_|_a_|_ﬁ—2 7EE.’1 ’%ED'L/
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B(x,y) = J A1 = dr
0

DIMHER{&1T (Bayes estimator) R
ISR AT 2

& (x + y)x+y—1/2
o« RIEHERX,,... X BNEASASHEp =0, %Y =2X ~ Bin(n, p)
o BENDHI MBI LER DR ENIES
- RIGEIRDTE PO) = 01 (1 — 0 1/B(a, p), a,p ERRFATHSHK
n

1
. P(y) = J P(y|0)P(0) dO = (y) Ba+y,n+ [/ —-y)/B(a,p)

0
e P(@|y) = P;’)(;,yf) = el — 9y Bla+y,n+ f—y)

+ P(0]y) x P(y[0) - P(0) = 6" (1= 0)"*"1/B(a, p)

. ERTNSEPE| y) =[ PE|OP@O|y)do _ _ry+a
0 n+a+p
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e FE{H1T (MOM)
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- BEITE, BN AXER, EEEMEFE

e & ANER{MET (MAP)
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f8&/—3X (Consistency)

e RKEERE: X, — E[X]asn = o

o FEIHENH ATHEE AR | SURMS. (it
- @B)EE 050
- @A 030
- riEREE  10-0] - 0

: A K gN((),l)asn—> 00
0/\/%

- IGTHEEEEWESE IES D ANI1ESME (Asymptotic normality)
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ok (Unbiasedness)

Friedrich Bessel

o FRIZTER le oo Xn ARMED , W EIT A E (1784-1846)

. ZIERADEE S2 = S(X, — X)¥/n, REERES? > E[(X — p)?]

« E[S;] = Z(E[X] — 2E[X,X,] + E[X;])/n = E[X"] — E[X;]

(E[X?] — E[X]) = o>
n n

> (X, — X)?
. BRI ES? | R AR 2= 2= D)

n—1 n—1

X - (E[Z X + T EIXX)] ) /n? =




ok (Unbiasedness)

o BHEREA X, ... X, RMESTS, RfEiHaE

. IMEFEARLITE  E[S?] — o ; TRiEitE : E[S?] = o7

. bias fB: E[0] —

. average absolute deviation FEH4E3 1R E[ |0 — 0]

+ mean square error (MSE) ¥412%: E[(0 — 6)]




DIMHRr{&it (Bayes estimator)
AT F R SE I AR 2

o NIHEFFIR: RIZZIRMS3.148 X WERBIEZES % Pr(z = 7).
. BYFEHESS Pr(r = 7| X = x) &FE1HE 7
- Maximum A Posteriori (MAP) & K/ Iafh1t
- “AEZSBIBGE, AREERIART 77 argmax . Pr(r = 7| X = x)
- Posterior median [§30RA#{h 1T
- IR argmin,, B [|7z 2 |x]
- Least Mean Squares (LMS) sx//\#I 7714 1T
> /N3 1RZMMSE)&1T: argmin, E[(r — 7)? | x] possibly portrat

Thomas Bayes
(1701-1761)




B3 (Efficiency)

s [HITER X THARIKE => BEIZENKE => EIZE

- EiT=ER7
- AER/IRZ

=

. BINAETRE
- =X 0 EYE, 0(X:0) HZ MVUE, NIE2—3K

=3

CiRIGTTEE B XX (efficient)

o /\)

=7

Gl e

(UMVUE, Uniformly Minimum-Variance Unbiased Estimator)

- UMVUE M

1T (MVUE, minimum-variance unbiased estimator)
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Cramer-Rao bound* & Fisher information*

« Cramér-Rao bound: RiZHFAK X, ..., X BRMNEDT, pdf 8 fx;0). &
0, ....X,) & 0 WELRHITE, 0

= [(0) =

. |
Var(6) >
n - 1(0)
ZBEER D kX TRAZSE 0 B AR L

00

P 2
« [(0) =E (—logf(X; 6’))

e Cramér—-Rao bound4~—7E A[iA

B# (Fisher Information)

00

+ 00 a 2
0 = { (— log f(x; 6’)) f(x; 0) dx




Cramer-Rao bound* & Fisher information*

« Cramér-Rao bound: RiZHFAK X, ..., X BRMNEDT, pdf 8 fx;0). &
0, ....X,) & 0 WER&ITE, 0

Hrh J(0) 2120 X TARAZSHE 0 NELA/TKITEZL (Fisher Information)
. 0 2 0 TRt

_ BEiT (efficient estimator) : Var(d) = 1/nl(0) ﬁﬁ?’]l

_ Ot efficiency) : e (0) = 1/nl(@)Var(d) € [0,1]

