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Random walk on graphs
HEEG = (V,E)

& _ERIBEHLIE E:

« M—THEENINRLEA

o BETE, - 0EMNIIINA, BB SIBEYL B 2L
- THETEE

XPBEANERER “ KR 2B AFERIE?
BEPZ G, HET A2 RN AR 2 207
A — MR IR BT REAL > AT, BENLEE SRS EIE? (Bd)
ZAA WS (IRE R TE], mixing time)
MEsti R, Z2A4<=H)iA IEt?(hlttlng time)
Z AN BT R 2D —k? (BIRFE], cover time)
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Random walk on graphs

XA ARAG “ KRB B AREHIR?
1. EHUP LR, AR R A TR Ul R %
2.
3.
4
5.

T T AAE — D IRPR I EEAL AT, BEPLIEE SRS EIE? ()
Z AN =W (JERE TR, mixing time)

MEsH&, 2 A4 22K Ht? (hitting time)

ZAN PRI A 2D — R ? (BB E], cover time)

AT3 A 1] &L A LASE I 20 5 () 77 125 (coupling) KA 5T AT PR ]
WA 5 E B R, 18I /R ] REE(Markov chains) ¥4
2 IO R =D QTSI

Je 24 [ R AR B B 2 Ja iy i “ B 5 FBH AL 25 7 ) ik



VNS =]
f5ilF: % REJtin K 3-cycle

M= 1H A
LIS E B M2
LIS FE R N3

XEEANEENFNRIR:

1
RIER D p = (0)
0

AL E— S 2E, BENTER py =<

CRIFBALIER

0
1/2
1/2
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mANS L E LIk E

FSARNTOERBERER, D NEHRIN AR, GE: PR LHE, FrLlARXTRED

10 p, (W) AR EtTE SmvBaiE R, G
1
Per1(V) = 2 pe(w) -

UVEE deg(w)
AU HEERENTER: by = (AD D, iﬁﬁ‘ﬁﬁpt—(m) VYepd . prRBlE R
SEE: Markov chain B IR AE AT ) & FRATTEEAT 1S 20 M7 Eﬁ/\ﬁ?ﬂﬂﬂﬁiﬂﬁﬂvﬁ

EREFEREW = AD1
EMEWE, AEEMIEA = D 24D zE’J%Lﬁ RN

A=D ZWDZ =>Wt—D2c,qD 2

Xt F SR FREEPEA = vav T B RER

Ak = VYT = Z vl

A CRIMIIE? XIFRAR BEﬂE‘]‘-T#?EE%,’E/Affiﬁj\?ﬁlﬁs’\jéfnﬂt*ﬁﬁﬂ%ﬁ o



=604

EEAMEREE, TREMBEEMEEIEER—
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EETRONATRER, SEMREF IR L
i, 74020, BREFSE, IR UREREE RS KA A E
T A Bk AR

XTIUR, B KEI AL E 5 S /R Al RBE R B A B &
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Markov chains

EZE—RNBLE _ERBBILEE, iCX AR ERENLEE T A RPIRAS
LR FBIE P, = Pr[Xpy, = jIX, = i]

1Cp: (DN EEIRSIHBEE. B, W TAFABEI<j<n-1,
* Pra1(f) = ?=_01 pe (i) - Py

« B, p. =p;. P, 3B, =0p Pt. XHEp, NITEIE
FE: BEBRASNEESNIRSHMRER, 5dETK




Irreducible Markov chains

X T AR S /RA] REE, WEEXTNITA F K 2
HAT, NFREANA R 218 (irreducible).

P




Aperiodic Markov chains

2o — N SURA] REE, HAHRES lEI’J}_JﬁHﬁXﬁ
period (i) == gcd{ t | P;; > 0}
o MR =R BH Bperiod(i) =1, U'W? AAEJE B 1P (aperiodic)

. ﬂﬂ%%mT% EP:;}/T\%&E e IVERTUE, AR Z B 2R ] R e AR

Bl+: — K, 3-cycle, self-loops



Irreducible & aperiodic Markov chains

I3 IR SR REERAT Y], HIEFMM W, T
— EAFAE AR RKH)HET < oo, fH13
(PY;; >0, Vi,jvt=>T

TERHEES: ECIERHPY,; >0, ZJEM A T2 R .
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12777 (stationary distribution)

MESFATRET =1 P, WKT ARBEDH
BSDfae—" “CPmE” | A3
Krmldh: m=m- Pt VvVt

He: WRWIR AR AFAE, W2 — MRS
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BRI EE S5 W

TS, RE AR R, X BATE A K2 TVEE B (total variation distance) . 43 €M 0 Aip5-q, EATRITVER

n
> > 1 1
dry@,@) =5l —ally =5 ) Ipi — ad
i=1

FEBo<dn@B <1

Ing lim dry (0, @) = 0, NPim sk sE g

(EEW) W] Lk 2754

n

2 i 2 A «“ ”
2=l = Y (2-1) AUTHE

HCauchy-SchwarzA~A &=,

i=1
n

n n

p.
YRR EI
. Ty .
i=1 =1

i=1 i

XBEKE, WHE2-norm 2/M8, M1-norm L2/ (BRI KA—1E). 12




AA:Iﬁ/jL&lL

RS

H

o905 8] (Return time)

R S UCOR [BIRIPR AT TR, AR

JARTIE], & XN
H,=min{t > 1| X, =i,X, = i}

#7158 B3R 8] X A, = E[H,]
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Fundamental Theorem of Markov Chains

Ly IR A RBER A e T
XT?%“IZE AFTZy, ARFEIAR SR AT REE, A LRLTE

ﬁft*/\% AT

b7 t > o, p; BSIWEIT, T M AFER
pofﬁé’.