- HABER (asymptotically efficient) {&it : en(é’) — lasn = ©




o1t E  (sufficient statistic) *

 BIEHA X, .. X,

. BHY, BRENNES, X, X, X,

VAN o

« HE/TESITE T(Xl, .o

LX), FER X, ...,

IEE;;% & 9 E/];Eﬁ bTI-Eo

“HE T BE T

APRXT OMNEEER "

- PrIX=x|T]=Pr[X=x|T,0]

- SRR HE:

SH w— 755}

He

)/—_1_7‘<

BMNERZHHmp =0, 5Y=2XX ~ Bin(n, 0)
IR ks

ARBhEA 51T 6 157
ﬁ 0 7L19é, )H\I_Iajb-l«l = [

1T E—}ﬁéﬂi



o1t E  (sufficient statistic) *

X5 iF EIE
. BRAEGHE TX,....X). #EX, ... X)5880F%% NHKHET

B 0 WA DETE,
» Fisher-Neyman Rl F#82ER . © f BEUARE/pdf/pmf, Giit=E T =S& 0
N DSt EH HNHFEIENEHE, ¢ F15

Jf(x;0) = h(x) - g(0, T(x))
- BRI LD BB AR D EERRERR, ERP—1M5 0 5% ; 73— TMEN
T 5FK x =4 xBX,
- W TEETHEARFXT O EI’J/£\4I§1=. IS\

S —>3"E/\ Jiit E e— 12 7N




TG =

RN\ GIT=

» HaaESTE T(X, ..
TS 0 WHR D5

TEN

e NEGITE S(X) 2 0 TN S

F515 S(X) = AT(X)), N S(X) Ewm/IMFTRE1TE(Minimal sufficiency)

57
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(sufficient statistic) *

X, BAEESEFNSTE p =60, ©Y=2.X ~ Bin,0)

LX), BARX, ... X) 558 0T%, Waite T

=

|

= V32

Im

=P\

EH2

O

" — Zle/n\ (Xl’ . o .,Xn)
£, BYTES 0T grE 1(X) 87k

B FEENREFE



o1t E  (sufficient statistic) *

\

. ERESATHETX,, ..., X)), BEX, .. . X)5SHOE% WHIHtET
/_\EE/%I;& 9 Elljﬁﬁj é} E_o
. HFEEGTE 0,(X), ARESSITENFEITE 0, = E[0,X)| TX)]

—=

» Rao-Blackwell-Kolmogorovie 2 :

[(05(X) — 0)°] < E[(6,(X) — 0)]

- MRFTE g I USR5 1RE (MSE) B/\BIGITE,
FE &0 2TREitE, TExEE (complete) FH ST
B W EQ|T] REE—M—BBNFEERET (UMVUE) .

- NER, ERGUTEREE TFATF X THIRSHENER, F12HMER

Ilm

i

e Lehmann-Scheffé




215[XI8] (confidence interval) \\7“"
0

o BMESR: HIHE O 2R FRENMEA X, ..., X, MUK
. MIHEER: FIAEER PO x) } FENLRY ST =
. it EEMENTE. MitEEEAE. BUEARMITEHRRASN
o BRIREERX,, ..., X BMNEBEANIHEp=0, §Y=2I.X ~ Bin(n, 6)
- Hoeffding~Z= : Pr[|Y —np| > 1] < 2 - exp(—2t*/n)
- % t=4/nIn(1/10)/2, Pr[p =Y/n=£1] = 0.95
_ BATAIE S, L 95% MR, p = Y/n+ O(/n)!
- Yin+ O(/n) B—PEENKIKE, BURTREMEA X, ..., X,




a[{EXia] (credible interval)

Probability density

e ——

Value of the parameter

o BMESR: fHitE 0 2XFRIERX,, ..., X KKK
. DIHERR : RIBEER P(0| x)
. Lt EEMENTE. MitEEEAE. BUEEEMITEHRASN
. MWEBAHEHER—BRXE [a, b] £15
Pr[@ € [a,b] | X =x]=1—-«

(it

o ZIPEELE
- EERHFERIXIE]: highest density interval (HDI)

- E T {u#quantile-based interval (QBI) : AWML EGZE (1 — a)/2




Xial{hit (interval estimation)

. (BNL) ATBEE 1 -—a EESHE X, ... bX,,...), &S

i

Prla<0<b]|>21—-a

. X3EZTE (pivot/pivotal quantity) & @ ERIRER X, ..., X BRM N(u,l),

- FIHEX ~ Nu,1/n), R#HEE X —u ~ N©O,1/n)

. SEMEK [c,d]| EEPr[X,—pelcdl]| >21-a

- BEK¥ 1 — o WEEXIE [Xn —d, X, — c]