RS I3 A& ME— [

(i) = hi

gy

!\’!—‘%

> W
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Intuition

Ty R ] R R JE AR S B ) — 26 BB

AW, A2y, AR SR AIREE, AL NS

1. HE—ARRE AT,

2.  BEEt- oo, p WEWHEIR, T MEAFERD TS,
3. R AiEME— 1
4.

RS ARENLE, HelIMEZ s, $RR “TkXH” 1

B2 2ZRIRYS 32 fAAE W KIHE T, 150, >0vijve=T
XEMRELCEIMEEMDS, fad—BrEZ)E, #A TS

A AHB MR AL, RIS R R — M s oA
IHIIMEZE ) coupling argument, 1] DA IR AHYEAR pl™ 4% (1 11E B

n(i) = h%: H# L8 @Y AHE o b
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Pagerank

75— IR RSB 0
ME. BT
it BN § BIRTU A IEteeEE, i - j

BRI ZFRZELANA— M RTHEHANSRE/

lumlt

PagerankPI28;% .

s RIEERITD

© WER—ATUHHARZ N3e8/51H, e lEE T,

— P beiE: FEEREHER R,
R AN TR H BB T g 1], B

o I
)

~ Bk bR 27 7

S5 A e e FEA
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Pagerank

—MEREE:
o —FFUE4FANTL I 4G pagerank 7 FA1/n

s BTIERME—D, FPUHASEE SR ECT
DI, HRIEEE IR BIREE

s BNTHSEHEH AW ECON, a2
N

» ArE R BRIk




Pagerank

Pagerank73 Uk W RIS E A, BRI ERIFRS 2.

Pagerank,,,(j) = Z Pagerank,(i)/ degoue (i)

i:ijEE

1

it eE

B[P, ; = < degour(®) Y , WG Pagerank,,, = Pagerank, - P
0, otherwise

Pagerankiiii &5 FEATLYE EAH [F] T E RIS R

MEEAR, Arlzy migiE) , JEAIRIEK, Pagerankd HUEME—R .  (HUR
A] RAE A e HE)
Pagerank 7 A 5B GG R, SWIHETR
*  Pagerank /3 £ 2 2 B A L A T 28 [ Bsf 18] 7 131125
o ALl A B T BE AL A LU
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SRPHRR—ESATLY (it

A DIELL M &M [ElEe, #8 1 — € Bpagerank 7 #8745
&, Elﬁﬁpagerank/\’iﬂi’]’j’\f/\ﬁﬁﬁf

X LT BT L U A2 -

Pagerank

w) , AR .

UL — e, ER—ANEISIEENIHIRLE

DMERe, ER—DIISIBENLHI T A
P I

Al LAEW],  IX M2 Ok DRk B2
117 AN 23 B R T AR 2 2

id H AR R

2B
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) Perfect Matchings in d-regular Bipartite Graphs (LY

Random walks can also be used to design faster algorithms.

Perfect Matchings in O(n log n) Time in Regular Bipartite Graphs, by Goel,
Kapralov, Khanna

* Traditional: find augmenting paths by e.g. BFS/DFS

* |dea: replace BFS/DFS by a random walk (on a different Eulerian
directed graph, i.e. indegree=outdegree for every vertex)

* Expected time to find an augmenting path => expected return time of
the random walk => stationary distribution value

* Open research problem: Can you extend this to non-regular bipartite
graphs?

e See also a recent extension by Dani and Hayes



https://epubs.siam.org/doi/10.1137/1.9781611978322.166

L ERIN A —, £ TETREIRE

ITh

FEHLRA

o« FhTEREAR, WferEEAT SRR

— 525KHE

— ER Y& B B — A5
— BHRVEE BRI AE

- RTRK?

R
— 77k “Rifle” shuffle, New York Times

 BEHBYLEREM (Random spanning tree)

— Basis exchange walk

. LTESERES

JUFD, UTALTHERSESE
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7z [a] &l _E BB E RIS 70 71

MRS THRET = W7, T NESDTH
BADHE N “PHEE” | A8
el 7 =WtnE vt

R WERMR D AAEAE, W — M
BEXAE G, FdeR* AMREHNEE, m=|E|

EE SRS T = i =6 EREHEEN— MRS DM,

BEY, BER = LRADM—AEHIERE, AN
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TR E ERS/Ro] RiEE AR ERE

EEREMNEE p B, WHp, o7 = %?

A—5€: tN& Markov chaingreducible (ANEIE) , B FE MR (EIAND

X T ERRERE, SERHEFNTIE=ZSE

(To see why, recall what happens to an undirected 3-cycle)

Rt T M E ERS /RO REEAREEN K.

RE. WARARE, EE, 5, B, o7 = M o0, Sp IBRER



Lazy Random Walks

T o, AT RS REAE TERE AL AE -
» F—B U1/ 2HBFRT BEE S ED

RS
» DL120MER, BENLMBAR EE—ﬁf]f_JfH_j‘lﬁﬂR—‘A,
TEAN R —DHPIRE .

JEREFR A, = (A1 +24D7) py.
=B S FERAIRN, B, AR,

i, pe=(1+5AD" )poﬁi
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1218 (Spectral graph theory) gﬁw
Ve

PageRank = S

WO WHEEHERER L
+ FEE B A * Pagerank
« FhR1ESparsification
HICS5HFEN: - BEREBEMERE
o EFEM (CheegerAhER) o EB[HMZS
- ERe  Expander codes (LDPC,
« ZZZ5(Clustering) Tanner codes)
* Mixing of random walks o AE[ELLTE(Dinur’s proof of
» Expander graphs (efficient the PCP theorem)

network, superconcentrators) o AMEHLIE (Derandomization)
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